Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  tliis  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  in  forming  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http: //books  .google  .com/I 


Hdlb  3J-3c\  91 


HARVARD  COLLEGE 


SCIENCE  CENTER 
LIBRARY 


r 


Hd^  3J3c',  91 


HARVARD  COLLEGE 


SCIENCE  CENTER 
LIBRARY 


^  £k?2*«'"*-*"-«C 


0 


THE  DOCTRINE  OF  GERMS, 


OR 


THE  INTEGRATION  OF  CERTAIN  PARTIAL 
DIFFERENTIAL   EQUATIONS  WHICH    OCCUR   IN 

MATHEMATICAL  PHYSICS. 


S,  EARNSHAW,  M.A., 

AUTHOB  or   "  BTRXBSPBEIlEa  A  TBRA  0At)8A  OF  NATURAL  PHILOSOPRT.' 


:> 

—CAMBRIDGE: 

DEIGHTON,  BELL,  AND  CO. 
LONDON:    GEORGE  BELL  AND  SONS 

1881 


«,    * 


From 
^he  Bstate  of 
Cheorge  Bastwoodl 
4  Feb,,  1887' 


FUXNTBD    BT    0.   J.    CLAY,    M.A. 
AT  THB   UNXVEB8ITT  PBK88. 


\S 


PKEFACE. 

The  method  of  integration  by  means  of  Germs  adopted  in 
this  Treatise  is  based  on  the  admitted  principle  that  in  the 
work  of  integrating  a  proposed  differential  equation  we  are 
free  to  avail  ourselves  of  the  advantages  offered  by  any  dis- 
tinctive peculiarities  that  are  perceived  to  exist  in  the  equation 
itself  prior  to  its  integration.  Any  such  peculiarity  will,  as 
a  matter  of  course,  impress  a  corresponding  peculiarity  on 
the  integral  to  be  found.  Equations  will  therefore  be  classified 
according  to  their  distinctive  peculiarities,  those  peculiarities 
being  indicated  by  the  particular  ways  in  which  germs  may 
be  connected  with  the  variables  of  a  differential  equation 
without  disturbing  or  in  any  way  affecting  its  form. 

In  this  Treatise  the  differential  equations  that  will  be 
brought  before  the  reader  are  all  linear  and  partial,  in  con- 
sequence of  which  the  doctrine  of  germs  suitable  for  such 
equations  admits  of  being  presented  in  a  form  that  is  easily 
reduced  to  a  system  of  singular  efficiency.  But  there  are 
certain  other  equations  that  are  not  linear,  and  which  there- 
fore do  not  fall  under  the  system  that  will  be  developed  in  the 

following  pages.     The  equation  ( j- )  7711  =  -j~%  ^^  ^^^  ^^  ^^ 

kind,  for  its  form  will  not  be  affected  if  cw?  be  written  for  x ; 
neither  will  it  be  affected  if  hv,  and  hi  be  written  simul- 
taneously for  u  and  t ;  and  these  arbitrary  constants  a,  6,  will 
therefore  necessarily  find  a  place  (either  explicitly  or  implicitly) 
in  its  integral.      Also  as  only  x  takes  the  constant   a,  this 
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indicates  a  peculiarity  of  a;  as  to  the  manner  in  which  it  can 
appear  in  the  integral.  That  u  and  t  are  alike  related  to  h 
is  indicative  of  the  existence  of  a  peculiar  relation  of  w  to  f. 
And,  further,  we  may  write  u  -¥  A  for  w,  x-\-g  for  a;,  and  t  +  h 
for  t  (the  constants  A,  g,  h  being  perfectly  arbitrary)  without 
affecting  the  form  of  the  equation.  This  shews  that  if  U  be 
an  integral  of  it,  so  likewise  will  be  the  following, 

We  may  therefore  presume  that  as  there  has  been  found  for 
equations  that  are  linear  a  "  Doctrine  of  Germs,'*  so  there  may 
be  a  possible  ** Doctrine  of  Oerm-like  Constants'*  for  equations 
that  are  not  linear. 

In  Chap.  III.  is  introduced  a  theory  of  "Symbolical 
Equivalences."  The  subject  is  regarded  from  a  point  of  view 
which  may  be  considered  as  in  some  degree  new.  The  exigencies 
of  this  Essay  did  not  seem  likely  to  require  the  complete 
development  of  this  Theory ;  and  in  consequence  of  this  only  so 

« 

much  detail  is  given  as  was  likely  to  be  wanted  in  subsequent 
chapters.  The  Theory  is  capable  of  throwing  light  on  several 
troublesome  known  paradoxes  which  have  often  been  a  source 
of  perplexity  to  the  Mathematical  Student. 

As  the  author  was  induced  to  undertake  the  development  of 
the  Doctrine  of  Germs  by  a  desire  to  accomplish  the  complete 
integration  of  Laplace's  Equation,  and  the  consequent  discovery 
of  the  general  form  of  Laplace's  Functions,  he  has  deemed  it  to 
be  of  some  possible  advantage  to  obtain  and  to  exhibit  those 
results  in  several  forms  and  aspects ;  hoping  also  that  by  this 
diversity  the  reader  would  be  the  more  disposed  to  accept 
results  which  so  confinn  one  another. 

It  has  been  taken  as  an  admitted  definition  of  Laplace's 
Functions,  that  any  quantity  which  satisfies  the  equation  (1)  of 
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Art  127,  is  a  Laplace's  Function.  Laplace's  Equation  is  usually 
given  in  two  forms,  viz.  those  in  Arts.  124, 127 ;  and  to  both  of 
these  results  have  been  adapted.  The  first  of  these  forms  does 
not  contain  r;  the  second  does;  and  it  will  be  seen  that  r 
enters  the  latter  in  a  manner  that  demands  peculiar  manage- 
ment, and  when  so  managed  leads  to  remarkable  results,  which 
can  hardly  fail  to  throw  some  light  on  the  usually  received 
theory  of  Laplace's  Functions. 

There  appears  to  be  an  exceptional  case  of  these  functions 
which  the  reader  will  find  in  Art.  131.  ' 

It  is  needful  to  advise  the  reader  before  he  enters  upon  the 
task  of  reading  some  parts  of  this  Treatise,  that  when  arbitrary 
constants  occur  in  a  general  integral  of  a  linear  equation  it  will 
consist  of  the  sum  of  several  subgeneral  integrals ;  and  each  of 
these  constants  being  arbitrary  by  nature  will  retain  their  arbi- 
trary character  when  multiplied  by  a  definite  numerical  quan- 
tity ;  and  if  such  a  constant  be  separated  into  several  arbitrary 
parts,  each  part  will  be  as  arbitraiy  as  the  original  constant. 
Hence  in  altering  the  form  of  a  general  integral  it  will  not  be 
necessary  to  preserve  the  identity  of  any  such  constants,  but 
only  the  quality  of  their  independent  arbitrariness;  and  thus 
we  need  not  observe  with  respect  to  them  the  usual  require- 
ments of  algebraic  rules  of  reduction  in  passing  from  step  to 
step.  The  arbitrary  constants  referred  to  are  used  merely  to 
indicate  the  absolute  independence  of  the  subintegrals  or  sub- 
general  integrals  of  which  they  are  the  respective  coefficients. 
(See  Art.  42  for  an  example  of  what  is  here  alluded  to.) 

The  author  has  pleasure  in  acknowledging  the  valuable 
assistance  rendered  him  by  Mr  Greenhill,  M.A,  Fellow  of 
Emmanuel  College,  in  supervising  this  Essay  in  its  passage 
through  the  press. 

SBKmxLDt  Jan.  1, 18S1. 
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THE    INTEGRATION 

or 

LINEAR  PARTIAL  DIFFERENTIAL  EQUATIONS. 


CHAPTER  I. 

INTRODUCTORY  REMARKS. 

In  the  present  work  we  have  not  to  deal  with  Linear  Partial 
Differential  Equations  in  general,  but  only  with  such  as  are 
known  to  be  of  difficult  integration,  and  which  have  been  found 
to  present  themselves  in  connexion  with  the  application  of 
Mathematics  to  various  branches  of  Natural  Philosophy. 

This  task  we  have  undertaken  not  as  a  branch  of  analytical 
enterprise,  but  as  a  contribution  to  the  resources  of  those  philo- 
sophers who  think  it  a  matter  of  importance  that  Physical 
Theories  should  be  subject  to  the  severe  test  of  mathematical 
confirmation.  And  in  the  execution  of  this  task  we  believe  that 
we  shall  have  the  privilege  of  developing  a  method  of  integra- 
tion which  may  be  regarded  as  new,  and  that  is  singularly  well 
adapted  to  the  integration  of  certain  equations  which  have  been 
found  intractable  by  ordinary  methods. 

1.  In  some  cases  a  remarkable  degree  of  uncertainty  and 
intricacy  besets  the  answer  to  the  question, — when  may  an  inte- 
gral of  a  linear  differential  equation  be  rightly  styled  its  general 
irUegral  f  The  following  are  some  of  the  reasons  of  this  uncer- 
tainty. 

E.  1 
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If  one  of  the  independent  variables  (as  x)  of  a  linear  differ- 
ential equation  occur  therein  not  as  a  symbol  of  quantity  but 

only  as  a  symbol  of  differential  operation,  (as  ;j- )  >  then  (suppos- 
ing U  an  integral  of  the  equation)  not  only  will  17  be  an  integral 
but  so  likewise  will  each  one  of  the  quantities 

dx'  d^'       C'^^,  ...ad  infinitum, 

and  (speaking  generally)  we  thus  can  out  of  a  single  known 
integral  create  an  unlimited  number  of  new  integrals  all  differ- 
ent from  the  original  and  from  each  other. 

And  not  only  can  we  thus  create  new  integrals,  but  out  of 
these  new  ones  we  can  by  addition  of  all  of  them,  or  of  a  few  of 
them  selected  arbitrarily,  create  an  unlimited  number  of  firesh 
integrals  different  from  U  and  from  each  of  those  previously 
found  from  U  by  differentiation. 

Now  as  we  have  the  right  of  forming  known  integrals  into 
groups  as  we  please,  and  from  the  nature  of  the  integrals  of  a 
linear  equation  each  group  will  be  a  new  integral,  we  are  obliged 
to  come  to  the  conclusion  that  it  is  not  easy  to  see  on  what 
principle  we  can  say  of  some  one  of  the  infinite  mass  of  integrals 
a  proposed  linear  differential  may  have,  that  it  is  the  general 
integral. 

2.  We  shall  be  able  to  shew,  in  the  case  of  eveiy  linear 
differential  equation  of  the  class  supposed  in  the  preceding 
article,  that  it  admits  of  integrals  of  a  peculiar  kind,  forming  a 
distinct  class,  and  they  are  generally  infinite  in  number,  and 
when  added  together  form  a  sum  which  is  equivalent  to  the 
general  integral. 

For  distinctness  of  reference  we  shall  denominate  these  in- 
tegrals svbintegrals ;  and  when  we  speak  of  those  collectively 
which  belong  to  the  same  differential  equation  we  shall  denomi- 
nate them  di,  family  of  subintegrals. 

If  then  P,  Q,  R,  S,...  be  the  individual  members  of  a  family 
of  subintegrals,  and  u  be  the  general  integral  of  the  same  equa- 
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tion  as  that  to  which  they  all  individually  belong,  we  shall 
represent  the  relation  between  u  and  P,  Q,  J!,...  by  the  following 
equation, 

tt  =  ^P  +  £Q  +  Ci2  +  i)flf+...adinfin (1), 

A,  B,  Cy  D,...  being  arbitrary  constants,  the  use  of  which  in 
this  equation  is,  to  indicate  the  absolute  independence  of 
Pf  Qy  R,  ''•  Ba  integrals  of  the  proposed  equation. 

3.  Sometimes  the  general  integral  (1)  will  divide  itself  by 
some  peculiarity  of  form  into' two  or  more  distinct  parts;  and 
to  these  independent  parts  we  intend  to  refer  under  the  desig- 
nation of  svbgeneral  integrals. 

The  number  of  such  subgeneral  integrals  that  belong  to  a 
proposed  differential  equation  is  genersdly  dependent  on  the 
order  or  some  other  peculiarity  of  the  equation. 

4.  When  we  know  a  family  of  subintegrals  (as  P,  Q,  jB,  ...) 
we  can  by  grouping  them  into  different  heaps,  and  finding  the 
sum  of  each  group,  take  the  various  sums  thus  formed  as  a 
family  of  subintegrals;  and  as  a  family  it  will  be  symbolically 
equivalent  to  the  original  family  (P,  Q,  R,  ...),  though  the 
members  of  the  new  family  may  happen  to  have  no  similitude 
of  form  to  the  members  of  the  other. 

Their  equivalence  results  from  the  one  fact  that  each  of 
them  explicitly  or  implicitly  contains  all  the  members  of  the 
sulmitegral  family  of  which  u  (the  general  integral)  is  known  to 
be  constituted. 

^  Thus  a  family  of  subintegrals  always  admits  of  being  recast 
by  grouping,  by  summation  of  series,  and  other  means  whereby 
a  change  of  the  forms  of  its  members  is  effected. 

This  is  important  because  it  brings  forward  the  question, — 
what  will  be  the  most  convenient  forms  in  which  a  family  of 
subintegrals  can  be  obtained  ? 

One  answer  to  this  would  be; — ^let  the  members  of  the 
family  be  cast  in  such  forms,  that  if  any  one  member  of  the 
family  can  be  found  all  the  other  members  may  be  obtained 

1—2 
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from  it  by  simple  and  repeated  differentiations  or  integrations 
of  that  one  member  with  respect  to  one  or  more  of  the  inde- 
pendent variables  contained  in  the  proposed  differential  equation. 

We  shall  in  due  time  shew  how  and  under  what  conditions 
this  may  be  done. 

5.  As  the  existence  of  subintegrals  is  but  little  known,  we 
shall  here  add  the  following  illustration. 

d/U     dxt 
Let  j7a=-7-  he  a  differential  equation;  then  we  can  at  a 

glance  detect  the  following  as  independent  integrals  of  it : 

^'  1'    1.2^2^'  1.2.3^1.1'  1.2.3.4^1.2.1^1.2'      ' 

each  of  which  can  be  obtained  from  the  one  before  it  by  inte- 
gration with  regard  to  a?,  and  correction  with  regard  to  y.  If  this 
be  the  whole  family  then 

«  =  ^+5f  +  (7(^^2  +  f)  +  2)(^3  +  ^J  +  ...adinfin.. 

Ay  B,  C,  ...  being  arbitrary  and  absolutely  independent  con- 
stants. 

6.  We  shall  see  in  future  articles  that  changes  of  the  inde- 
pendent variables  of  a  proposed  differential  equation  can  be 
sometimes  made  without  producing  any  effect  whatever  on  the 
form  of  the  equation. 

Whenever  this  can  be  done,  the  same  changes  of  the  same 
variables  may  be  made  in  any  known  integral  of  the  proposed 
equation  without  depriving  that  integral  (however  much  changed 
in  form  thereby)  of  its  property  of  being  still  an  integral,  or  of 
its  generality  as  an  integral. 

Also  if  the  known  integral  should  happen  to  be  a  particular 
and  not  a  general  integral  the  change  of  variables  just  described 
would  introduce  such  a  change  of  form  of  the  integral  itself  as 
might  bring  it  nearer  to  the  form  of  a  general  integral  by  intro- 
ducing new  arbitrary  constants  which  we  should  be  at  liberty  to 
treat  as  germs  not  existing  in  the  original  particular  integral. 
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7.  We  have  just  used  the  word  germ;  let  us  now  explain 
what  we  mean  hy  it. 

We  are  aware  that  integration  generally  introduces  to  our 
notice  in  the  integral  certain  constant  quantities  which  have  no 
existence  in  the  differential  equation  itself. '  Such  constants  are 
in  fact  the  offspring  of  integration ;  and  are  generally  denomi- 
nated arbitrary  constants.  The  use  of  such  constants  in  prob- 
lems is  well  known. 

This  designation  however  is  not  sufficient  for  our  purpose, 
and  we  intend  to  speak  of  them,  under  certain  circumstances,  as 
germs,  or  germ-constants.  For  as  each  of  the  variables  of  a  pro- 
posed linear  differential  equation  is  constant  with  reference  to 
every  operating  differential  symbol  contained  therein  except 
its  own,  so  an  arbitrary  constant  (germ)  is  constant  with  refer- 
ence to  all  the  differential  symbols  except  its  own;  and  it  or 
any  function  of  it  contained  in  u  may  be  operated  on  by  its 
own  symbol  of  differential  operation,  though  no  such  symbol  is 
contained  in  the  proposed  equation. 

We  may  therefore  consider  a  germ  as  being  a  new  independ- 
ent variable,  i.e.,  an  independent  variable  that  is  not  contained 
in  the  differential  equation  itself,  but  only  in  its  integral. 

Thus  e^^^  is  an  integral  of  the  equation  ^-^  =  -r- ;  but  the 

//  /7 

constant  a  is  constant  only  in  reference  to  t-  and  t-  t  but  not 

•^  ax  dy 

in  reference  to  -v- ;  and  therefore  in  this  integral  we  may  con- 
sider a  either  an  arbitrary  constant,  or  a  new  independent 
variable  additional  to  x  and  y;  and  this  is  the  property  to 
which  we  refer  when  we  call  a  a  germ. 

8.  We  shall  find  it  convenient  to  be  able  to  speak  of  certain 
germs  under  specific  names,  which  will  refer  to  the  manner  in 
which  a  germ  in  an  integral  may  happen  to  stand  (actually  or 
virtually)  connected  with  its  independent  variable.  Thus  if  a 
germ  g  and  an  independent  variable  x  stand  connected  in  an 
integral  by  addition  (as  distinguished  from  multiplication),  (as 
in  the  form  x±g)  we  shall  refer  to  ^r  as  the  minor  germ  ofx. 
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But  if  the  connexion  be  of  the  nature  of  multiplication 
(as  gx  01  -j  we  shall  speak  o{ g  as  the  major  germ  of  x, 

9.  Germs  may  also  be  regarded  as  being  general,  or  real, 

A  general  germ  may  receive  any  value  whether  real  or 
imaginary. 

A  real  germ  may  receive  only  such  values  as  are  not  imagi- 
nary. 

Nevertheless  a  general  germ  may  be  perfectly  represented  by 
means  of  two  real  germs.  Thus  if  f  be  a  general  germ,  the 
equation 

in  which  M  and  m  are  independent  real  germs,  will  perfectly 
represent  K,  Hence  a  general  germ  .is  equivalent  symbolically 
to  two  real  germs. 

We  shall  throughout  this  Treatise  use  the  two  quantities  % 
and  J  in  the  ambiguous  senses  implied  by  the  two  independent 
equations  following, 

i^  =  -l,  and/  =  +  l; 

and  both  %  and  j  will  be  regarded  as  independently  carrying 
with  them  their  .proper  double  algebraic  signs. 

10.  There  are  functions  of  x  which  cannot  be  expanded  by 
MacLaurin's  Theorem;  and  therefore  the  series  A+Bx+  Ca?+ . . . , 
in  which  the  coefficients  A,  B,  (7,  ...  are  all  arbitrary,  does  not 
symbolically  represent  a  perfectly  arbitrary  function  of  x;  but 

Ax*^  +  Ba^ •\'  Cx^^.,.  in  which  A,  B,  C,  ...  are  arbitrary  and 
a,  /3,y,  ...  not  limited  by  the  condition  that  they  are  to  be  posi- 
tive integers,  symbolically  represents  a  perfectly  arbitrary  func- 
tion. 

We  may  distinguish  these  cases,  when  necessary,  by  denomi- 
nating the  former  a  MacLaurin's  arbitrary  function. 

11.  To  find  the  potentiality  of  a  germ  when  it  occurs  in  an 
integral  only  as  an  index  or  power  of  a  function  of  the  inde- 
pendent variables. 


■ 
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Let  WcoT  be  an  integral  of  a  proposed  equation,  W  and  » 
being  functions  of  the  independent  variables,  and  m  being  a 
germ  that  occurs  only  as  the  index  of  the  quantity  denoted  by  oi. 

We  may  give  td  m  an  infinite  series  of  different  values 
a,  iS,  7,  ...  at  pleasure;  and  each  one  of  these  values  of  m  will 
furnish  us  with  an  independent  integral;  and  all  the  integrals 
so  obtained  we  may  imite  in  a  single  integral  in  the  following 
manner, 

Tr«-=  Tr(^a*  +  Ba)%  Ca>^+  ...  ad  infin.), 
A,  B,Cf ...  being  independent  arbitrary  constants. 
But  a,  /3,  y, ...  being  arbitrary  also,  the  series 

will  represent  an  arbitrary  function  of  to  of  the  most  perfectly 
arbitrary  kind ; 

Hence  a  germ  when  it  occurs  in  an  integral  as  an  index  only 
is  potentially  equivalent  to  an  arbitrary  function  of  the  most 
general  kind. 

The  converse  is  manifestly  true,  viz.,  if  -F(<»)  be  a  perfectly 
general  arbitrary  function  of  a>,  then  wiU  F  (©)  =  «*  symboli- 
cally. 

But  if  F{oo)  represent  a  MacLaurin's  series  only,  then  it  does 
not  follow  that  F{(o)  =  oT  symbolically,  for  in  this  case  F  (co)  is 
clogged  with  the  condition  that  the  powers  of  m  in  the  expan- 
sion o{  F{oi))  must  be  positive  integer&  For  such  a  function  we 
shall  therefore  when  it  occurs  have  to  find  a  potential  equivalent 
clogged  with  the  same  condition.  coT  is,  as  we  have  said,  too 
general,  and  may  consequently  (if  incautiously  used)  lead  us 
into  error  when  we  come  to  the  generalizing  of  results  obtained. 

12.  It  will  be  a  convenience  to  be  allowed  sometimes  to 
represent  the  product  1  •  2 . 3  ...  n  by  the  symbol  n!. 


CHAPTER  11. 

SOME  GENERAL  PROPERTIES  OF  GERMS. 

13.  Let  vr.u=0  represent  a  general  linear  partial  dif- 
ferential equation  of  any  'number  of  independent  variables,  u 
being  the  dependent  variable,  and  tr  denoting  the  compound 
operating  symbol.  Also  let  U  denote  any  integral  of  this 
equation  containing  a  germ.  Denote  the  germ  by  c,  and  expand 
Z7in  a  series  according  to  the  powers  of  c ; 

.'.  U^P(^+Q<f  +  I{<f+ (1), 

in  which  p,  q,  r, ...  are  definite  indices,  and  P,  Q,  JJ, ...  are 
functions  of  the  independent  variables. 

Operate  on  each  member  of  this  equation  with  vr,  noting 
thati!r(Z7)  =  0; 

.-.  O  =  (iir.P)c'+(iir.0c«  +  (tir.iJ)c'+.... 

Now  c  being  a  germ  is  an  arbitrary  independent  variable, 
and  consequently  this  must  be  an  identical  equation ; 

that  is,  P,  Q,  iZ, ...  are  independent  integrals  of  the  proposed 
equation;  they  are,  in  fact,  the  family  of  subintegrals,  the 
members  of  which  are  rendered  independent  by  the  fact  that 
the  powers  of  c  in  equation  (1)  are  all  different.  They  owe 
their  independence  to  the  presence  of  a  germ  in  U. 

But  we  can  preserve  their  independence  another  way,  and 

at  the  same  time  unite  the  subintegrals  in  a  single  integral, 

thus 

U^AP+BQ  +  CR-^- (2), 

in  which  A,  B,  C, ,.»  are  arbitrary  constants. 
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Ck)mparmg  this  with  (1)  we  perceive  that  the  different 
powers  of  a  germ  in  an  expanded  integral  are  symbolically 
equivalent  to  independent  arbitrary  constants. 

We  have  now  obtained  the  power  of  eliminating  a  germ  by 
expansion  of  an  integral  according  to  the  powers  of  that  germ. 

And,  conversely,  we  can  eliminate  arbitrary  constants, 
which  belong  to  a  series  each  term  of  which  is  a  subintegral, 
by  means  of  an  extemporized  germ. 

14.  If  the  integral  U  in  the  preceding  article  should 
happen  to  contain  a  second  independent  germ  (n),  then  as 
only  m  has  been  eliminated  the  subintegrals  P,  Q,  iJ, ...  will 
each  contain  the  germ  n  constituting  each  of  them  a  germ- 
integral  of  the  proposed  equation.  From  each  of  these  n  may 
therefore  be  independently  eliminated,  and  each  of  them  will 
be  thereby  resolved  into  its  own  constituent  subintegrals. 
Thus  we  have  before  us  the  fact  that  a  subintegral  may  be  also 
a  germ-integral,  and  in  this  character  resolvable  into  subinte- 
grals of  a  more  elementary  class  :  and  the  ultimate  subintegrals 
are  those  which  do  not  contain  a  germ,  and  into  which  a  germ 
cannot  be  introduced. 

We  may  arrive  by  one  step  at  the  ultimate  subintegrals 
of  U  by  expanding  U  in  the  first  instance  in  a  series  according 
to  the  powers  of  both  the  germs  m  and  n,  and  then  writing 
independent  arbitrary  constants  for  the  germs  and  their  powers 
and  different  combinations. 

The  converse  is  also  true,  viz.  that  we  may  eliminate  arbi- 
trary constants  by  means  of  the  powers  and  the  combinations 
of  the  powers  of  two  or  more  independent  germs. 

Thus  if 

we  may  (if  Ay  B,  C, ...  be  independent  arbitrary  constants) 
express  a  symbolical  equivalent  to  this  series  by  means  of  two 
independent  germs  m,  n,  thus, 
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We  may  reverse  this  process  and  at  one  step  assume,  if  m,  n 
be  independent  germs,  the  following  symbolical  equivalence, 

15.  As  a  matter  of  experience  we  know  that  diflTerent 
physical  and  geometrical  problems  lead  us  to  the  same  forms 
of  partial  differential  equations.     The  equation 

d^u     cPu     d^u  _  ^ 

is  a  well-known  example  of  this.  Hence  each  member  of  a 
family  of  subintegrals  being  a  complete  integral  in  itself  of  its 
kind,  expresses  the  solution  of  a  particular  problem  in  physics 
or  geometry,  which  can  exist  independently;  and  it  also 
expresses  what  may  be  called  an  independent  elementary  state 
of  matter  or  some  affection  thereof;  or  some  imaginable  inde- 
pendent geometrical  condition  of  an  elementary  nature.  The 
subintegrals  being  independent,  represent  properties  which  can 
exist  independently  in  nature. 

Hence  whenever  an  integral  can  be  resolved  into  elementary 
subintegrals  we  have  in  such  cases  this  fact  before  us ;  that  the 
problem  which  brought  us  to  the  corresponding  differential 
equation  is  really  of  a  compound  nature  and  capable  of  being 
resolved  into  a  number  of  elementary  problems,  the  super- 
position of  which  in  their  proper  proportions  is  equivalent  to 
the  original  problem. 

Hence,  also,  one  problem  may  require  for  its  complete 
representation  one  set  (or  group)  of  members  selected  from  the 
whole  family  of  subintegrals;  and  another  problem  another 
set  of  members.  And  .thus  comes  into  use  that  important 
property  of  all  linear  differential  equations,  that  the  sum  of 
any  of  the  members  of  a  subintegral  family  is  an  integral  of 
the  same  differential  equation  and  represents  the  superimposed 
action  of  so  many  different  geometrical  or  physical  properties. 

The  selection  of  the  group  of  individual  members  of  a 
famiily  of  subintegrals  suitable  for  the  solution  of  a  given 
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problem  is  sometimes  a  work  of  difficulty,  and  will  always 
make  a  demand  npon  the  investigator's  ingenuity. 

16.  The  connexion  between  the  general  integral  of  an 
equation  and  its  family  of  subintegrals  is  exhibited  in  Art.  13, 
in  the  equation 

U^AP  +  BQ  +  CR  +  ... 

Now  as  these  coefficients  -4,  B,  C,.,,  are  arbitrary  and 
independent  it  would  appear  on  the  face  of  this  series  that  it 
is  incapable  of  being  expressed  in  a  finite  form,  there  being 
no  law  connecting  the  coefficients  with  one  another.  We  have 
seen  however  that  by  means  of  a  germ  and  its  powers  we  can 
sjrmbolically  represent  simultaneously  in  a  finite  form  both 
the  integral  itself  and  the  arbitrariness  and  the  independence 
of  the  coefficients.  There  are  cases  in  which  this  can  be  ac- 
complished in  more  forms  than  one. 

It  is  always  an  important  object  to  assume  a  germ  and  its 
powers  in  such  forms  and  with  such  a  law  of  coefficients  as  may 
enable  us  to  sum  the  series  which  is  constituted  of  subintegrals 
in  a  finite  form.  This  cannot  always  be  done;  and  when  it 
cannot,  then  the  substitution  of  a  germ  and  its  powers  for 
Ay  B,  0, ...  ia  generally  useless;  and  recourse  must  be  had 
to  the  use  of  other  means. 

To  make  our  meaning  in  this  matter  quite  clear,  we  will 
produce  an  example  (of  a  very  simple  kind)  of  the  process  of 
gathering  up  a  whole  family  of  subintegrals  into  one  finite 
form  which  contains  them  all,  and  yet  at  the  same  time  im- 
plicitly preserves  the  individuality  and  the  independence  of 
every  member  of  the  family.  This  is  the  chiefest  of  all  the 
properties  of  a  germ,  and  renders  the  doctrine  of  germs  of 
much  importance.  Nothing  can  well  exceed  their  utility  in 
the  discovery  of  symbolical  equivalences;  and  in  the  trans- 
formation of  integrals  by  means  of  these  equivalences. 
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17.  Let  it  be  granted  that  the  following  quantities  con- 
stitute as  a  whole  a  complete  family  of  subintegrals,  belonging 
to  a  certain  linear  differential  equation : 

1.  ?.  fL^y.  ?^+^.  ^\  ^y   I  y* .  &e 

^'    1'   1.2     1'    &!^1.1'    4r  1.2.1^1.2' 

We  combine  them  on  the  principle  of  superposition  into 
a  single  integral  Z7by  means  of  arbitrary  constants  thus, 


U^A  +  B 


f-^(o-f)-^(^-^i) 


in  which  A,  B,  C, ...  are  absolutely  arbitrary  and  independent. 

We  now  assume  an  extemporised  germ  m,  and  use  it  and 
its  powers  to  replace  (or  eliminate)  the  arbitrary  constants 
A,  S,  G, ... 

■••^-^{i+"'f+-*(o+?)+-'(^+^)+-} 

-^^woj+mV  (1). 

We  have  here  prefixed  the  common  coefficient  -4,  because 
every  integral  of  a  linear  equation  takes  an  arbitrary  general 
coefficient.  In  this  simple  form  of  the  complete  integral  are 
contained  (without  loss  of  their  individual  independence)  all 
the  members  of  the  subintegral  family  because  m  is  a  germ. 

We  may  also  now  obtain  the  differential  equation  of  which 
the  above  are  the  independent  subintegrals.  For  by  dif- 
ferentiating equation  (1)  with  respect  to  its  independent 
variables  x,  y,  we  find 

cPU__dU 

'd^'"d^ ^^'• 

Now  in  reference  to  the  form  of  this  differential  equation 
we  may  remark  ;  that  it  would  not  be  changed  or  in  any  way 
affected  were  we  to  write  x  •\-g  and  y  +  A  for  a?  and  y ;  neither 
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would  its  fonn  be  chaoged  by  writing  mx  and  m*y  for  x  and  y. 
We  shall  express  this  by  saying  that  this  equation  allows  its 
independent  variables  to  take  both  major  and  minor  germs. 

In  the  above  integral  (1)  the  major  germ  m  enters  ex- 
plicitly ;  but  if  we  write  x  +  g,  y  +  h  for  a?,  y  in  it,  it  takes  the 
following  form. 

Hence  the  exponential  form  of  the  integral  (1)  can  be  in 

no  way  affected  in  generality  by  the  introduction  of  major  and 

minor  germs,  the  former  being  already  present  in  it  explicitly ; 

v/    and  the  latter  implicitly,  inasmuch  as  they  may  be  said  to  lie 

hidden  in  the  external  arbitrary  coefficient  A, 

18.  If  one  of  the  independent  variables  of  a  proposed 
linear  differential  equation  can  take  a  minor  germ,  the  family 
of  subintegrals  can  by  means  of  that  germ  be  cast  in  such 
a  form  that  all  the  subintegrals  can  be  obtained  from  any 
one  of  the  family  by  simple  integration  and  differentiation 
with  respect  to  that  variable.     (See  Art.  4.) 

Let  «T.t^  =  0  be  a  linear  differential  equation  which  allows 
one  of  its  independent  variables  (as  a)  to  take  a  minor  germ  g. 

Then  as  the  writing  o{  x+g  for  a?  in  ct  .  u  =  0  produces  no 
change,  we  may  do  the  same  in  any  integral  of  «r .  w  =  0  without 
destroying  it  as  an  integral ;  and  as  the  substitution  of  x  +  g 
for  X  in  an  integral  would  introduce  the  new  germ  g  the  gene- 
rality of  the  integral  would  not  be  diminished;  but  on  the 
contrary  it  would  be  increased,  unless  the  integral  in  which 
the  substitution  is  made  be  itself  perfectly  general.  Hence 
the  general  integral  must  of  necessity  be  of  such  a  form  that 
the  substitution  of  a; +  y  for  x  in  it  cannot  affect  its  perfect 

generality, 

.-.  u=^F(x+g,y,z,...), 

Let  this  be  expanded  by  Taylor's  Theorem  in  powers  of  g ; 

__/       g    d      g^    cF"       c^    cP"  \  „.  . 

'''  '*"l^'*"i-di"*"2!-5:?'^3rd?"^--7^^'^'^''^'-^ 
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The  laflt  step  is  by  Art.  13;  and  A^  B,  C, ...  are  arbitrary 
constants. 

Hence  A,  B,  G, ...  are  the  coefficients  of  the  snbintegrals, 
which  therefore  are  in  their  order  as  follows  [we  denominate 
F{x,  y, ...)  the /rat  subintegral], 

If  any  one  of  this  family  become  known,  then  the  whole 
family  may  be  found  from  that  one,  by  integration  and  by 
differentiation  with  regard  to  x. 

From  this  property  of  minor  germs,  it  becomes  a  matter 
of  no  little  importance,  whenever  it  can  be  done,  to  reduce 
a  proposed  equation  which  does  not  allow  any  of  its  independ- 
ent variables  to  take  a  minor  germ  to  a  form  that  will  allow  a 
minor  germ. 

/"  19.  The  potentiality  of  a  minor  germ  may  always  be  repre- 
sented in  an  equivalent  form  by  means  of  an  arbitrary  function ; 
that  function  being,  however,  not  one  of  quantitative  symbols 
but  of  symbols  of  operation. 

For  when  one  of  the  independent  variables  (as  x)  takes  a 
minor  germ  (as  g)  we  have  seen  that 

u  =  F{x  +  g,y,  ...) 

If  aaother  variable  (as  y)  take  an  independent  minor  germ 
h,  we  should  find  in  the  same  way  that 

.J     j\ 

and  so  on  to  any  number  of  variables  taking  independent  minor 
germs. 
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20.  If  an  independent  variable  (as  x)  takes  a  minor  germ 
g,  the  general  integral  of  the  equation  will  always  admit  of 
perfect  symbolical  expression  in  the  form  of  an  infinite  series 
according  to  positive  integer  powers  of  that  variable. 

For  in  this  case 

tt  =  J'(a?  +  5r,  y,  ...) 
=  jF(sr+a,  y, ...) 

which  is  a  series  that  contains  a;  in  positive  integer  powers  only ; 
and  this  series  is  symbolically  the  complete  general  integral  by 
hypothesis. 

If  two  of  the  independent  variables  (x,  y)  take  independent 
minor  germs,  then  the  general  integral  will  always  admit  of 
being  expressed  in  the  form  of  an  infinite  series  containing  both 
X  and  y  in  positive  integer  powers  only. 

For  in  this  case 

u  =  F(x  +  g,y-^h,z  ...) 
:=^F(g  +  x,h  +  y,z  ...), 

from  which  the  proposition  follows  by  expanding  F  by  Taylor's 
Theorem. 

It  is  evident  the  proposition  may  be  extended  to  all  the 
independent  variables  that  take  independent  minor  germs. 

^       21.    If  «■  (-r-  >  j" )  **  ==  0  be  understood  to  represent  any 

linear  differential  equation  of  two  independent  variables  (a?,  y) 
with  constant  coefficients,  then  will  each  of  these  variables*  take 
an  independent  minor  germ;  and  consequently  the  complete 
general  integral  of  the  equation  may  be  fully  expressed  in  any 
one  of  the  three  following  equivalent  forms, 


16  SOME  OENEBAL  PROPEBTIES  OF  GERMS. 

or  (ii)  ...  w  =  p  +  q|  +  js  j?^^.;,. 

in  which  P,  Q,  U,  ...  represent  series  of  the  general  form 

or  (iii)...  tft=p+Q+  Ji  -— ^  +  ... 

in  which  P,  Q,  R,  ...  represent  series  of  the  general  form 

When  hereafter  we  assume  the  first  of  these  forms  as  repre- 
sentative of  the  complete  general  integral  of  a  proposed  differen- 
tial equation,  we  must  remember  that  the  sole  authority  for  the 
truth  of  this  assumption  lies  in  the  fact  that  we  know  from  the 
form  of  the  differential  equation  itself  that  both  x  and  y  take 
independent  minor  germs.  The  second  form  supposes  that  y 
takes  a  minor  germ ;  and  the  third  form  supposes  x  to  take  a 
minor  germ. 

(J     j\ 
a?,  T" '  ji)  ^  =  0*  ^^  briefly  «r .  w  =  0  denote  a 

linear  differential  equation  in  which  one  of  the  two  inde- 
pendent variables  (as  t)  occurs  only  in  the  form  of  a  differential 
symbol  of  operation. 

In  this  case  the  general  integral  is  completely  represented 
by  the  following  form, 

u  =  F{Xyt  +  g), 

g  being  a  minor  germ  of  t. 

Now  if  we  integrate  such  a  differential  equation  as  the  one 
before  us  by  the  method  of  infinite  series,  it  will  sometimes 
happen  that  we  shall  obtain  a  result  which  may  be  represented 
by  the  following : 

in  which  A,  B,  C,  ...  are  independent  arbitrary  constants;  and 
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they  are  therefore  the  coefficients  of  the  memhers  of  the  family 
of  subintegraLs  of  which  u  is  constituted. 

Hence  we  are  at  liberty  to  eliminate  these  arbitrary  con- 
stants by  means  of  the  powers  of  a  germ. 

t      -^    f 
/  Now  -4.  +  -B  Y  +  C  = — ^  +  ...  is  a  MacLaurin's  infinite  series 

(see  Art  10)  and  its  symbolical  equivalent  representative  will 
be  under  a  certain  restriction  of  form  corresponding  to  this  fact 
(Art.  11);  and  the  proper  form  may  be  found  in  the  following 
manner. 

Equating  the  two  preceding  forms  of  u  we  have  the  following 
symbolical  equivalence : 

and  the  left-hand  member  being  a  function  of  <  +  ^,  the  right- 
hand  member  must  be  so  Ukewise ; 

.".  il+5|  +  Cj^2+...  =/(^+flr) (1). 

Now/(<  +  5r)  =/(gf  +  0>  a^<l  whichever  of  these  two  forms 
we  adopt  the  result  of  the  expansion  of  it  in  a  series  by  Taylor's 
Theorem  must  be  symboUcally  equivalent  to  the  left-hand 
member  of  equation  (1). 

Hence 

But  in  order  that  (2)  may  be  a  symbolical  equivalent  of  the 
series  on  the  left-hand, /(^r),/'  {g)yf"  (g),  ...  must  be  different 
powers  of  the  germ  g ;  a  condition  that  requires  the  following 
supposition, 

f{g  +  t)  =  {g+ty, 

where  p  must  be  of  such  a  value  as  shall  render  the  expansion 
of  (g  +  ty  an  infinite  series.  Hence  p  must  not  be  a  positive 
integer. 

t  f 

£.  2 
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Hence  ^  = 'P' U, -^j  .  (g  +  (y (3). 

or  •=^(^'|«)-(*+^)'' (*)• 

There  are  therefore  two  forms  in  which  u  may  be  presented, 
a  circumstance  which  is  notable  for  the  following  reason. 

If  p  were  a  positive  integer  (which  it  cannot  be)  these  two 
forms  of  u  would  be  identical,  because  in  that  case  the  expan- 
sions of  (g  +  {f  and  (t  +  gY  would  be  identical,  with  the  exception 
only  that  their  respective  terms  would  be  in  a  reverse  order. 
But  as  p  is  not  a  positive  integer  the  expansions  of  (g  + 1/  and 
(t+gY  are  dissimilar,  though  symbolically  equivalent  (see  Chap. 
III.). 

ix^  Hence  that  the  integrals  marked  (3)  and  (4)  are  dissimilar 

though  symbolically  equivalent,  is  due  to  the  circumstance  that  p 
is  not  a  positive  integer;  and  further  that  (t-^gY  ajid  {g-^-ty 
are  symbolically  equivalent. 

Consequently  we  have  two  dissimilar  though  symbolically 
equivalent  forms  in  which  we  may  finally  present  the  general 
integral  of  the  proposed  equation,  whenever  that  integral  can  be 
found  in  the  form 


u 


23.  If  we  expand  (g  +  tY  in  order  to  eliminate  the  germ  g 
and  obtain  the  family  of  subintegrals  of  which  u  is  constituted, 
we  obtain 

the  first  subintegral  =  -^  ( ^,  -r  J .  -4  =  -^  (a:,  0). 

'The  other  subintegrals  may  all  be  obtained  from  this  by  inte- 
grating it  with  respect  to  t  successively  (Art.  4  contains  an 
example  of  this). 

But  if  we  expand  {t-\-gY  *'te  first  subintegral  will  be  equal 

(/7\ 
Xy  -j-A  .  ^;  and  the  other  members  of  the  family  will  be 
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obtained  from  this  by  successive  differentiations  with  respect 
toi. 

As  it  is  always  possible  to  differentiate,  and  not  always  pos- 
sible to  integrate,  a  given  function  of  t,  there  will  be  an  advan- 
tage in  using  the  form 

first  subintegral  =  i|r  [  a?,  ^j  .f (1). 

But  here  crops  up  the  question, — how  are  we  to  assign  a 
proper  value  to  pi  for  the  preceding  Article  tells  us  nothing 
respecting  it  but  that  it  is  not  to  be  a  positive  integer.  It  does 
not  even  tell  us  distinctly  whether  zero  is  to  be  classed  among 
positive  or  among  negative  integers.  There  is  however  no  diffi- 
culty in  seeing  that  we  must  assign  to  j)  as  small  a  value  (apart 
from  its  algebraic  sign)  as  possible. 

In  some  degree  p  is  therefore  a  disposable  numerical  quan- 
tity; and  we  shall  follow  the  rule  of  assigning  to  it  the  Udst 
Talue  (apart  from  algebraic  sign)  that  will  enable  us  to  express 
the  first  suhintegral  (1)  in  finite  terms,  for  our  object  is  to  find 
the  integral  of  a  proposed  equation  in  finite  terms. 

/-  24.  One  possible  case  must  here  be  noticed.  There  being 
nothing  to  fix  a  definite  value  of  p  in  the  investigation  of 
Art.  22,  in  the  formula 


first  subintegral  =  -^  (a?,  -n)^'» 


if  it  should  ever  happen  that  this  leads  to  a  general  subintegrul 
of  the  form  W .  o)',  without  the  necessity  of  our  assigning  to  p 
any  definite  value,  then  p  may  be  considered  to  be  a  germ,  and 
the  first  subintegral  will  be  ^^Itisive  of  the  whole  family  of 
subintegrals. 

In  this  particular  case  therefore  we  have  (by  Art.  11), 

u  =  W.  0)' 

=  Tr.0(«). 

25.    We  have  said  that  the  smallest  possible  value  (apart 
from  algebraic  sign)  must  be  assigned  to  p  in  order  to  obtain 

2—2 
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the  first  of  the  family  of  subintegrals,  and  that  from  the  sub- 
integral  so  found  all  the  other  members  of  the  family  may  be 

obtained  by  diflferentiation  with  -j- . 

From  this  it  is  obvious  that  if  we  can  obtain  a  finite  sub- 
integral  by  assigning  to  ^  a  value  which  is  not  the  least  pos- 
sible (apart  from  sign)  the  subintegral  so  obtained  will  be  one 
of  the  family  of  subintegrals ;  and  we  may  ascend  from  it  to 
\\iQ  first  subintegral  by  successive  integrations  with  regard  to  L 
We  shall  know  when  we  have  arrived  at  the  first  by  the  circum- 
stance that  we  have  arrived  at  a  subintegral  which  is  not  inte- 
grable  in  finite  terms. 

26  The  general  principle  that  we  shall  adopt  in  the  inte- 
gration of  linear  diflferential  equations  is  that  of  taking  advan- 
tage of  any  peculiarity  that  may  be  perceived  to  exist  in  their 
forms,  favoring  the  introduction  of  germs  into  their  integrals ; 
for  as  an  integral  that  is  perfectly  general  cannot  be  made  more 
general,  the  introduction  of  a  germ,  though  it  may  affect  the 
generality  of  an  integral  that  is  not  perfectly  general,  cannot 
make  it  less  general ;  but  on  the  contrary  every  germ  intro- 
duced brings  it  one  step  nearer  to  perfect  generality. 

When  therefore  a  differential  equation  is  proposed  for  inte- 
gration we  begin  by  changing  (if  necessary)  the  dependent  and 
independent  variables  (see  Chap,  iv.)  with  the  object  of  bring- 
ing the  equation  to  its  simplest  form,  or  to  a  form  which  will 
enable  us  to  detect  the  possible  existence  of  germs  in  the 
integral. 

/^  The  preceding  Articles  will  have  made  it  evident  that  it 
would  be  a  great  point  gained  if  the  reduction  and  transfor- 
mation can  be  carried  on  till  we  have  arrived  at  a  form  in 
which  one  at  least  of  the  independent  variables  shall  occur 
only  in  the  form  of  a  differential  symbol  of  operation,  for  such 
a  variable  will  take  a  minor  germ.  The  following  will  illus- 
trate the  method  of  proceeding  with  such  an  equation,  and  will 
also  be  useful  for  reference. 
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27.  To  integrate  -y.-  =  wfa?,  y»  •••  j~  »  j-  >  •••  )^  or  simply 

This  equation  allows  t  to  take  a  minor  germ,  and  therefore 
(Art  21)  the  following  will  be  a  perfectly  general  form  of  its 
integral: 

in  which  P,  Q,Ii,.,.  are  functions  not  of  t  but  of  the  independ- 
ent variables  that  occur  in  the  operating  function  «r. 

Substitute  this  form  of  u  in  the  proposed  equation 
du 

28.  To  integrate  -jj  =  «^{^>  y>  •••  ^»  ;/   » ••)  ^»  ^'  briefly, 


=  «r.  t*. 


By  the  same  method  as  the  above,  and  with  the  addi- 
tional consideration  that  this  equation  allows  us  to  write  in 
any  integral  jt  instead  of  t,  we  obtain  the  following  general 
form  of  integral: 


""^{l+rr+rr'^"-)^'^ 


in  which  P,  Q  are  independent  functions  of  the  variables  con- 
tained in  0-. 

The  two  serial  members  of  u  are  independent  subgeneral 
integrals;    and   their    independence    is    due   to    the  circum- 

d 
stance  that  -^  occurs  in  the  differential  equation  only  in  the 

(d\^ 
-r:]  f   and   their  independence  is  secured  symbolically 
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by  the  existence   of  the  ambiguous  symbol  j  in  the  latter 
of  them. 

It  will  be  noticed  that  one  of  the  subgeneral  integrals  con- 
tains even  powers  of  t  only,  and  the  other  odd  powers  only. 
But  we  are  at  liberty  to  construct  out  of  them,  by  addition 
and  subtraction,  two  other  equivalent  subsequent  integrals, 
each  of  which  shall  contain  both  the  odd  and  the  even 
powers  of  t 

The  following    form    of  differential   equation,    though    it 
^  belongs  to  the  case  of  two  independent  variables   only,  will 
be  found  important,  for  many  equations  that  occur  in  physical 
enquiries  can  be  made  to  depend  upon  it. 


29.    To  int^rate  ^  f  ^  j  m  =  «r  f  a?,  -v- J  u. 


By  the  usual  method  oi  integration  by  series  the  inte- 
gral of  this  equation  can  generally  be  obtained  in  a  form 
equivalent  to  the  following: 

<"■*{'■  ^)t. 

in  which  T  is  an  arbitrary  function  of  t 

Now  since  the  proposed  equation  allows  t  to  take  a 
minor  germ, 

in  which  A,  B,  C,  ,..  are  the  arbitrary  coeflScients  of  the  mem- 
bers of  the  family  of  subintegrals  which  constitute  u.  Their 
places  may  therefore  (Art.  13)  be  supplied  by  the  powers  of  an 
extemporized  germ  m ; 


=  ^(^'l) 


^nU 


c«<  yfr  (^,  m)  =  e^^'X. 


y 
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When  X  is  found  by  the  substitution  of  this  value  of  u  in 
the  proposed  equation,  then  u  is  known  firom  the  equation, 

u  =  e^X. 

30.  Let  «r l-j-  >  j~  >  j~  »  •••)  ^  =  0  be  a  linear  partial  dif- 
ferential equation  of  any  number  of  independent  variables  and 
having  constant  coefficients ;  then  will 

be  an  integral  of  it;  L^  M,  N,  ...  being  germs  subject  only  to 
the  following  equation  of  condition, 

0  =  «r(Z,  if,iy;...). 

For 

=  €^+^y+^'+-  «r  (Z,  M,  N,  ...). 

Now  B3  L,  M,  If,  ...  are  germs,  we  are  at  liberty  to  assume 
such  a  relation  to  exist  among  them  as  will  render  the  right- 
hand  member  of  this  equation  equal  to  zero;  and  the  only 
condition  necessary  for  that  purpose  is  vr  {L,  M,  N,  ...)  =  0. 
Hence  subject  to  this  condition  [7  represents  a  quantity  which 
satisfies  the  proposed  equation. 

We  have  not  said  that  U  is  the  general  integral  of  the 
equation ;  but  as  it  contains  independent  germs  it  needs  must 
be  one  of  a  great  degree  of  generality.  As  a  matter  of  fact  it 
fails  to  be  the  general  integral,  in  such  cases  only  as  are  dis- 
tinguished by  the  recurrence  of  one  or  more  of  the  operative 

factorials  into  which  «r  f -r- ,  -r- ,  ;t-  ,  ...  1 

be  resolved. 

We  shall  be  careful  to  prove  the  perfect  generality  of  U  in 
every  case  in  which  we  shall  use  it ;  and  then  only  shall  we  cite 
it  as  the  general  exponential  integral. 

31.  The  germs  L,  M,  Ny  ...  being  of  the  nature  of  general 
germs  are  liable  to  contain  imaginary  quantities ;  it  will  some- 


can  m  some  cases 
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times  be  desirable  to  express  the  general  exponential  integral 
in  terms  of  real  germs  only.  Let  us  therefore  assume  their 
forms  to  be 

L  +  il,    Jf  +  im,    N  +  in,  

in  which  L,  My  N,  ...  I,  m,  n,  ...  are  all  real  quantities. 

By  this  change  the  exponential  integral  takes  the  following 
form 

U=  Ae^+*^  =  Ae^  cos  J  +  jBe^  sin  / 

=:il€^cos(/+2?); 
in  which  K=Lx  +  My  +  N'z  + ... 

and  J=  tc  +  my +  w-y+ ... 

and  the  germs  Ly  M,  N,  ...  l,m,n,  ...  are  subject  to  the  two 
equations  of  condition  into  which  the  following  equation  neces- 
sarily divides  itself^ 

0  =  w  (i  +  t7,  if +  im,  N  +  in,  ...). 

m 

32.  If  c  be  a  germ  contained  in  an  integral  ET*  of  a  linear 
differential  equation  cr  .  u  =  0,  containing  any  number  of  inde- 
pendent variables  and  its  coefficients  not  being  necessarily  con- 
stant;  then  will  -r-,  ~j~t  >  "T^  >  •••  ^^^  generally  ^  f-j-j  IT  be 
integrals  of  «r ,  Z7=  0, 

The  function  ^  is  conditioned  by  the  equation  ^  f -^  J  0  =  0, 

Now  c  being  a  germ  is  not  contained  in  -cj ;  and  therefore  c 
and  «r  are  commutative  symbols.     Also  «r .  Z7=  0. 


Hence  ^\j)  D"  is  an  integral  of  «r .  m  =  0. 


33.     The  following  indicates  the  possible  existence  of  quasi- 
minor  germs  in  some  cases. 
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Suppose  we  have  before  us  a  linear  equation  of  the  following 
form, 

in  which  a,  6,  c,  a,  b\  d  are  definite  constants. 

It  is  evident  that  we  may,  without  affecting  this  equation  at 
all,  write  a:  +  gr,  y  +  A,  «  +  A?  for  a?,  y,  ^  respectively,  provided  the 
values  of  ^r,  A,  h  are  restricted  by  the  two  following  conditions, 

0  =  oj^  +  JA  +  ci,  and  0  =  a'^  +  Vh  +  dk. 

Now  B3  g,  h,  k  are  subject  to  these  two  linear  conditions 
only,  each  of  them  may  be  described  as  a  definite  multiple  of 
some  one  indefinite  quantity  I,  which  we  may  designate  an 
independent  germ.  This  independent  germ  will  be  divided 
among  the  three  independent  variables  in  certain  definite  pro- 
portions, and  be  to  each  of  them  a  minor  germ,  or  rather  a 
quasi-minor  germ ;  for  we  have  defined  a  minor  germ  (Art.  8) 
as  belonging  exclusively  to  an  individual  independent  variable. 

Major  Germs  and  Homogeneity. 

34.  By  means  of  major  germs  we  may  extend  the  usual 
definition  of  homogeneity  in  the  foUowing  manner. 

If  a  mathematical  expression  F(x,  y,z,,, .)  be  of  such  a  form 
that  when  m'^x,  mfiy,  m^z,  ...  are  written  in  it  for  a;,  y,  «  ...  the 
germ  m  becomes  a  mere  factor  or  coefficient  of  the  whole ;  i.e.  if 
the  following  form  of  expression  holds  good, 

F{m!^x,  mPy,  m^z,  .,.)=^m^ F{x,  y,  «,  ...), 

in  which  a,  fi,  y  ...  have  definite  values;  then  we  say  that 
jP(;r,  y,  z,  ...)  is  a  homogeneous  expression  of  jp  dimensions. 

We  may  also  say  that  x,  y,  z,  ...  are  respectively  of  the 
dimensions  a,  yS,  7,  ...  and  we  shall  speak  of  m  as  being  a  major 
germ  in  this  case. 

The  following  proposition  will  be  found  very  important  in 
future  operations. 

35.  Every  homogeneous  linear  partial  differential  equation, 
whether  its  coefficients  be,  or  be  not,  constant,  will  have  all  its 
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subintegrals  (that  are  due  to  the  elimination  of  a  major  germ) 
homogeneous  according  to  the  above  definition ;  and  they  will 
all  be  of  different  dimensions. 

Let  u  —  F{x,y,z,  ...)  be  the  integral  of  a  homogeneous 
differential  equation.  Then  since  a  general  integral  is  not 
affected  as  to  its  generality  by  any  change  of  the  independent 
variables  which  does  not  affect  the  differential  equation,  we  may 
write  m*a?,  m^y,  myz,  ...  in  both  the  equation  and  its  integral 
without  affecting  them ; 

.'.  u  —  F  {7n:^x,  m^y,  myz,  ...) (1), 

and  by  differentiation  of  this  we  obtain  the  following  equation, 

Now  expand  the  right-hand  member  of  equation  (1)  in  powers 

of  «i; 

:.  u^Pm^+Qm''  +  Rmr-\- (3), 

in  which  P,  Q,  JJ  ...  are  functions  of  x,  y,  z  ...  but  not  of  m; 
they  in  fact  constitute  the  family  of  subintegrals  due  to  the 
elimination  of  the  germ  m. 

Hence  each  of  them  (i.e.  of  P,  Q,  JB  ...)  is  an  integral  of  the 
proposed  homogeneous  equation;  and  consequently  each  term 
of  (3)  will  satisfy  the  equation  (2). 

Taking  the  first  term  Pm"  and  substituting  it  in  (2)  we  find 

the  meaning  of  which  equation  is,  that  the  subintegraJ  P  is 
homogeneous  and  otp  dimensions. 

In  the  same  way  we  learn  that  Q,  JK,  ...  are  homogeneous 
subintegrals  of  j,  r,  ...  dimensions  respectively. 

The  members  of  the  family  of  subintegrals  obtained  by  the 
elimination  of  m  have  therefore  this  common  property, — they  are 
all  hamogeneotis ;  but  being  of  different  dimensions  their  sum, 
i.  e.  the  general  integral  which  contains  them  all,  is  not  homo- 
geneous. 
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Homogeneity  is,  therefore,  the  distinctive  feature  of  a  sub- 
integral. 

36.  As  a  major  germ  generally  (though  not  always)  belongs 
to  at  least  two  independent  variables,  if  a  proposed  differential 
equation  contains  more  than  two  such  variables  it  may  admit  of 
more  than  one  independent  major  germ ;  or  if  it  admits  of  one 
only,  there  may  then  be  some  independent  variables  that  do  not 
take  a  major  germ  at  all. 

Hence  it  may  happen  that  a  differential  equation  may  be 
homogeneous  with  regard  to  only  a  portion  of  its  independent 
variables :  and  being  homogeneous  it  may  be  of  different  dimen- 
sions in  reference  to  its  different  major  germs. 

Thus  m  the  equation  ,    ,   ~  ;77  »  ^®  °^*y  ^^^^  ^'^i  ^y>  ^^ 

for  a;,  y,  t  respectively,  and  the  equation  is  therefore  homo- 
geneous. 

Or  we  may  write  nx^  nt  for  x  and  t^  and  consider  the  equa- 
tion homogeneous  with  respect  to  x  and  t  So  it  is  homogeneous 
with  respect  to  y  and  t  And  we  may  write  Ix  for  x,  and  r*y  for 
y.  But  all  these  results  are  included  when  we  write  hruc  for  x, 
r^ny  for  y,  and  mnt  for  t,  there  being  three  germs  involved  in  this 
case.  This  is  therefore  the  most  general  assumption  of  major 
germs ;  and  it  implies  that  the  equation  is  independently  homo- 
geneous with  regard  to  x,y,f;  and  to  x,  t;  and  y,  t  It  there- 
fore possesses  a  triple  homogeneity;  and  to  obtain  general 
results  all  three  must  be  taken  account  of. 

It  will  now  be  manifest  that  the  existence  of  major  and 
minor  germs  can  oftentimes  be  discovered  prior  to  integration 
from  the  form  of  the  proposed  differential  equation  by  mere 
inspection.  We  shall  see  hereafter,  however,  that  there  may  be 
possible  major  germs  which  are  not  so  easily  discovered. 

And  it  is  always  to  be  remembered  that  we  are  at  liberty  to 
introduce  into  a  known  integral  any  possible  germs,  and  that 
the  result  will  be  still  an  integral  of  the  proposed  equation, 
which  may  be  thereby  rendered  one  of  increased  generality. 


CHAPTER   III. 

ON  STHBOLICAL  EQUIVALENCE. 

37.  Wb  consider  the  elementary  quantities  and  magnitudes 
with  which  we  have  to  do  as  being  measurable  by  numbers; 
and  an  essential  property  of  every  such  quantity  or  magnitude 
is,  that  "  the  whole  is  greater  than  a  part  of  it." 

Zero,  which  is  usually  denoted  by  the  symbol  0,  we  consider 
to  be  "  the  negation  of  quantity  or  magnitude."  The  absence  or 
negation  of  a  quantity  cannot  be  divided  into  parts ;  and  what 
has  no  existence  cannot  be  treated  as  having  properties. 

But  zero,  though  non-existent  as  a  measurable  quantity^ 
admits  of  symbolical  representation  by  means  of  real  quantities 
in  an  infinite  variety  of  ways  ;  as  for  example, 

0  =  0?  —  a?;  0  =  1+ cos 2x— 2 cos*a? ; 

These  are  called  equations,  but  we  here  speak  of  their  right- 
hand  members  as  the  symbolical  equivalents  of  zero ;  and  hence 
the  mathematical  sign  (=)  is  to  be  understood  not  as  always 
denoting  numerical  equality,  since  zero  is  not  a  number,  but  as 
(in  such  cases  as  these)  denoting  symbolical  equivalence. ' 

Also  such  a  question  as  this, — ^find  the  integral  of  -r-  +  -r-  =  0 

ax     ay       ' 

may  be  enunciated  in  the  following  equivalent  form, — find  the 

most  general  form  of  i^  in  terms  of  x,  y  which  will  render  the 

following  equation  a  symbolical  equivalence  ( -5-  +  j- J 1^  =  0. 
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The  reader  will  kindly  keep  in  mind,  whenever  he  finds  the 
sign  (=)  connecting  two  quantities,  or  two  steps  in  an  investiga- 
tion, which  are  not  equal  algebraically,  that  that  sign  is  in  this 
case  to  be  read  as  signifying  symbolical  or  integral  equivalence. 
We  might  preserve  at  every  step,  and  in  every  equation,  both 
algebraic  and  symbolic  equivalence,  but  this  would  have  to  be 
done  oftentimes  at  an  inconvenient  expenditure  of  time  and 
new  algbraic  symbols.  After  a  little  practice  no  inconvenience 
will  be  found  in  the  system  employed  in  these  investigations 
which  are  chiefly  about  integrals.  The  sign  (  =  )  has  three 
meanings : — algebraic  equahty ; — symbolical  equivalence ; — and 
equal  in  generality  as  integrals. 

38.  For  a  reason  analogous  to  that  which  leads  us  to 
reject  zero  as  a  numerical  quantity  we  reject  infinity,  for  it 
cannot  be  numerically  increased  by  addition  nor  diminished 
by  subtraction,  since  it  is  not  measurable  by  numbers. 

Nevertheless  there  is  a  case  of  infinitude  which  can  be  dealt 
with  to  advantage,  viz.,  the  case  of  series  the  number  of  whose 
terms  is  infinite. 

Infinite  series  are  of  two  kinds  : — 

1.  A  series  may  have  a  first  term  but  no  last  term ;  or,  in 
other  words,  it  may  have  a  beginning  but  no  end. 

2.  A  series  may  have  neither  a  first  tenn  nor  a  last  term. 

1  +  2  + 2' +  2'+...   ad  infin.  is  an  example  of  the  former 

kind,  and   ... +  ^  +  ^a  +  o"*"^  +  ^"*"^''^^*"*"  "••  ^^  **^®   ^^**^^ 
kind. 

39.  The  meaning  of  the  word  equivalence  which  it  will  be 
necessary  to  attach  to  the  sign  ( = )  in  some  of  the  subsequent 
articles  is  so  unusual  that  we  shall  add  a  few  more  illustrations. 

The  late  Professor  De  Morgan  proposed  the  following 
equation  for  solution, 

a?  =  2^. 

If  X  be  in  this  equation  a  numeral  quantity,  divide  both 
sides  of  the  equation  by  x.     Then  on  the  ground  that  if  equals 
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in  the  following  manner,  with   the   object  of  presenting   the 
integral  in  the  briefest  possible  form. 

This  is  our  final  result,  and  simple  as  it  is,  it  is  perfectly  equi- 
valent as  an  integral  to  the  two  infinite  series  which  constitute 
the  entire  value  of  u.  In  deducing  it  from  those  series  the 
arbitrary  constants  have  suffered  changes  of  identity  at  every 
step,  but  we  have  been  careful  to  preserve  their  only  essential 
quality,  that  they  are  arbitrary  constants  all  through  the 
process  of  reduction. 

cTu ' 
Had  the  equation  to  be  integrated  been  3^  +  ^  =  0,   our 

result  would  have  been 

u^Ae''. 

It  will  be  seen  from  the  above  example  that  we  shall 
hereafter  feel  at  liberty  to  use  the  sign  (  =  ),  as  denoting  in- 
tegral equivalence ;  and  that  in  so  using  it  we  shall  consider 
not  the  identity  of  the  quantities  denoted  by  A,  B,  C, ..,,  but 
merely  take  care  that  each  shall  preserve  its  only  essential 
quality,  viz.,  that  it  denotes  a  perfectly  arbitrary  and  inde- 
pendent quantity. 

43.  If  f{x)  be  expanded  in  an  infinite  series  it  is  usual  to 
represent*  the  result  thus, 

f{x)=Aaf'  +  Bixfi.+  Gxy+.,.  ad  inf. 

Professor  De  Morgan  proposed  that  the  left-hand  member 
should  be  denominated  the  Invelopment  of  the  right-hand 
member.  We  shall  adopt  this  designation.  It  has  been  usual 
to  speak  of  f{x)  as  the  sum  of  the  series,  but  unless  the  series 
be  convergent  this  designation  is  incorrect. 

When  we  meet  with  two  symbolically  equivalent  series, 
if  we  can  find  the  invelopment  of  one  of  them  we  shall  use  that 
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series  in  preference  to  the  other  without  reference  to  its  con- 
vergence or  non-convergence. 

44.  A  series  that  has  no  last  term  may  possess  properties 
not  possessed  by  the  sum  of  any  number  of  its  terms.  Take 
the  following  example : 

Cr=l-aj  +  j;'-jj"+...  adinf.  (1). 

If  we  multiply  this  series  by  x  and  subtract  the  product 
from  imity  it  remains  unchanged ;  and  this  is  not  a  property 
of  the  series  continued  to  n  terms  only.  Hence  the  following 
is  true  of  the  infinite  series  only,  viz. 

U^l-xU; 
1 


U= 


1  +  a?' 


This  is  the  invelopment  of  the  series;  i.e.  it  represents  the 
whole  infinite  series,  and  if  it  ba  expanded  according  to  the 
usual  rules  it  will  be  found  to  produce  the  whole  series. 

But  ^ = r ,  and  the  latter  expression  is  the  invelop- 

J.  T"  OS        JC  *T"  X 

ment  of  the  following  infinite  series, 

1         1111 

— TT  = — TJ  +  -8 4+  ...  ad  inf.  (2). 

x+i     X     or      or      X  ^ 

Now  since  the  invelopments  of  these  respective  series  are 
symbolically  and  algebraically  equal,  we  say  that  the  following 
is  both  a  symbolical  and  an  integral  equivalence, 


1  -  JL    1 

X      of       i^ 


1— a;  +  a?'—  ...  ad  inf.  =  -  —  ^^  +  -^  —  ...  ad  inf; 


and  therefore  in  reducing  an  integral  to  its  simplest  or  most 
manageable  form  we  should  not  hesitate,  if  necessary  to  secure 
ultimate  success,  to  introduce  this  equivalence,  or  any  other 
which  rests  on  the  same  basis. 

45.     We  shall  now  generalize  the  above  results  by  shewing 
that  the  two  following  infinite  series  are  symbolically  equivalent, 

^  4-  ^d?  +  Oa;'  +  ...  =  ^  +  Bx'"^  -f  Cx^  +  ... 
E.  3 
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in  which  A^  B,  C,  ...  are  constant  quantities,  definite  or  indefi- 
uite. 

Instead  of  0,  D,  J?,  ...  in  the  left-hand  member  write 
respectively  C'-25,  iy-40'  +  3J?,  JP'- 62/  + 10(7-48,  &c 

.-.  A+Bx+Ca?  +  Daf'+...=^A'\-B{X'-2a^  +  Saf-  4a?*  +  ...) 

+  C'(aJ^-4j;«  +  10a?*-...) 

+  &C. 

Bx  Co?  D'of 

"^■*'(rr^-  +  (H-a:/'^(l+a:r+- 

_   ,  Bx''  Cx-^  Ux^ 

^A  +  Bx'"^  +  Cx-^  +  Dx-^  +  ... 

The  validity  of  this  investigation  depends  entirely  on  the  series 
being  infinite,  and  it  cannot  hold  good  for  n  terms,  with  the 
single  exception  of  n  =  1. 

It  is  to  be  noticed  also  that  the  quantities  C\  D\  E\  ...  are 
used  in  the  proof  merely  as  artificial  means  of  distributing  the 
terms  of  the  left-hand  series  into  groups  suitable  for  our  purpose. 
And  it  is  obvious  that  a  different  grouping  would  have  led  us  to 
another  type  of  symbolical  equivalence;  as  will  be  seen  in  the 
following  Article. 

46.  To  shew  that  the  two  following  infinite  series  are  sym- 
bolically equivalent  to  each  other ; 

^  +  5a?  +  Gr*  +  ...=»'  (^  +  Bx"'  +  Ca?"*  +  ...), 

the  index  p  being  subject  to  the  sole  condition  that  it  must  not 
be  a  positive  integer. 

Instead  of  B,  C,  D,  ...  in  the  left-hand  series  substitute  the 
following  quantities, 

B^ff-^^A, 


C^C^P^B^-^P^A, 
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&C.  =  &C., 

the  law  of  these  substitutions  being  obvious,  and  requiring,  as 
the  series  are  infinite,  that  p  shall  not  be  a  positive  integer. 

On  making  these  substitutions  and  proceeding  step  by  step 
as  in  the  preceding  Article  we  arrive  at  the  following  symbolical 
equivalence, 

^  +  £a?  +  Co;'  +  . . .  =  a?*  (^  -f  Bx'^  +  Cx^  +  ...) 

=  Aj^  +  Bar'  +  Cx^+... 

47.     This  result  may  be  presented  in  the  following  form, 


-'{£)■-■ 


(1). 


And  if  j4,  B,  C,  ..,  are  absolutely  arbitrary  and  independent, 
then  is  also  the  function  F[j-\  exa  arbitrary  function  of  -j- , 

subject  only  to  f[-t-\  0  =  0. 

The  value  of  this  result  in  the  discovery  of  subintegrals  will 
be  seen  when  we  come  to  the  actual  integration  of  equations. 

The  reader  may  compare  these  results  with  Art.  23. 


3—2 


CHAPTER  IV. 

THE    TRANSFORMATION    OF    LINEAR    DIFFERENTIAL    EQUATIONS 

OF  THE  SECOND  ORDER. 

I.     Two  independent  variables;  coefficients  constant. 

48.  Our  object  in  this  chapter  is  to  reduce  equations  to 
their  most  simple  forms  with  the^view  of  discovering  those  forms 
which  present  peculiar  integrational  difficulties. 

We  may  classify  any  linear  differential  equation  of  two  inde- 
pendent variables  and  having  constant  coefficients  under  some 
one  of  the  four  following  heads, 

(2)...0  =  J— J-  +  -4  -J-  +jB-t-+Ow. 
^  ax  ay         ax         dy 

49.  To  reduce  the  form  (a)  assume  a  new  dependent  varia- 
ble V  such  that 

This  gives  the  following  reduced  form  when  substituted  for  u, 
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which  comprehends  the  two  following  elementary  forms, 

(') O'Sl'-^^m-r- <^'- 

The  former  of  these  presents  no  integrational  difficulty;  and 
the  latter  we  shall  integrate  in  a  future  Article. 

-50.    To  reduce  the  form  ()8)  we  change  the  dependent 
variables  by  assuming  two  new  variables  ^,  17  such  that 

x^^  +  ff  and  y  =  af +  ^17. 
du     { d  d\  J  du     f  d   ^  ,  d\ 

and  the  reduced  equation  is 

^  _    d^u       B^bA  du     B  —  a  A  du     ^ 
"  d^dri       a—b    d^       b  —  a    drj  ' 

which  being  of  the  form  (a)  can  be  reduced  to  the  forms  (1)  and 
(2),  and  therefore  furnishes  no  new  integrational  difficulty. 

B 

51.    To  reduce  form  (7)  we  assumes?  =  f  +  ^  andy  =  (^S  +  -aV> 

du     (d  ^      d\  ,  du     /d      B  d\ 

•  •  5f  =  t+^d^j^'  ^^  Tv^^idi-^Ad-yh 

and  the  following  is  the  form  of  the  reduced  equation, 

^     d^u  ^    .du ^^ 

and  by  changmg  the  dependent  variable,  if  necessary,  by  writing 
»€*^  for  M,  m  being  such  as  to  satisfy  the  equation  Am  +  C  =  0, 
we  obtain  the  following  form, 

^     d^v       .  dv 

The  following  are  therefore  the  ultimate  forms  furnished  by 

form  (7), 

*^^          ^  .  ^oD             d^€o     do>  >,v 

(3) 0  =  ^  +  0,.    ^=^ (4). 

of  which  (4)  only  presents  any  new  integrational  difficulty. 
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52.  To  reduce  form  (S)  we  assume  a?  =  f  +  17  and  y  =  of  +  617 ; 

da     ( d         d\ 

and  the  reduced  equation  is 

which  is  equal  to #  j  and 

presents  no  integrational  diflSculty.  It  is  in  fact  an  equation  of 
one  independent  variable ;  and  consequently,  when  it  is  inte- 
grated, arbitrary  functions  of  17,  or  rather  of  {^x  —  y)  m.ust  be 
u.sed  instead  of  arbitrary  constants. 

53.  Hence  gathering  together  the  forms  that  are  of  difficult 
integration  we  find  only  the  two  following, 

dx  dy  "    '  da^  "  dy ' 

These  forms  it  will  be  our  business  to  integrate  in  the  follow- 
ing chapter. 


II.     The  case  of  three  independent  variables. 

54.     We  may  arrange  any  equation  of  this  class  under  some 
one  of  the  four  following  heads, 

(a)...0  =  -T— 7  +A-j--{-B'j-  +  C-j   +Aw. 
^  '  dxdy         dx         dy         dz 

d^U  d^^  A^U        n^^        ^^^    .     TJ- 

(/3)...0=T— 7-  +  a:T--r  +  ^x+-Sj   +  C  ,  +ir«. 
^  ^  dxdy       dxdz         dx         dy         dz 

d^u  d^u       J    dhi        jdu      j^du      ^du      jr 

'^^'"    "dxdy        dxdz        dydz         dx         dy         dz 

(8)...0=  ,--  +  «-— +  .S— „ -fa  ,    ,  +i-7^r  +  ^w-Tr 
^  ^  dx^      .  dy  dz         dxdy        dxdz        dydz 

+  A-j-  +5:r  +  C  —  +  Ku. 
dx         dy         dz 
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55.  To  reduce  the  form  (a)  we  assume  uasve"^'-^"*', 
where  m  is  a  constant  that  satisfies  the  equation  mC-h  AB^K, 
and  the  following  is  the  reduced  form  of  the  equation, 

dxdy        dz* 
which  includes  the  two  following  elementary  forms. 

The  former  of  these  presents  no  integrational  difficulty. 

56.  To  reduce  the  form  (^)  let  x,  y,  f  be  a  new  set  of  inde- 
pendent variables,  in  which  {^=2;  — ay.  The  reduced  form  of 
the  equation  is 

which  coinciding  with  form  (a)  introduces  no  additional  integra- 
tional difficulty. 

57.  To  reduce  form  (7),  for  u  write  tje"*****^*'*,  the  constants 
m,  n,  p  being  such  as  will  satisfy  the  three  following  equations : 

0  =  -4  +  w  +  op,     0  =  £  +  m  +  6p,    and  0=0  +  am  +  bn. 
The  reduced  equation  is  the  following, 

in  which  K'  ^Cp--  mn  +  K. 

Let  now  the  independent  variables  be  changed  to  x,  y,  f 
where  ^=  z—  ay—bx.  By  this  means  the  reduced  equation 
becomes 

d^V  T^d^V   ^     rr, 


dx  dy         df ' 
which  includes  the  two  following  new  elementary  forms. 
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58.  To  reduce  the  form  (S),  assume  a  new  set  of  independ- 
ent variables  f ,  17,  f  such  that 

i^as-gy,     Ti^y-hz,     and   f  =  ^-fcr, 

the  constants  g,  h,  k  being  such  as  will  satisfy  the  following  con- 
ditional equations, 

O^ag^-ag+1,    0  =  /eA'-cA  +  l,    and  0  =  Js? -bk  +  fi. 

By  these  means  the  form  (S)  will  be  reduced  to  form  (7), 
and  consequently  introduces  no  new  elementary  forms. 

69.  Gathering  together  the  elementary  forms  which  pre- 
sent integrational  difficulties,  we  find  that  they  are  the  three 
following : 

cPu        du  <Pu        (Pu  J      cPu       d^u 


dx  dy     dz '      dx  dy      dz*  *  dx  dy      dz* 

In  this  chapter  we  are  therefore  presented  with  five  difficult 
linear  diflferential  equations  of  the  second  order  with  constant 
coefficients  ;  viz.  two  when  there  are  two  independent  variables, 
and  three  when  there  are  three  independent  variables. 


CHAPTER  V. 

INTEGRATION  OP  EQUATIONS  OF  TWO  INDEPENDENT 

VARIABLES. 


In  the  preceding  chapter  we  have  seen  that  the  two  fol- 
lowing equations  present  the  only  difficulties  that  are  experi- 
enced in  the  integration  of  linear  equations  of  the  second 
order  with  constant  coefficients.  In  this  chapter  we  shall 
bring  in  the  properties  of  germs  to  our  aid  in  the  task  of  effect- 
ing their  complete  integration. 

^rv     m     .  d^u     du 

60.    To  integrate  -r^^^-ji" 

According  to  Art.  21  the  following  is  a  series  which  may  be 
assumed  for  the  complete  integral  of  this  equation, 

which  being  substituted  in  the  proposed  equation  gives  the 
following  complete  form  of  u, 

where  p  =  A+B^+C'^^  +  ..., 

the  constants  A,  B,  C,  ...  which  are  absolutely  arbitrary,  being 
the  coefficients  of  the  subintegral  constituents  of  u.    Hence  we 
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may  write  if,  AP,  M*, ...  for  them  (Art.  13),  M  being  an  extempo- 
rized germ ;   and  then  we  shall  have  the  following  equivalence, 

••^  =  ^(^  +  id?-*- 172-5?  ■^••J^' 

Thus  it  is  proved,  for  the  proposed  equation,  that  the  general 
exponential  integral  of  Art.  30  is  the  complete  integral. 

In  this  form  of  the  general  integral  the  minor  germs  of  x  and 
t  are  implicitly  contained  in  A,  the  general  coefficient ;  and  M  is 
a  general  germ,  i.e.  it  is  liable  to  contain  both  real  and  imagi- 
nary quantities.  The  major  germ  is  explicitly  contained  in 
the  integral,  on  which  account  the  integral  takes  a  form  which 
we  may  refer  to  as  the  major-germ  form. 

61.  In  Art.  31  we  have  shewn  the  general  method  of  ex- 
pressing an  exponential  integral,  that  contains  general  germs,  in 
an  equivalent  integral  containing  real  germs  only. 

In  the  integral  just  found  we  have  merely  to  write  M+  tin 
for  M;  and  the  following  is  the  form  in  real  germs  M,  m ; 

.-.   U  =  ^€<**-m«)«+JfaJ  cos  m  (2  Jft  +  X  +  B). 

The  minor  germs  of  a?  and  «  are  in  this  integral  implicitly 
contained  in  the  arbitrary  constants  A,  B.  The  form  is  a 
major-germ  form. 

62.  To  find  the  integral  of  -r-^  =  ^  in  a  minor-germ  form, 

i.e.  in  a  form  which  renders  the  major  germ  latent  in  the  arbi- 
trary constants  of  the  integral. 

From  Art.  34  we  learn  that  the  subintegrals  obtained  by 
the  elimination  of  a  major  germ  will  all  be  homogeneous  and  of 
different  dimensions.  This  therefore  suggests  the  following 
method  of  obtaining  the  subintegrals  required. 
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Let  F  be  a  function  of  x  and  t  which  is  of  zero  dimensions. 
The  general  representative  of  such  a  function  in  the  case  of  the 

proposed  example  will  be  F=  ^  f-y- j ,  for  if  Jfr,  APt  be  written 

in  this  for  a?,  t,  the  germ  M  will  disappear.  Denote  -j-  by  v,  and 

then  the  following  general  form  of  homogeneity  will  represent 
any  one  of  the  subintegrals, 

the  dimensions  of  this  subintegral  being  p. 

This  being  an  integral  of  the  proposed  equation  must  satisfy 
it,  and  being  substituted  therein,  the  following  is  the  resulting 
equation  for  the  determination  of  V, 

Now  we  wish  to  obtain  subintegrals  in  a  finite  form,  or  if 
that  be  not  possible,  then  in  a  form  that  shall  give  a  finite 
expression  for  u. 

We  make  use  of  p  (which  is  disposable)  for  this  purpose ; 
and  enquire  what  value  oip  will  give  a  finite  expression  for  F. 
We  can  see  at  once  that  ^  =  —  ^  will  answer  our  purpose.  The 
above  equation  being  integrated  on  this  supposition,  we  find 

The  last  term  we  reject  because  it  is  not  in  a  finite  form ; 

„(d     d\      1  _«? 

Now  the  proposed  equation  shews  that  -j-  when  applied  to 

any  integral  of  the  proposed  equation  is   equivalent  to  (-v- ) 
applied  to  the  same  integral; 
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and  this  is  the  general  integral  of  the  proposed  equation,  in  a 
form  that  renders  the  major  germ  latent.  (Here  the  sign  = 
denotes  integral  equivalence;  and  F  stands  for  the  wards  "ar- 
bitrary function  of/') 

Lest  the  reader  should  have  any  doubt  of  the  generality  of 
this  result  we  will  obtain  it  in  another  manner. 

63.  The  proposed  equation  -7—,  =  -^  has  constant  coeffici- 
ents, consequently  the  following  is  by  Art.  21  the  general  as- 
sumption for  its  perfect  integral, 

in  which  P,  Q,  ^,  ...  are  serial  functions  of  t  of  the  general  form 

The  substitution  of  this  value  of  u  in  the  proposed  equation 
furnishes  the  following  form  of  the  general  integral, 


(!)• 


These  are  the  two  subgeneral  integrals ;    and  the  former 
contains  only  even  powers  of  x^  and  the  latter  only  its  odd 

powers ;  and  this  is  due  to  the  fact  that  j-  occurs  in  the  pro- 


posed  equation  in  the  form  f-j- 1  only. 
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The  first  subgenera! 

a?    d 


=  ^(^){t+9)' see  Art.  22, 

Our  wish  is  to  obtain  the  subgeneral  integrals  in  a  finite 
form,  and  therefore  we  now  ask  what  value  of  p  will  enable  us 
to  find  the  invelopment  of  this  infinite  series.  There  is  no 
particular  difficulty  in  seeing  that  j>  =  —  |  will  enable  us  to 
do  this; 

/.  first  subgeneral  =  €~Ht+g)(t+g)'^ 


^F(J-^.t'^e^t (Art.  19). 


And  firom  this  we  can  deduce  the  form  o{  the  second  subgeneral 
integral. 

For     f(|).H/.''-(l+^|  +  f,|+...)P. 

Differentiate  with  j-  . 

ax 

Now  the  right-hand  member  of  this  is  of  precisely  the  same 
fomi  and  generality  as  the  second  subgeneral  integral  in  (1) ; 


-o 
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with  the  understanding  that  this  integral  shall  contain  only  odd 
powers  of  a?. 

Hence  if  we  gather  the  two  subgeneral  integrals  together  we 
have  two  terms,  of  which  one  contains  only  even  powers  of  x, 
and  the  other  only  odd  powers ; 

which  agrees  with  the  result  obtained  in  the  previous  Article. 

64.     Hence  we  have  found  the  two  following  forms  of  the 

1  .  1    <•  1  d^u     du 

general  integral  of  the  equation  t-j  =  -n  , 


Mfl+Ma 


(1)  ...  u==Ae 

in  which  the  major  germ  M  is  explicit,  and  the  minor  germs 
latent;  and 

in  which  both  the  major  and  minor  germs  are  latent  in  the 
general  operative  function  F  ( -r-  ] ; 


.-.  ^e»H+Jfo  =  F  (^  .  t-i  e'*'  . 


d^  - 


It  will  not  be  forgotten  by  the  reader,  that  when  (=)  does  not 
denote  algebraic  equality,  it  denotes  the  words  "symbolical 
equivalence," 

65.    To  integrate  -t—j-  =  u. 

Both  X  and  y  take  minor  germs.  Hence  the  general  integral 
can  be  completely  expressed  in  a  series  containing  only  positive 
integer  powers  of  x  and  y. 
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The  following  may  therefore  be  assumed  as  a  general  form 

of  tt, 

P,  Q,  R,  ...  being  serial  functions  of  a?  of  the  general  form 

Substitute  this  form  of  u  in  the  proposed  equation ;  and  the 

following  is  the  result  (in  which  we  take  the  liberty  of  using 

dx 

-J  for  the  symbol  of  integration)^ 

-+(y§)«- Art.  (29) 

(1) =  A^^^'^^  0  being  a  general  germ. 

Hence  the  exponential  integral 

u  =  ^e^*+^y,  subject  to  MN  =  1, 

is  perfectly  general  in  the  example  before  us  in  this  Article. 

We  may  obtain  the  first  subintegral  in  the  following  manner 
by  the  elimination  of  the  germ  c  from  (1). 

The  form  of  the  proposed  equation  shews  that  the  product 
{xy)  is  of  zero  dimensions.  Let  v'  =  xy^  and  let  F"  be  a  function 
of  V.  We  may  assume  the  following  as  the  general  representa- 
tive of  subintegrals, 

This  being  substituted  in  the  proposed  equation  gives  the 
following  for  the  determination  of  F, 

a^r  V      dv 
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This  will  be  integrable  in  a  finite  form  if  we  assume  2p  + 1  =-0, 
and  therefore  !>  =  —  J ; 

and  the  first  subint^al  P  =  a?~*F 

d        d 


•••«  =  ^S'|)--*^-^^ (2)- 


Now  it  appears  from  the  form  of  the  proposed  equation  that 

the  symbolical  product  of  -j-  and  -r-  is  equivalent  to  unity,  when 

applied  to  any  integral  of  that  equation ;  the  above  form  of  u 
may  therefore  be  presented  in  the  following  equivalent  form. 

The  following  equation  is  obviously  true,  and  it  gives  rise  to 
the  latter  of  these  two  subgeneral  integrals, 

dy 


£ .  x-^^J"^"^  =  y-h^J'^^ , 


It  has  therefore  been  proved  above  that  the  elimination 
of  the  major  germ  c  from  the  exponential  integral 

t*  =  ul€^*+<^"'* (4) 

gives  the  following  form  of  the  first  subintegrali  to  which  we 
shall  often  have  occasion  to  refer, 

Now  the  integral  (4)  is  expressed  in  terms  of  c  as  a  general 
germ ;  but  we  may  express  it  in  real  germs  by  writing 

c  (cos  m  +  i  sin  m)  for  c, 

and  c"^  (cos  m  —  t  sin  m)  for  c~S 

in  which  new  forms  of  the  germs,  c  and  m  are  to  be  considered 
real  germs. 
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Let  K==:cx  +  c'^y,  and  I-cx—c'^y,  then  the  integral  (4) 
will  take  the  following  equivalent  general  form  of  expression  in 
real  germs, 

u  =  J[e*^«***cos(/sinm  +  fi) (5). 

66-  The  various  integrals  of  -r— r  +  u  =  0  may  be  deduced 
from  the  two  preceding  Articles  by  writing  therein  —  y  for  y. 

,..   ^ ^ Ae^+xif  =.F(^,j-yx-^ cos (2^^+  B) 

subject  to  MN'+  1=0. 

The  following  Article  is  introduced  for  the  purpose  of  future 
reference. 

67.    To  change  the  independent  variables  of  the  expression 

cTu 
dxdy' 

Let  ^  and  17  the  new  independent  variables  be  such  that 

d  ^  d         d  j^_^   I  i»  ^ 

dx"  d^       dff*  dy"  d^       drf' 

These  assumptions  require  that  a,  b  shall  not  be  equal. 

.•,  f=a?  +  y,    and  i7  =  cw?  +  6y, 

and  also,  a  =  - — ^  i    and  w  =  — r  • 


d^u   _/d        A\f^A,h—^ 
dx  dy     Vdf       dy)  \d^       dtj) 


d^U       .      .    x\     ^^      .       r<^^  /i\ 


Also  {a-hfxy^-  (^-af)(^-iD 


=  -(^"-a  +  6i7f+a6D (2). 

68.     To  integrate 
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We  deduce  the  required  integral  from  Art.  65  by  writing 
therein  the  above  values  of  x  and  y  in  terms  of  ^  and  17. 

-7-3  — -pj  u  =  0,  in  which 

the  compound  operative  symbol  f  ^3  —  ^]  is  repeated  n  times. 
Changing  the  dependent  variable,  assume  either  u=^^^^  Y, 

We  begin  with  the  former  (m  being  a  general  germ). 

h  being  a  minor  germ  of  y. 

Had  we  taken  the  form  u  =  e**^  X  we  should  have  found 
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which  is  equivalent  to  the  following  integrals^ 

(^-m)"x=0.  and  (^+m)"j:=0. 

.".  tt  =  6»V{4€«*(ar  +  5')*"*  +  5€-«*(j?  +  Z)»-i}  (2), 

which  agrees  with  (1) ;  since  A^  represents  both  Ae"^  and 

A  similar  method  of  treatment  will  succeed  with  the  equa- 
tion 


\dxdy       ) 


We  have  hitherto  confined  ourselves  to  equations  with 
constant  coefficients;  but  in  the  following  examples  the  coef- 
ficients are  functions  of  one  of  the  independent  variables. 


70.    To  integrate 


cPm       adu     b  du 


dxdy     xdx     xdy' 

In  this  equation  x  and  y  can  take  a  major  germ ;  and  y  can 
take  a  minor  germ  also. 

Hence  changing  the  dependent  variable  we  assume  the  fol- 
lowing general  form  for  the  integral  of  this  equation, 

m  being  the  major  germ,  and  X  being  a  function  of  x. 

This  value  of  u  being  substituted  in  the  proposed  equation 
gives  the  following  for  the  determination  of  X: 

=  A  {mx  —  a)*, 

/.  u^Aimx-aYe'"' (1). 

4—2 
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In  this  integral  the  minor  germ  is  latent,  and  the  major 
germ  is  explicitly  involved  in  it.     Also  m  is  a  general  germ. 

Again,  to  find  the  general  integral  in  a  form  which  renders 
the  major  germ  latent. 

We  assume  afV  ba  the  general  type  of  the  subintegrals ; 
V being  a  function  of  v,  and  v^-. 


X 


Substituting  afVtoru  in  the  proposed  equation  we  find  the 
following  equation  for  the  determination  of  F  in  a  finite  form ; 

That  this  may  be  integrable  immediately  the  following 
condition  must  be  satisfied ;  ap  =  —  a. 

Consequently  in  the  general  case  p  =  —  1 ;  but  when  a  =  0, 
p  will  be  subject  to  no  condition.  a=0  is  therefore  an  ex* 
ceptional  case. 

d  (  dY\  .  ,.  .  ,         .dV       ^    ^ 

This  equation  being  integrated,  gives  the  following  as  the 
first  subintegral, 

^  =  :^  =  ^i^''+^*'J'^«""''f (2). 

and  u  =  f{^{x^V). 

Thus  the  proposed  equation  is  completely  integrated  in  a 
form  that  renders  the  major  germ  m  latent;  but  the  term 
multiplied  by  B  will  not  be  in  a  finite  form,  and  will  therefore 
have  to  be  rejected,  unless  6  be  a  positive  integer. 

We  will  now  take  the  exceptional  case,  viz.  when  a  =  0. 

wi      m    •  X        .      dfxi       b  du 
71.     To  mteerate  ,    .,   =--?-. 

^        dxdy     X  ay 
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CoefficienU  constant, 

72.     To  integrate  ^  =  "^  • 
Let  Jf  be  a  general  germ. 

=^<t>{x+jt) (1). 

Expressed  in  terms  of  real  germs  only,  we  have  by  the 
method  of  Art.  31, 

u  =  -4€*^+>^co8m(a?+j«  +  B) (2), 

M  and  m  being  in  this  form  independent  real  germs. 

To  obtain  the  integral  from  which  major  germs  are  elimi- 

Dated,  let  us  assume  1^  =  7,  and  F=^(t;).    Then  all  the  sub- 

integrals  will  be  of  the  form  P  =  1f^V,  which  substituted  in  the 
proposed  equation  gives, 

This  equation  will  be  integrable  at  once,  and  therefore 
in  finite  terms,  if  we  assume  —  2jp =2)  (p  —  1), 

.-.  i)(p  +  l)  =  0. 
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The  two  roots  of  this  are  p  =  0,  and  p  =  1.  The  former 
is  of  a  doubtful  character  as  to  whether  zero  is  or  is  not  to 
be  considered  to  be  not  a  positive  integer;  the  latter  we  see  ia 
allowable. 

We  try  the  former,  rejecting  that  part  of  the  result  which 
is  not  in  finite  terms,  and  find 

=  ^^«^fTt (^)- 

To  find  the  second  subintegral,  or  rather  the  first  sub- 
integral  corresponding  to  the  second  subgeneral  integral,  we 
assume  p  =  —  1. 

dv*      dv\      dv)  dv 

and  P::.r^V^^f (4). 

=  J[  (aj +  «)-*  + B  («- «)-•, 

^F(x-^t)+f{x--t). 

which  agrees  with  equation  (1). 

But  as  the  value  of  P  in  (4)  is  of  the  dimension  (—1)  we 
may  by  integrating  it  with  regard  to  x  raise  it  to  the  dimen- 
sion zero;  in  which  case  the  first  subintegral  will  be 

73.     Change  the  independent  variables  of  the  equation 

d^u  _  d*u 


TO  Laplace's  equation.  55 

and  let  the  new  variables  f ,  17  be  such  that 

f  =  log^/;?^',  and  ^  =  log(|-^jJ)  , 
then 

Hence  the  form  of  the  proposed  equation  is  not  changed  by 
this  change  of  variables;  from  which  it  follows  that  we  are  at 

liberty  to  write  log  Jix?  —  f  for  x,  and  log  f        .  J   for  t  in  any 

integral  of 

d^u  _  d^u 

d^''~df' 

and  the  resulting  formula  will  be  an  integral  of  the  same  equa- 
tion. 

74.     We  shall  now  consider  the  equation 

dx^  ^  df     "• 

We  begin  with  the  following  proposition  respecting  this 
equation  and  its  integral.  If  in  an  integral  of  the  proposed 
equation  we  write  ax  •\-jhy  for  a?,  and  ay—jbx  for  y,  the  result- 
ing formula  will  be  an  integral  of  the  same  equation;  a,  h  being 
arbitrary  constants. 

Let  S  =  ax+jbyj  and  i7*=ay— jftx,  and  let  f ,  17  be  the  new 
independent  variables.  We  find  that  the  result  of  this  change 
is  the  following  diflferential  equation 

d^u     d^u  __  ^ 
df^'^dv^^ 

Hence  the  form  of  the  equation  is  not  affected  by  this  change 
of  the  independent  variables;  and  consequently  we  may  write 
the  above  values  of  f ,  17  instead  of  x,  y  in  any  known  integral  of 
the  proposed  equation  and  the  resulting  formula  wiU  also  be  an 
integral  of  it. 

On  this  we  may  remark  that  the  substitution  of  ax+jby 
and  ay  —jbx  for  x  and  y  will  introduce  two  germs  a,  6  into  the 
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integral;  and  ii*  the  integral  in  whicli  this  substitution  is  made 
had  been  deficient  in  the  number  of  germs  it  contained,  the 
integral  that  results  from  these  substitutions  will  contain  two 
additional  germs,  and  may  possibly  now  contain  the  requisite 
number  to  render  the  integral  general. 

An  example  will  illustrate  this. 

ir=€^cosy 

is  manifestly  an  integral  of  the  proposed  equation,  and  it  con- 
tains no  germs.  Make  the  above  substitutions  for  x  and  y\  then 
the  following  is  also  an  integral  of  the  proposed  equation,  and  it 
contains  two  germs  a,  6, 

?7=  €««+i*y  cos  {ay  —jhx). 

If  into  this  we  introduce  the  minor  germs  of  x  and  y  we 
have  the  following  result  which  is  (as  we  shall  presently  prove) 
the  general  integral  of  the  proposed  equation, 

U^A^-^^'^cos{ay-jbx  +  B) (1). 

7o.    To  mtegrate  -r-^  +  -7-7  =  0. 

The  general  exponential  integral  is 

M  =  ^e^(«+<y) (1), 

=  ^  (a?  +  iy\ 

(in  which  we  are  at  liberty  to  write  ax  +  jby  for  x  and  ay  ^jbx 
for  y). 

Let  r"  =  aj^  +  y*,  and  tan^  =  ^,    .•.  aj  =  rcosd,    y  =  rsin0. 


.•.  w  =  ^  (r .  cos  ^  +  i sin  6) 
=  </>  (re**) 
=  ^(r€*')  +  ^(r€-<») 

=  Ar^e*^ 

=  (Af^  +  Br-'')  {ae'"^  +  be'*^) 

«=(Jr«  +  £r-«)(acosw5+6sinwtf) (2), 
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n  being  a  germ ;  and  A,  B,  a,  h  being  independent  arbitrary 
constants. 

76.  Let  r  and  0  be  made  the  independent  variables  instead 
of  X  and  y\  then  the  equation  of  the  preceding  Article  takes  the 
following  form, 

from  which  we  leam,  that  we  may  write  in  any  integral  of  the 
equation  of  the  preceding  Article  W  for  r,  and  j0  for  ft 

Also  6  takes  a  minor  germ,  and  r  a  major  germ. 

If  we  seek  the  first  subintegral  after  the  manner  of  Art  72, 
we  find 

first  subintegral  =  u4  log  ^u^+y  +5tan'*^ . 

...  -  J^(|)log7^T?-h/Qtan-f (3). 

The  integrals  (1)  and  (3)  are  symbolically  equivalent. 


Iff  =  log7?+y. 


Hence  we  may  write  log  »J'jf  +  y,  tan"*  ^  for  a?,  y  in  any  in- 
tegral of  the  equation  of  the  preceding  Article,  and  the  resulting 
formula  will  be  an  integral  of  the  same. 

»->.     m    •  d^Vf     d^u 

TJ.    To  mtegrate  -y-^  +  ^-j  =  u. 

The  general  exponential  integral  may  be  presented  in  the 
following  form, 

-- JgJf(«+^)+iirto-^) Jl^^ 

subject  to  the  condition  4iMN^  1. 
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•  This  equation  of  condition  will  be  satisfied  if  we  assume 

2M  =  c  (cos  m  +  i  sin  m) 
2jSr  =  c"^  (cos  m  —  i  sin  m) 
in  which  c  and  m  are  real  germs,  and  also  independent. 

Let  ir=  i  (x cosm  — y  sinm) 

and  J=  ^  (y  cos  m  +  a?  sin  m) 

.-.  u  =^A€^'-^<r-')^ cos  {(c-c^) I +B] (2). 

78.  If  we  now  consider  c  a  general  germ,  and  assume 
2M  =  c,  and  2N  =  c"*,  we  find  the  exponential  integral  in  this 
form, 

This  form  of  the  exponential  integral  agrees,  as  to  its  germ  c, 
with  equation  (1)  of  Art.  65,  from  which  we  learn  that  the  follow- 
ing is  the  form  of  the  first  subintegi-al  P, 

This  comprehends  the  two  forms,  (/^  being  equal  to  a?  +  j^\ 
P  =  {^  (a?  +  iy)-*  +  5  (a? -  iy)-*|  €^> 

Now  a  +  iy^r  (cos  ^  +  i  sin  ^  =  re^. 


=  r-*(^€2  +5e"2)(a€*'  +  j€^^) (1), 

in  which  A,  B,  a,  b  are  independent  arbitrary  constants. 

This  value  is  symbolically  represented  by  the  following  brief 
equivalent, 

tt  =  ilr-*6^€* (2). 

79.    The  integral  ^^33  +  ^-^  +  ^=0  may  be  deduced  from 

the  preceding  Article  by  changing  the  algebraic  sign  of  c~'  but 
not  that  of  c. 

.-.  u  =  Ae^^-^''^^  cos  [{c  +  c"*)  /+  J?}, 
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and  P  =  (a?  +  ry)'*  6^^C>r+<if)Hjf-*) 

80.  There  are  several  important  equations  related  to 
Laplace's  equation  which  are  reducible  to  the  following  type, 

d^u  _  (Pm     adu 
df     da?     X  dx ' 

We  shall  denominate  this,  when  a  is  a  positive  quantity,  the 
standard  equation  of  this  type,  for  a  reason  which  will  be  seen 
presently. 

For  a  small  number  of  particular  values  of  a  this  equation 
has  been  integrated,  but  for  general  values  of  a  it  has  not  been 
integrated. 

The  value  of  a  admits  of  reduction  in  the  following  manner. 

Let  a  =  2n  +  &,  2n  being  the  greatest  even  integer  in  a ;  and 
let  a»  be  an  auxiliary  dependent  variable  such  that 

cPo)  __  cPo)      6  (io)  ,-. 

Wd^'^ad^  ^^^ 

d  (    dfo  \  .  r  /  dfo  \ 

Operate  on  both  sides  of  this  equation  with  --i- , 

^/d«\      1    {?       /da>\      6  d  /da)\ 
df\xdx)     x' da?'     \xdxj     xdx\xdx/ 

d?  fda)\  ,  6  +  2  d  fda>\ 

On  comparing  this  equation  with  (1)  we  perceive  that  we  have 

here  —r-  instead  of  a>,  and  6  +  2  instead  of  h.    These  changes 
xdx 

are  simultaneous^,  and  if  repeated  n  times  the  following  would 

necessarily  be  the  result, 

cP  f^y    ^  d?  fdjy       6  +  2n  d^  /  dV 
dt*  \xdx)         d?  \xdx/  x      dx  \xdx) 
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Buta=2»  +  6, 

■■■"-& » 

81.  When  the  integral  of  the  standard  equation  is  known 
for  any  positive  value  of  a,  the  integral  for  an  equal  negative 
value  can  be  deduced  from  it. 

For  the  equation 

df      da?     X  dx 

is  immediately  reducible  to  the  following  form, 

d*t*       ^d      .du 
eft"  dx'      dx' 


Now  operate  on  this  with  I  of  ^-j  , 


du       i_ 
If  now  we  write  «»  ^^  ^  3^  ^®  "*^® 

^^=zaf—    x^  — 
df  dx'       dx 

d?(o     d  d(o 
"da?     xdx 


(1), 


which  agrees  with  the  equation  int^,  with  the  exception  of 
having  -  a  instead  of  a.  If  therefore  u  the  integral  of  the 
standard  equation  be  known  the  integral  of  (1)  wiU  be  known 
from  the  equation, 

o,-*-^ (2). 

dx 

It  will  therefore  be  a  sufficient  solution  of  the  problem  of 
integrating  the  class  of  differential  equations  of  the  type 

d?u  ^  d?u     ddu 
W^d^^dx' 

if  in  subsequent  articles  we  confine  ourselves  to  positive  values 
of  a. 
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82.     The  forms  of  the  following  differential  equations  are 
all  deducible  from  the  general  form 

dPu  ^  <Pu     adu 
dp      do?     X  dx ' 

d^u     /    d   ,     \du 
_    -,/     d\        du 

^^       -ad     ^du  ,,. 

=  ^    ^'^1Z (!)• 


dp  dx'      dx 

In  this  write  f  for  (a  —  1)^  and  17  for  a:^"*. 

••  d^^^  ■  'dv^ ^^^• 

This  form  fails  when  a  =  1,  but  in  that  case  the  following  is 
the  reduced  form ; 

«'^=(«0» » 

If  in  this  we  write  ^  for  log  x,  it  takes  the  following  form, 

cPtt  _    -2i  d^u  . .  V 

W  ~^      df' ^  ^* 

83.    The  integral  of  the  equation 

d^u     cPu     adu     bu 
rft'      da?*     a:  da?     a^ 

can  also  be  deduced  from  that  of  the  standard  equation. 
Multiply  it  by  of, 


=(s+"*)(s+'*)«' 


m,  n  being  the  roots  of  the  equation 

m*  +  (1  -  a)  m  +  J  =  0. 
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s  cPw         ^  fad\    -,      ^  fxd\    , 

which  it  will  be  observed  corresponds  to  the  form  (1)  of  the 
preceding  Article,  «i  —  w  + 1  taking  the  place  of  a,  and  us^  of  u. 

This  reduction  fails,  however,  when  m  and  n  are  equal.     In 
this  case  w  =  J  (a  —  1), 

d^u     fxd        \' 


.(TW      fxd         \ 


which  agrees  with  form  (3)  of  the  preceding  Article. 


84.    To  integrate 


d?u  _  (Pm     a  du 
df  ""da?*     xdx 


when  a  is  a  positive  even  integer. 

In  this  case  on  referring  to  Art.  80  we  find  that  &  =  0,  and 
2n  «=  a.  Hence  the  auxiliary  equation  (1)  of  that  article  takes 
the  following  form 

(f<p  _cPco 


Va'do;/ 


N 

(0 


=(i/^<'+>)- 
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85.    To  integrate  the  same  equation  when  a  »:  1,  i.e.  when 
the  proposed  equation  is 

d^u,  _  d^u     1  du 
d^      da?     X  dnXi 


Now  only  t  can  take  a  minor  germ ;  but  this  equation  is  homo<- 
geneous  on  the  supposition  that  i  and  x  are  of  equal  dimensions. 

Hence  v  =  -  and  F,  which  is  a  function  of  v,  are  of  zero  dimen- 

X 

sions.  We  may  therefore  assume  P  =  ic'F  to  represent  any  one 
of  the  members  of  the  family  of  subintegrals.  This  being 
substituted  in  the  proposed  equation  gives  the  following  equa- 
tion for  the  determination  of  F  in  finite  terms ; 

d^     dvV   dv)     ^^P-^^)""  dv^^^' 

It  is  evident  that  this  equation  will  be  integrable  if 

-(2;>  +  l)  =  p*, 
.-.  0  =  (p  + 1)". 

We  have  therefore  to  deal  with  a  case  of  equal  roota  One 
integration  gives  the  following  result, 

dv         dv 

We  have  now  to  introduce  suppositions,  since  the  form  of  the 
integral  of  this  equation  will  turn  upon  the  relation  between  t 
and  x» 

1.  If  ^  is  less  than  a?,  t?  is  less  than  unity,  then  the  equa- 
tion to  be  integrated  is 

TT_      -^  5sin"^i; 
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Hence  the  first  subintegral,  corresponding  to  the  two  sub- 
general  integrals,  is 

,  Bsin-*- 

But  this  subintegral  can  be  raised  to  zero  dimensions  by 

integrating  it  with  respect  to  t,  for  (a?"  — ^)~*  =  ;^.sin"*-  (see 

Art.  25).      We  may  therefore  take  the  following  as  the  first 
subintegral  form  of  zero  dimensions, 

P^A  r8in-*^)  +  B(sin-^^y+B(logwia;)«, 

in  which  m  is  an  extemporized  major  germ. 

2.  Again,  let  us  now  take  the  case  when  f  is  greater 
than  aj*,  and  therefore  r?  greater  than  unity. 

The  equation  to  be  integrated  is  in  this  ca^ie, 

(t;«-l)^+»F=5. 

...  P  =  («*-a^-i  1^ +51og  (^^+ 1 +y/r^)}...(2). 

This  integral  can  be  raised  to  zero  dimensions  by  in- 
tegrating it  with  respect  to  ^,  for 

(c-«^-»-|-i»8(v^+V^). 

As  only  the  variable  t  takes  a  minor  germ,  the  family  of 
subintegrals  can  be  obtained  from  (1)  and  (2)  by  differentiating 
or  integrating  with  respect  to  t. 

The  following  is  therefore  the  general  integral  required 
in  this  Article, 

«=^(|)(^-0-.+/(|)^,if^>., 

or     .-i-(|)(«'-«fl-'+/(-i)log(v^+V^l). 
if«'>a?. 
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86.  To  integrate  ;m-^  +  "^>  when  a  is  a  positive 
odd  integer. 

Beferring  to  Art  80  we  find  that  6  s  1  in  this  case,  and 
n  a  |(a  —  1).  Hence  the  auxiliary  equation  of  that  Article  takes 
the  following  form, 

<P»  _  ^??     1  An 

which  is  the  form  integrated  in  the  preceding  Article ; 

87.  TointegrateS  =  ^  +  55*?whenai8no4aainteger. 

or     dx      X  ax 

The  differential  equation  for  the  determination  of  Fin  this 
case  is 

and  that  this  may  be  integrable  so  as  to  give  F  in  a  finite  form 
we  must  have  —  (2p  +  a)  =/)■  —  j)  —  op; 

In  this  example  therefore  the  two  values  of  |)  are  not  equal ; 
and  one  part  of  each  subintegral  will  correq)ond  to  |)»  — !» 
and  the  other  to  jp  =:  —  a. 

1.    Let  ji  SB  —  1. 

I&t^;rating  the  above  on  this  supposition  we  find. 

Multiply  this  by  (1  —  ^'^  and  integrate ; 


1-5 
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We  reject  the  last  term^  being  not  integrable  in  finite  tenns, 
and  we  only  r^uire  ond  integrscL  form  fer  this  value  otp ; 

.-.  P«fl?-iF=il«:i-»(a*-f)«"^ (1). 

2.    Letjj**  — d; 

Integrating  the  above  equation  on  this  supposition  we  find 

(1  -  fT)^  V^A'J{l^if)dv  +  B. 

We  reject  the  former  term  of  this  because  it  does  irot  give  an 
integral  in  finite  terms  and  we  require  only  one  int^ral  form 
for  this  value  otp ;     ' 

.••  P  =  «-«  F=-B(a^-t")"« (2). 

Gathering  the  two  parts  of  P  together  we  have  the  following 
CDOiplete. value  of  th^  first  subintegral, 


?-i 


The  other  members  of  the  subintegral  family  &t&  to  be 
derived  £rom  this  equation  by  difierentiatioxx  with  -?r  • 

If  <■  be  greater  than  a*,  we  may  write  {f^sf)  for  (a^  — <*)  in 
this  subintegral. 

it  will  be  noticed  al»y  thai  tfaor  above  sttbintegrals  ccmiain 
osAy"  et^n  powers  of  U  Snbintegrals  containing  only  odd  powen 
of  t  will  be  obtained  from  the  above  by  differentiatii^  onoe 

with  -^ .    We  may  however  paj»  firom  P  to  the  general  inte- 

gral  which  (a»  only  t  can  take  a  minor  germ)  will  be  (Art  19) 


88.    To  find  an  integral  of  the  equation 


+  fcosa?.T-j  w  +  n(n  +  l)oos'«.waBO. 
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Only  t  takes  a  minor  germ;  and  therefore^  changing  the  de- 
pendent variable,  we  may  assume  iias^^  in  which  m  is  a 
disposable  constant 

cosa?.-T-j  X  +  {n(n  +  l)co^a?  +  m*}X  =  0. 

An  equation  of  one  variable  only^  of  which  a  particular  integral 
may  be  found  by  assuming  X^cos^a,  I  being  a  disposable 
constant. 

/.  P6in*a?  — Joos?a5  +  n(n  +  l)cos"af+w*a=0; 
A  (?+wi'>  +  (n"  +  n-P-0cos*a5«:0; 
.-.  P  +  m"  =  0,  and  n*  +  n  =  P  +  ?; 
.".  l^n  or  —  (w+1),  and  m  =  t7  =  tn  or  —  f  (^+1); 

.\  «  =  Je*^cos»^+-B€^<^+i)'sec*+iaj; 

We  have  introduced  this  example  here  chiefly  for  the 
following  reason,  and  it  will  be  hereafter  referred  to. 

The  integral  of  the  equation  does  not  depend  directly  upon 
the  given  value  of  n,  but  upon  the  value  of  the  product  n  (n+1). 
Now  this  product  will  remain  unchanged  if  we  write  —  (n  +  1) 
for  n ;  and  consequently  the  two  terms  of  the  above  integral 
belong  to  it  of  necessity. 

The  four  following  Articles  are  not  specially  connected  with 
Laplace's  Equation,  and  therefore  do  not  properly  form  a  part 
of  the  present  Chapter ;  but  are  here  introduced  as  illustrations 
of  the  principles  laid  down  in  Art  33  respecting  quasi -minor 
germs. 

89.  Equations  are  occasionally  met  with  which  are  of  the 
following  type, 

d      d_ 
dy 

We  may  simplify  this  form  by  writing  x,  y  for  cw?,  hy.  This 
change  of  the  independent  variables  will  reduce  this  equation 
to  a  form  which  we  may  represent  by 

*(*+3''  L'  ih^^ -^^' 

5—2 


<'{ax  +  by,   ^.   |)«-0. 
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and  this  ia  the  equation  which  we  shaU  now  shew  how  to 
reduce  to  a  more  convenient  form  for  integration ;  our  object 
being  to  obtain  an  equation  in  which  one  of  the  independent 
variables  shall  appear  only  as  a  differential  symbol  of  operation 
(see  Art  18). 

In  the  equation  as  now  before  us,  though  neither  of  the 
independent  variables  can  take  a  minor  germ,  they  can  take  a 
quasi-minor  germ  g ;  for  the  equation  (1)  is  in  no  way  affected 
when  a?  -hgr  is  written  for  x  and  y  —  ^r  for  y  simultaneously. 

Hence  the  general  integral  of  (1)  must  be  of  the  foUowmg 
form, 

u^F{oD')rg,y-g) 

-♦(^-D^t*!-) <«)• 

And  F(x,  y)  being  the  first  subintegral,  all  the  other  sub* 
integrals  are  deducible  from  it  by  successive  differentiations 

Now  the  relation  between  f-^ — -y-j  and  (a?  +  y)  is  such 


that  {-j — -T-)  {po-\-y)  =  0*  and  therefore  in  reference  to   the 

-J —  T- )  the  quantity  {x  +  y)  is  constant. 

This  suggests  the  following  assumption  of  new  independent 
variables  {,  ^. 

Let  f  =  flw?  — 6y,      and  i;  =  a?  +  y; 

and  therefore  f  and  fj  are  independent  variables  which  satisfy 
the  above  conditions. 
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*,  d      d  ^     d  r    d      d     r  d 

and  the  equation  becomes 

firom  which  we  see  that  equation  (1)  is  now  reduced  to  a  form 
in  which  one  of  its  independent  variables  ({)  occurs  only  as 
a  differential  symbol  of  operation^  and  will  consequently  take  a 
minor  germ. 

The  following  example  is  one  of  historical  interest. 

90.    To  integrate  ^  =  ^  +  ^^^. 
We  assume  f=<  —  a?,    and  ri^t  +  x\ 


_  a  (du  ^  du\  ^-  V 


d^dff 

We  may  write  mf,  mi]  for  f ,  17  in  this  equation  without 
affecting  it ;  hence  f,  17  take  a  major  germ ;  and  ^  takes  also 
a  minor  germ. 

This  equation  (1)  has  already  been  integrated  in  Art.  70 ; 

.•.  tt  =  ^(jmi7-a)"»6^ (2), 

Also  assuming  rf  V  for  the  first  subintegral,  where  F  is  a 

t 

fanction  of  v,  and  t?  =  -,   we  find  |)=s-  1,  and  the  first  sub- 
integral 

P  =  Fi/'*  =  ^~  ^  {A  +3  [€-«•  v'^dv) (3), 

17  J 

This  integral  will  be  in  a  finite  form  only  when  a  is  a  nega- 
tive integer.  When  a  is  not  negative  the  last  term  must  be 
rejected. 


-ifc  x-jrrsi 


~        ^       s       «- 


m   • 

r  Xr  3:.- 


--*      ^«   «•?•  ^  *^. 


^a  — 


SB 
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integrals :  ^  wnesponding  t 


Jo 


'>o^^ 


«-  «Wr  ^*^  "»^  «rf  this  equation  b,  «+^, 

""*  eqi***--*^ -         *'  ^"* " ' i^^ + » + *) ; 


^  ottij-  «^      ^Tr.  ?    'f'  '•?•**<*  «•«»  «0»  is  required 
^^ittin—      ^^^^«igle  integral  form  of  T. 

integrating,  we  find 


^'   «'  +ai-w-m (2) 

^^^^pressed  in  terms  of  x  and  y  as  follows : 

»>-{^(^)"*<^n <» 


^M^ij.  ^  ,^. ^         \cte     dy/ 


preceding  Axticle  fails  if  the  roots  be  equa 
p^asO,  and  m  =  — iC^  +  ^  +  ^)- 
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91.  An  inspection  of  the  integral  just  found  shews  that 
the  case  of  a « 1  is  peculiar,  for  then  it  takes  the  following 
form. 


f 

omitting  the  last  term  as  not  being  a  finite  form,  we  have 

Let  this  be  differentiated  with  [-j^j  ,  or  (more  generally 
still)  with  0  ( -^j ; 


.•.«  =  ^(|)p-^,-e^*Q 


92^    To  integrate  the  equation 

We  here  assume  as  =  17  +  f,  and  y  =  17  —  f ; 

If  a  =  J  this  form  of  equation  has  been  dealt  with  in  Art. 
83 ;  but  if  a  and  b  are  unequal  we  may  proceed  in  the  fol- 
lowing manner. 

The  variable  ^  takes  a  minor  germ ;  and  also  we  may  write 
mf,  mrf  for  f,  17  without  affecting  it. 

t 

We  may  therefore  assume  t;  =  -  and   F=  a  function  of  v ; 

V 

and  the  general  type  of  subintegrals  is  P^^rj^V;  and  then 
the  following  will  be  found  to  be  the  differential  equation  for 
the  determination  of  F: 


whicli  will  be  integrable  in  finite  tenns  if  the  -coefficients  of  the 
last  two  terms  axe  equal.  This  gives  the  following  equation  for 
the  determination  of  the  two  values  of  p  corrasppudiog  to  th^ 
two  subgeneral  integrals : 

J)"  +  (1  +  a  +  6)|)  + (1 +a +  6 +  c)  *  d. 

Bepresent  I9ie  nK»ts  <rf  this  equation  by  m+jn;  their 
sum  =  2m; 

also  the  equation  in  V  being  integrated  onos  ^ivfis  tlbe  £ol«- 
lowing : 

We  omit  B  as  not  leading  to  a  finite  integral*  and  «lso 
because  each  value  of  p,  i.  e.  each  sign  of  Jn  is  required  to 
furnish  only  a  single  integral  form  of  F. 

Omitting  B  and  integrating,  we  find 

^''■f'  +^-(,«_f»)-} (2). 

Also      ««Jf(^)p. 

P  may  be  expressed  in  terms  of  x  and  y  as  follows : 
P.{lp-\..,r{A{^)\B{^Vl (S, 


and  in  this  case 


\das     dy) 


93.    The  preceding  Article  fails  if  the  roots  be  equal,  in 
which  case  n  =  0,  and  m  =  —  J  (1  +  a  +  6). 
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Let  Q  =  log  — -^ ;  we  reduce  equation  (3)  as  follows ;   (= 
means  equivalence) ; 


A^  +  Be^ 


^A  +  BQ,  when  n«0. 
For  equal  roots  therefore 

M»+y)"  «  (^+5iog^) (4). 

There  still  remains  the  case  of  imaginary  roots,  which  will 
be  represented  by  writing  in  for  Jn; 

= {ilcoswQ  +  5sinnC} (6). 


CHAPTER  VIL 

EQUATIONS  OF  THBEE  INDEPENDENT  VARIABLES. 

Coefficients  comtant. 

94.  All  the  independent  variables  of  equations  of  this 
class  take  minor  germs ;  and  therefore  a  general  integral  of 
any  such  equation  will  be  expressible  in  an  infinite  series, 
every  term  of  which  contains  only  positive  integer  powers 
of  the  variables. 

As  a  general  rule  the  more  independent  variables  are  con- 
tained in  a  proposed  linear  differential  equation  the  more 
independent  major  germs  may  there  possibly  be;  but  this 
is  not  necessarily  the  case  always.  A  major  germ  may  per- 
chance  belong  to  only  one,  or  to  two  only,  or  to  aU  the  inde* 
pendent  variables ;  and  thus  an  individual  independent  variable 
may  be  under  the  influence  of  so  many  as  there  are  different 
i^oT  germs.  When  the  major  germs  have  been  introduced 
into  the  general  exponential  integral  (Art.  34),  we  can  then 
eliminate  them  one  by  one  in  any  order  that  shall  be  found 
most  convenient. 

It  will  be  found  that  the  final  result  of  the  elimination  of  all 
the  germs  will  sometimes  depend  upon  the  manner  in  which 
major  germs  were  introduced  into  the  original  exponential 
int^ral ;  for  sometimes  they  may  be  introduced  in  more  ways 
than  one.  And  thus  we  may  obtain  in  more  forms  than  one  a 
general  integral  of  the  proposed  equation  free  from  major  germs. 

95.  To  int^rate  the  class  of  equations  represented  by 

d       d\        du 


(d       d\ 
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In  this  class  of  equations  a,  y,  t  take  independent  nodnor 
genns,  and  therefore  the  general  integral  u  is  completely  ex- 
pressible in  a  series  containing  only  positive  integer  powers  of 
these  variables.     We  may,  therefore,  assame 

in  which  P,  Q,  iZ, ...  are  series  containing  only  positive  integer 
powers  of  x  and  y,  the  general  type  of  them  all  being  the  follow- 
ing, 

Let  the  above  iseries  for  u  be  substituted  in  the  proposed 
equation ; 

(J      /^\ 

Now  in  the  series  which  P  represents  the  coefficients  are, 
eveiy  one  of  them,  absolutely  independent  and  arbitraiy.  They 
are  therefore  the  coefficients  of  the  family  of  3ubintegrals  of 
which  u  is  constituted  We  may  therefore  replace  them  with 
two  ind^endent  general  germs  ilf,  JV  in  the  usual  maimer. 


...  u^(l  +  ^  +  ^+...).Ae^*'» 


^J^^x+Ny+a{M,N)t /l\ 

which  is  the  usual  form  of  the  general  exponential  integral 
That  form  of  the  general  integral  is  therefore  proved  to  hold 
good  for  all  equations  of  three  independent  variables  of  the  class 
proposed  in  this  Article. 
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We  have  supposed «jf^,  -r-J  not  resolvable  into  equal 

£Eu;toriaIs,  for  such  a  case  requires  a  somewhat  different  treat- 
ment.   See  Art.  69. 

96.    To  integrate  the  class  of  equations  represented  by 

(d      d\        JPu 

the  operative  symbol  «r  f  ^ ,  ^-j  being  supposed  to^be  not  re- 
solvable into  any  factors  that  are  equal. 

Following  the  method  of  the  preceding  Article  we  find  in 
this  case, 

«=(^+^-*-4r+-)^+(i+iT+-5r+-H 

P  representing  the  same  series  as  before,  and  Q  being  an  in- 
dependent series  <^  precisely  the  same  form. 

The  two  terms  of  which  u  consists  are  the  subgeneral  inte- 
grals, one  of  them  containing  only  even,  and  the  other  only  odd 
powers  of  t  \  and  we  notice  that  the  form  of  the  latter  subgene- 
ral integral  may  be  deduced  jGrom  the  former  by  differentiating 

with  -5;  once. 
dt 

Now  for  the  same  reason  as  in  the  preceding  Article  we 
may  assume,  as  was  there  proved,  that 

Let  ^(M,N)^L\ 

.  •.  first  subgeneral  integral  '*(1+o'|^+T]*''+  •••)  c*^**"^"^ 

.'.  form  (^second  subgeneral  integral  is 
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Both  of  these  terms  are  comprehended  in  the  one  form 

Hence  both  the  subgenera!  integrals  may  be  included  in  the 
single  form 

u  =  ^€^«+J^y+iii«,  subject  to  i"  =  «r  (if,  ^• 

Hence  the  exponential  integral  of  Art.  (30)  is  general  and 
complete  for  all  linear  differential  equations  that  belong  to  the 
class  proposed  in  this  Article. 

The  existence  of  the  two  independent  subgeneral  integrals 
in  this  one  expression  for  u  is  secured  and  indicated  by  the  sym- 
bol^, which  always  carries  with  it  the  double  sign  ±  • 

97.    To  integrate  ^  =  ^  +  ^. 

Let  the  independent  variables  a?,  y  be  changed,  the  new 
variables  f,  17  being  such  that  a?  =  f  +  iy,  and  y  =  f +11117. 

du     du     du       J  d^u     du  ,,. 

•'•d^-^dy'Tr'^de'-^ W. 

By  this  change  of  variables  the  proposed  equation  has  be- 
come an  equation  of  only  two  independent  variables  ^  f ;  and 

therefore  the  remaining  variable  17  =  = ^  is  to  take  the  places 

of  the  arbitrary  constants  in  the  integration  of  (1). 
The  integral  of  (1)  we  find  in  Art.  60  to  be 

.-.  w  =  ^e«+^«=^(aj-y).€«+Jr< (2). 

This  is  the  general  exponential  integral;  and  if  is  a  general 
germ. 

By  the  same  Article  we  have  the  following  form  of  the  first 
subintegral, 

ijmx  —  y 

The  value  of  P  contains  only  even  powers  of  t,  and  therefore 
it  gives  us  only  one  of  the  subgeneral  integrals.    But  the  other 
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subgeneral  integral  will  be  obtaiiied  from  this  by  differentiating 
with  -J  (Art  96).  Hence  both  subgeneral  integrals  are  con- 
tained in  the  following, 

In  this  m  ia  arbitrary  and  may  be  put  equal  to  (  —  1). 

98.    To  integrate  g=(^  +  ^)'«. 

Proceeding  exactly  as  in  the  preceding  Article  we  find 

.-.  «  =  ^(a?-y).e«+^« (1), 

and  P=-4«-*€  «  =  ^  ^  .^  ^\  e  aihi-d^p 

~j.«-*€"5.^(a?-y) (2). 

cPu     /d  ,  rfV 


93.    Tointegrate^=(^  +  ^y)w. 


This  may  be  resolved  into  the  two  following  independent 
simple  equations, 

—         fdu     du\ 

'di'^^K^'^d^)' 

which  can  be  integrated  in  the  usual  manner. 

If  we  proceed  with  the  proposed  equation  after  the  method 
of  the  two  preceding  Articles  we  find  -ji%^  -t^>  which  has  been 

integrated  in  Art.  72,  whence  we  shall  obtain  the  integral  in  its 
varioos  forms;  but  arbitrary  functions  of  a;  — y  will  have  to  be 
written  instead  of  the  arbitrary  constants  contained  in  them. 
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100.  To  integrate  ^  +  (^  +  |)\-0. 

By  the  same  method  the  integral  of  this  equation  will  be 
obtained  from  Art  75. 

101.  To  mtegrate  -j-  =  ,    ,  . 

The  general  exponential  integral  of  this  equation  takes  the 
following  form, 

v=ile^*+^y+^^* (1) 

=  €*^^(y  +  ift)..... (2). 

Similarly  u  =  €^yylt{x  +  Nt) (3), 

the  last  two  being  the  results  of  the  elimination  of  one  germ 
only. 

To  eliminate  both  the  germs  from  (1)  the  simplest  method 
will  be  to  change  the  forms  of  the  germs  M,  N  by  assuming 
Jlf =s  m  +  n,  and  JV = «i  —  n ;  m,n  being  two  independent  germs. 

Both  m  and  n  may  be  eliminated  by  Art.  64;  and  the  chief 
subintegral  is 

This  form  of  P  is  such  that  we  can  at  onee  obtain  fixMn  it 
the  form  of  the  general  integral  u. 


Fo,  .-FQp+/(|)i- 


\Hhf(5V' <*)• 


1Q2.    The  integral  of  the  equation 

du     d^u  .  ,    ...    cPti         ,  rf*» 
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may  be  dedticed  £rt>m  the  preceding  Article  by  assumiBg  as  in 
Art  67, 


103.    To  integrate  -^  =  ^—j- . 

The  general  exponential  integral  is 

^«^gJf«+ify+iW (1), 

subject  to  the  condition  U^MN. 

We  may  eliminate  the  germs^  and  obtain  the  first  subinte- 
gral  in  the  following  manner^ 

By  Art*  64  this  gives  the  following  subintegial  by  the 
eiiniiaatioai  of  N^ 

This  contains  only  even  powers  of  t  corresponding  to  one  sub- 
general  integral,  and  the  odd  powers  which  are  cpntained  in  the 

other  will  be  contained  in  -^ .    Both  SQbgeneral  integrals  are 
contained  in  the  following  formula, 


"-^(s)*-'*('-£)- 


But  X  and  y  are  interchangeable  in  the  proposed  equation, 
and  therefore  also  in  P  and  u.  Hence  the  complete  v^alues  of 
P  and  u  are  th6  following : 
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Again^  smce  MNssL\  we  may  assume  in  this  case, 

Jf  =  Lc  (cos  m  +  %  sin  m), 
and  N^Lo"^  (cos  m  —  i  sin  m) ; 

in  which  Z,  m  and  c  are  independent  real  germs. 

Let  K^  {ex  +  cx'^ y)  coa  m  -{-jt,  and  /=(ca?  — c"*y)  sin m. 

=  ^(ii:  +  t/)  +  ^(ir-t7) (3). 

104.  In  the  first  part  of  the  preceding  Article  we  took  no 
account  of  the  fact  that  the  proposed  equation  allows  us  to 
write  ex  for  x,  and  c~^  y  for  y  quite  independently  of  t  The 
variables  x,  y  have  therefore  a  special  relation,  and  we  have 
therefore  to  consider  the  following  form  of  the  general  ex- 
ponential integral  of  that  equation, 

=  <^((»  +  c"*y  +  <)  +  i^(ca?  +  c"*y-0 (*), 

in  which  c  is  a  general  germ. 

We  may  eliminate  c  by  Art  64,  in  the  following  manner: 

As  X  and  y  are  interchangeable,  the  general  integral  may  be 
presented  in  the  following  form, 

«  '  ■**  (^)  •  *■*  *  <^  "^  +-^'*>  -^^  (I)  •  y*^  (2  V^+i«)-(5). 
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lOo.    To  integrate  ^+^^  =  0. 

We  have  merely  to  write  —  x  for  a?,  or  —  y  for  y  in  the 
restilts  of  the  two  preceding  Articles.     Or  we  may  write  it  for  t 

■ 

106.    The  integral  of  ^  =  ^  +  (a  +  6)jp-4-a6^may 

be  deduced  from  Art.  103  by  means  of  the  same  change  of  the 
variable  a?,  y  as  occurs  in  Art.  67  ; 


'.  a:  =  - — ^T  and  v  ==  — r  * 


and 


+/(j,)  ■  W-')-'  <-  jti£±l&^±iii=«lf} ...  (1). 

We  may  derive  the  following  form  of  u  from  Art.  104  : 

+  i{a-b)it}...{2). 

107.    Let  a  =  1  and  J  =  —  1  in  the  preceding  Article ;  then 
the  integrals  of  the  equation 

dfW^  W 
will  be  of  the  following  forms, 


E. 


6 
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But  t  and  17  are  interchangeable,  and  tbe  two  terms  of  this 
integral  may  he  represented  as  one ;  the  following  is  therefore 
the  form  in  greater  detail. 


O.(f.i0-^(^,:>^) (1). 

The  second  form  of  u  will  be  the  following, 

+/(^+y|).(f+jo-*tK<*-r)»+t'j} (2). 

108.    If  in  the  preceding  Article  we  write  tf  for  f,  the 
integrals  of  the  equation 

cPu     cPu     d^u  _  ^ 
will  be 


u 
and 


«=^(^^+t^)-('»+»f)-**(Vr+'?*+to (2). 

It  being  understood  in  these  resultiS  that  t,  f ,  i;  are  all  inter- 
changeable. 

-/x/x      m     •  X        ,     du       (Tu 
109.    Tomtegmte-^-=^^+^«. 

This  equation  takes  the  form 

d ,  ue"^^  _  d*  Ai€'^^ 
dt       •    dxdy  ' 

a  form  which  is  integrated  in  Art.  101. 
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no.     Tomtegmte  ^^-  =  ^-^+„. 

The  general  exponential  integral  of  this  equation  is 

subject  to  the  conditional  equation 

i»  =  ilfJ^+l   or  U-^l^MN, 
We  may  here  assume 

Jf=c(Z  +  l),  and  iV^  =  c-*(Z-l), 
c  being  a  general  germ ; 

/.  Mx  +  Ny -k-jLt  —  L{cx-\' o^y  +  j7)  +  co?  —  o^y \ 

^A^'^'yif>{cx^-c'^y-\^jt) (1). 

The  germ  c  still  ren^ains  uneliminated ;  we  shall  therefore 
now  shew  how  to  eliminate  both  the  germs  [L  and  c)  contained 
in  the  exponential  integral, 

Hence  by  Art.  65,  eliminating  c,  the  following  is  the  corre- 
sponding first  subintegral, 


Let  now  f  =  2  Va?y,  then  eliminating  L  by  diflferentiation  of 
the  last  equation  we  find 

.   d\P^x)_d^{P^x) 

and  by  the  method  of  Art,  78  the  first  subintegral  of  this 
equation  is 

G— 2 
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Hence  the  first  subintegral  of  the  proposed  equation  is 

P  =  a?-*(2V^+yf)-*€=^^<^^^^ (2), 

whence  u  is  known.     The  algebraic  signs  y  and  ±  in  this  inte- 
gral axe  independent ;  and  x,  y  are  interchangeable. 

111.  In  the  preceding  Article  c  is  a  general  germ;  but  if 
we  wish  to  have  the  integral  which  is  equivalent  to  (1)  in  real 
germs,  we  may  write 

c  (cos  m  + 1  sin  m)  for  c,   and  c"'  (cos  m  —  i  sin  m)  for  c~*, 
c  and  m  being  now  real  germs. 

112.  To  integrate  -^=^^^-«. 
Here  the  exponential  integral  is 

subject  to  the  condition 

V^MN^X    or  i«-»*  =  l/iV. 

We  now  assume 

Jlf  =  c(i  +  t),    and  N^c^ijj'-i), 

c  being  a  general  germ; 

—  ^  {cw  +  c'^y  +jt) .  cos  {cx-c'^y^-  B)  (1). 

Following  the  method  of  Art.  110  we  have 


.-.  i^=^-i(2V^+j^)-ie=^^^?^'   (2), 

whence  u  is  known.     As  before  .r,  y  are  interchangeable. 
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113.     In  Art.  74  we   have   shewn   that  the*  independent 

variables  of  the  equation  -j-^  +  -r-j  =  0  may  be  changed  without 

affecting  the  form  of  the  equation  itself.  We  shall  now  prove 
a  corresponding  property  for  the  more  general  class  of  equations 
included  in  the  following  form, 

rf*M  .  cPtt  /.     d 


^r^-i'^i)' w- 


Instead  of  x  and  y  assume  two  new  independent  variables 
f,  7f,  such  that  ^^Mx-^jmy,  and  i;  — »kc  Tjify;  the  dis- 
posable constants  M,  m  being  subject  to  the  following  con- 

dition, 

jr±m'  =  l (2). 

Let  the  integral  of  (1)  be  u  =  F{x,  y,  i)\  and  let 
W=F{1  V.  t). 


cPW    tPW 


-'{'■M>- 


d^W  d^W  d^W  d^W 

But  —^M^-^  +  2Mm^^^+n^-^^,. 

(fTF.  rfPT    d'Tr^d'Tr_      /      d\ 
"    da^'  dp'^  d^"^  dv'^'^V  dt)  ^• 

On  comparing  the  last  result  with  the  equation  (1)  we 
see  that  W^  is  an  integral  of  (1).  And  as  f ,  17  contain  a  germ 
that  LS  not  contained  in  F  {x,  y,  t),  the  integral  F  (f ,  77,  t)  will 
contain  that  germ,  and  be  at  least  as  general  as  F  (x,  y,  t). 

Hence  without  diminishing  the  generality  (and  with  a 
chance  of  increasing  it)  we  may  write  Mx  +jmy  and  mx  TjMy 
for  X  and  y  in  any  integral  of  equation  (1). 

In  equation  (2)  we  may  substitute  i  (c  +  c"*)  for  if,  and 
5  (c  —  c"*)  for  m  when  the  upper  sign  of  m'  is  used  in  (2) ;  but 
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when  the  lower  sign  is  used  we  must  substitute  q(c  —  O  for  m, 

c  being  a  general  germ. 

The  double  sign  in  this  Article  is  regulated  by  that  in  equa- 
tion (1). 

114.  It  will  be  observed  as  a  property  connecting  the 
two  sets  of  independent  variables  used  in  the  preceding 
Article,  that 

We  may  represent  either  of  these  quantities  by  r*.  Hence 
in  passing  from  the  equation  in  terms  of  x,  y  to  the  equivalent 
equation  in  f,  ri,  and  expressing  the  results  in  terms  of  r  and 
another  independent  variable,  the  quantity  r  will  occur  in  the 
two  resulting  forms  in  the  same  manner,  and  be  of  the  same 
value  in  both. 

115.  To  mtef^rate  -,-*  + -?-« == -?:  • 

°  dor     dxf      dt 

The  general  exponential  integral  may  be  written  in  the 
following  form  : 

By  Art.  64  the  germs  Jf,  N  may  be  eliminated,  and  the  fol- 
lowing is  the  general  form  of  the  subintegrals, 

^+i/^  (tr+yXto-y) 

From  this  we  may  find  u  in  the  following  manner, 
"~     \dx       dy)         •'  \dx       dy) 

=,-.{^(.»:^),/(t»)}.-^ 0). 
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If  now  we  assume  ^  =  r  sin  0,  and  y==r  cos  0,  this  integral 
takes  the  following  form,  since 

y  +  %x  =  r  (cos  0  +  t  sin  0)  =r€**, 

=  -le-SJ'(r,«) (2). 

116.     To  integrate 

cPu     (Pu  _  du 
dx^     dy*     dt ' 

We  might  deduce  this  from  the  preceding  Article  by  merely 
writing  iy  for  y ;  but  we  shall  integrate  this  equation  in  an 
independent  manner. 

Let  f,  17  be  a  new  set  of  independent  variables  such  that 
f  =  x  +  y  and  i7  =  d?-y; 

d^u        du 

.     ^^ 

d^drj"  4:dt ' 
This  agrees  in  form  with  the  equation  integrated  in  Art.  101 ; 


-v'-H'^MH-t 


117.     To  integrate 

d*M     d^u  __  d^ii 
d^'^dy^'^d?' 

This  has  been  integrated  in  Art.  107,  but  the  following  method 
will  serve  as  an  illustration  of  the  variety  of  ways  in  which 
germs  may  be  introduced  into  the  general  exponential  integral : 
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Eliminate  N;  then  the  first  subintegral  is 

The  proposed  equation  shews  that  in  any  integral  we  may  write 
jt  for  t  We  also  notice  that  x  and  y  are  interchangeable. 
Introducing  these  properties,  we  find  the  following  general 
integral, 

118.  The  integral  of  the  equation 

d^u     d^u     cTu  ^  ^ 

will  be  deduced  from  the  preceding  Article  by  writing  iz  for  ji; 

This  is  a  complete  general  integral  of  Laplace's  equation. 

119.  By  a  diflferent  distribution  of  the  major  germs  from 

that  in  Art.  117  we  may  obtain  in  another  form  a  general  in* 

tegral  of  the  equation 

cPu     cPu  _  cPu 

Let  ^  =  j^M«^+<^^|+*«^-^*)|+i^) 

Eliminate  c  by  Art.  65 ;  then  the  following  is  the  first  of  the 

subintegrals,  

P  =  €i^^  (a;  +  iy)-*  e*^^^^ 

.-.  u  =  (a;  +  iy)'^F(Ji  +  Jo?  +  y'). 


COBTFICTENTS  CONSTANT.  89 

120.  If  in  preceding  Article  we  write  iz  for  jt,  we  find  the 
integral  of  the  equation 

(Pm     dPu     ^u     ^ 

in  the  foUowing  form, 

w  =  (a?  +  iy)'^F{J¥Ty±  iz), 

which  is  a  form  of  the  general  integral  of  Laplace's  equation 
agreeing  with  (2)  in  Art  108. 

121.  To  extend  to  three   independent  variables  the  pro- 
perty proved  in  Art.  113  for  two. 

Our  equation  is  now  of  the  following  form, 

6Pu  .  (Tu  .  cPu 


tj 


A  a\        dru  .  dru  .  dru  ,-. 


Let  r*  =  «^  +  y*  +  a*;  and  let  f,  17,  f  be  new  independent 
variables  such  that 

f  =  CM?  +  a'y  +  a'z, 

f)  =  hx  +  Vy  +  V'z, 

^  ^  ex  +  cy  -^-  cz. 

The  nine  constants  in  these  expressions  are  disposable ;  and  we 
are  to  dispose  of  them  in  such  a  way  that  when  these  values  of 
f,  17,  f  are  written  for  a?,  y,  2:  in  any  integral  of  equation  (1)  the 
resulting  formula  will  also  be  an  integral  of  the  same  equation. 

Let  u=^F{x,  y,  z,  t)  be  any  integral  of  equation  (1),  then  is 
F=  F  (f,  f),  ^,  t)  an  integral  of  the  equation 

/*  ^^  TT    cPu     d^u     d^u 
dV       dV.dV^    dV     fad     M  ^  cd\^ 


d^V  ^(od     hd     cd\*  ^ 
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Similarly  -^^-  =  ^_  +  ^_  +  ^j  f; 

Expanding  and  adding  together  the  right-hand  members  of 
these  three  equations,  and  assuming  the  following  six  relations 
among  the  nine  disposable  constants, 

l  =  a«  +  a'*+a"«  =  6*  +  6''  +  y'*  =  cVc'«  +  c"* 
and      0  =  at  +  a'V  +  aT  ^ac  +  a'c  +  aV  =  he  +*V  +  6V, 

we  have  the  following  general  result, 

JF    dT    cPFcfF    (?F    d^ 
do;*  "^dy"  ■*■  d^»  "  df  ■*■  di;»  ^  df* 

=  ^  V'  dtj  ^'  ^^  ^^^^^  ^^^' 

Hence  V,  which  is  equal  to  F  (f,  17,  f,  t),  is  an  integral  of 
equation  (1)  when  the  above  values  of  f,  t},  ^  are  written  for 
w,y,zm  F(x,  y,  z,  t),  which  is  equal  to  m. 

122.  It  will  be  observed  that  the  nine  disposable  constants 
have  to  satisfy  only  six  conditional  equations;  and  moreover 
that  those  six  equations  are  such  as  prove  the  following  general 
relation  between  x,  y,  z  and  f,  17,  {", 

Hence  rf,  which  is  equal  to  a^  +  y^  +  z\  does  not  change  in 
value  when  we  pass  from  x,  y,  z  to  the  values  represented  by 

123.  In  reference  to  the  equation  (1)  of  Art.  121  we  are 
aware  that  x,  y,  z  which  it  contains  are  not  necessarily  the 
co-ordinates  of  a  point  P  in  space,  nor  is  there  necessarily  any 
system  of  co-ordinates  to  which  they  are  referred;  but  for  con- 
venience in  what  follows  we  will  suppose  them  referred  to  an 
arbitrary  rectangular  system  of  co-ordinates  Oxy  Oy^  Oz^  and  we 
will  set  off  upon  these  axes  the  values  of  a?,  y,  ^ ;  and  suppose  P 
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the  point  in  space  of  which  x^  y^  z  are  thus  constituted  the 
rectangular  co-ordinates ; 

Now  on  these  same  co-ordinate  axes  set  off  a,  a',  a''  as  the 
co-ordinates  of  a  fixed  point  A  \  and  let  6,  h\  V  be  those  of  B^ 
and  c,  c\  c"  those  of  G. 

Then  if  we  assume  0-4  =  0-8  =  0(7=1,  these  assumptions 
satisfy  the  first  three  of  the  conditions  to  be  satisfied  by  the 
nine  disposable  constants ;  and  if  these  lines  0-4,  05,  00  be 
now  supposed  to  be  at  right  angles  to  each  other,  the  following 
equations  shew  that  the  constants  will  then  satisfy  the  re- 
maining three  conditions  also.    For  then 

a5  +  a'6'  +  a"6"  =  cos^05  =  cos  J  =  0, 

Si 

ao  +  ac  +  a  c"  =  cos  AOG  =  cos  ^  =  0, 

he  +  Vo'  +  h"c"  =  cos  50C7=  cos  ^  =  0. 

Hence,  if  0-4,  05,  00  be  each  equal  to  unity  and  mutually 
at  right  angles,  the  six  conditional  equations  are  all  satisfied ; 
and  OA,  OB,  00  may  be  taken  as  an  arbitrary  system  of  rect- 
angular co-ordinate  axes.  We  say  an  arbitrary  system,  because 
of  the  nine  disposable  constants  on  which  the  positions  of  OA, 
OB,  00  depend  three  are  still  disposable,  and  these  render  the 
position  of  this  system  so  far  arbitrary. 

Now  aa  X,  y,  z  are  the  co-ordinates  of  P,  and  OP^r, 
a;  =  r  cos  a?OP,  y  =  r  cos  yOP,  «  =  r  cos  «0P; 

.-.  cosilOP  =  a-  +  a'^  +  a"-  =  ^ 

r         r  r     r 

,\  f  =  rcoSi40P. 

Similarly  17  =  r  cos  BOP, 

and  ?=r  cos  OOP. 
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Therefore  f,  17,  f  are  the  co-ordinates  of  P  referred  to  the 
arbitrary  system  of  rectangular  co-ordinate  axes  OA^  OB,  OC; 
the  position  of  which  in  reference  to  the  original  fixed  system 
Ox,  Oy,  Oz  depends  upon  the  values  arbitrarily  assigned  to  the 
remaining  three  still  disposable  constants;  which  we  may  in 
fact  describe  as  three  disposable  real  germs. 

When  therefore  we  have  before  us  an  equation  of  the  class 
comprehended  in  the  equation 


da^     dy*     dz^ 


we  are  at  liberty  to  substitute,  in  any  integral  of  it,  in  the 
places  of  OS,  y,  z,  the  values  of  f  ,  17,  f  in  terms  of  x,  y,  z  given  in 
Art.  121,  and  the  formula  produced  by  such  substitution  will 
be  an  integral  of  the  same  equation ;  and  will  virtually  contain 
three  real  germs  which  were  not  contained  in  the  original 
form  of  the  integral  And  moreover  the  value  of  r^  will  not 
thereby  be  affected. 


y     J     i    rt       •       ^^     ^^     cPtt     ^ 
Laplace  s  Lquatton,  -^  +  -j-j  +  -t-,  =  0. 

124.  The  following  is  the  simplest  form  of  the  general 
exponential  integral, 

subject  to  the  condition  Jf  *  +  JV'  =  1, 

This  integral  is  equivalent  to  the  following  form, 

^  ^  ^^LiMx-\-Ify)  cos  {Lz  +  B). 

If  we  now  vn-ite  in  this  for  x,  y,  z  the  values  of  f ,  tf,  ^  found 
in  Art.  121,  we  shall  have  a  general  form  which  may  be  thus 
represented, 

u  =  ^€^<«*+«y+»'''>  cos  L  Q>x  +  Vy  +  Vz  +  B), 
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(a,  a\  a^  &,  b',  V  are  not  here  the  same  as  in  Art.  121,  but 
at  present  they  are  disposable). 

Let  the  cosine  be  replaced  by  its  exponential  equivalent; 


That  this  may  be  the  general  integral,  the  following  condi- 
tion must  be  satisfied, 

0  =  (a  +  ihf  +  (a  +  f  67  +  {fl'  +  iV)\ 

which  separates  itself  into  the  two  following  independent 
conditions, 

a'  +  a'^  +  a^'^b'  +  ft'  +  i"*, 
ab  +  ah' 4  a'^V  =  0. 

Now  the  presence  of  the  arbitrary  germ  L  permits  us, 
without  any  loss  of  generality,  to  assume 

a*+a'*  +  a^  =  6»  +  6"4-6''  =  l: 

and  this  assumption  being  made  we  find,  on  reference  to  Art. 
121,  that  these  six  disposable  constants  are  identical  with  the 
corresponding  six  in  that  Article  ; 

.'.  flw?  +  a  y  +  a^z  =  f , 

and  hx  +  6'y -f  Vz  —  rj, 

and  consequently  the  general  exponential  integral  may  be 
expressed  in  the  following  brief  form, 

u=^A€^Uos{L7f-{-B) (1), 

and  the  above  equations  of  conditions  among  the  six  constants 
a,  a ,  a^,  J,  b\  b",  shew  that  f  and  17  are  interchangeable ; 

.-.  u^A'€^cos(L^+R)  (2). 

Either  of  these  residts  may  be  regarded  as  a  general  integral  of 
Laplace's  equation;  or  by  addition  they  may  be  combined 
in  a  single  integral. 
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The  six  disposable  constants  are  subject  to  only  three  con- 
ditional equations. 

On  reference  to  Art.  123  we  perceive  that  f,  17  are  the  co- 
ordinates of  P  referred  to  the  two  lines  OA,  OB;  while  x,  y,  z 
are  the  co-ordinates  of  P  referred  to  the  three  fixed  rectangular 
axes  Ow,  Oy,  Oz. 

Hence  f,  17  are  the  projections  of  OP  (i.e.  of  r)  upon  OA, 
OB  respectively ;  and  as  the  positions  of  these  two  rectangular 
axes  are  dependent  on  three  arbitrary  germs,  therefore  the 
values  of  f,  rj  involve  those  three  germs,  and  consequently 
the  integral 

u  =  Ae^  cos  (if  +  B) 
is  a  germ  integral. 

If  we  assign  particular  values  to  the  three  germs  we  obtain 
from  this  a  particular  integral:  and  as  particular  values  of 
germs  may  be  infinite  in  number,  we  may  thus  obtain  an 
unlimited  number  of  particular  integrals,  which  we  may  deno- 
minate a  new  family  of  subiutegrals :  and  out  of  them  it  may 
be  possible  by  proper  management  to  construct  a  general 
integral  in  finite  terms  in  a  form  suitable  to  a  physical  or 
geometrical  problem  which  we  may  have  in  hand. 


—,  cPt6     d^u     dPz     ^ 

12o.     To  integrate  ^  +  ^^  +  ^  =  0. 

Assume  the  following  form   of  the   general    exponential 
integral, 

Eliminate  M)    then  the  form   of  the    resulting  subinte- 
gral  is, 


=  (iy+a:)"i€'"C''"*'*i^*); 
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r  \a;  +  iyj       \x  +  iy) 


A  fx  +  ii/\** 


_A{x^iyr 

^+1 


(2). 


This  integral  contains  only  even  powers  of  z\  conse- 
quently this  is  only  ooe  of  the  subgeneral  integral  forms. 
The  other  subgeneral  form  wiU  be  found  from  this  by  diflfer- 

entiating  with  -r-  . 

Let  us  now  assume  «?  =  r  cos  ^  cos  <^,  y  =  ^  cos  0  sin  ^ 
z^r  siaO; 

/.  x-hiy^r  cos  0  (cos  (f>  +  t  sin  <f>)=r  cos  0  e'^  ; 
r  \    r     J        T  \   r  J 


-ii-f^'..-) (3). 


This  subgeneral  integral  contains  two  independent  arbi- 
trary functions  by  reason  of  the  double  sign  of  t. 

We  may  obtain  another  form  of  the  subgeneral  integral  |in 
the  following  manner : 

126.    To  integrate  ^+^  +  ^=0. 

Assume    the    following    form  of  the  general  exponential 
integral, 
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the  germs  if,  m  being  subject  to  the  equation  AT  +  m*  =  l; 

Eliminate  M  and  m ;    the  following  is  the  corresponding 
form  of  the  subintesral : 


P  =  (a?  f  iyy^e^^i V^+7+i,) . 
.-.  u^  {x  ±iyy^  F  (Ja^  +y*  +  iz) '. (1) 


m  being  here  an  extemporized  germ.    Also  y  and  z  are  in- 
terchangeable. 

But  a?±ty  =  r€***cos^,    and   Jx^  +  y'+tz  =  re^ ; 
.-.  u^A (re***  cos 0)'^ (re*)"* 

^{r€*^cos0)'iF(r€»)  (2). 

Also  u^Ar^'i Vcos O.e^^.^    (3). 

The  form  of  this  integral  differs  from  that  found  in  the 
preceding  Article,  and  illustrates  the  power  we  have  over  the 
form  of  the  general  integral,  since  we  can  introduce  the  germs 
into  the  general  exponential  integral  in  more  than  one  set  of 
different  relationships  to  the  independent  variables. 


Laplace's  Functions, 

127.  Let  the  independent  variables  in  Laplace's  equation 
be  changed  from  x,  y,  zto  r,  0,  ^;  these  being  defined  by  the 
equations  before  given,  viz., 

^  =  r cos 0cos(f>f  y^r  cos  5 sin <^,  xr  =  r sin  0 ; 

.•.  ic*+y'  +  ^  =  r*; 

and  the  transformed  equation  is 

^cPu  ^  a  du  ^  cPu     .      ix    du  ^       s^c?w 
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or  more  conTeniently  in  the  foUowing  form. 

Concerning  this  form  of  Laplace's  equation  vre  i^emark  that 
r  alone  takes  a  major  germ ;  and  ^  alone  takes  a  minor  germ. 
Msoj0,j(f>  may  at  any  time  be  independently  written  for  0,  ^ 
in  any  integral  of  it. 

Now  as  mr  may  be  written  for  r  {m  being  a  major  germ)  in 
the  integral  of  (1),  that  integral  (Art.  13)  may  be  expanded  in  a 
aeries  in  powers  of  m ; 

and  the  powers  of  m  in  this  equation  may  be  replaced  with 
independent  arbitrary  constants,  which  are  in  fact  the  coeffi- 
cients of  the  subintegrals  of  u.  The  quantities  denoted  by  W 
are  functions,  not  of  r,  but  of  0  and  <f>. 

We  may  therefore  take  the  following  as  the  general  repre- 
sentative of  the  subintegrals  of  Uy 

To  determine  W  corresponding  to  a  given  value  of  n  we 
substitute  this  subintegral  in  equation  (1),  and  the  result  is, 

0  =  w(n  +  l)cos*d.Tr+(cos^.^)V+^  =  0...(2). 

This  is  the  Equation  of  Laplace's  Functions,  and  from  this 
equation  we  perceive  that  r  has  been  divided  out,  leaving  TT, 
the  representative  of  Laplace's  Functions,  dependent  on  the 
value  of  the  product  n{n  + 1),  the  only  remanet  of  r. 

128.  Lemma.  The  numerical  value  of  the  product  {n  +  a) 
{n  +  h)  will  suffer  no  change  if  we  write  in  it  —  (w  +  a  +  6) 
for  n. 

Hence  n  (n  + 1)  remains  unchanged  in  value  when  —  (H  +  1) 
is  written  for  n^ 

E.  7 


98  EQUATIONS  OF  THREE  INDEPENDENT  VARIABLES. 

This  shews  that  instead  of  assuming  the  general  form  of  the 
Bubintegrals  in  the  preceding  Article  to  be  P  =  r*Tr,  this  will 
not  be  a  general  assumption  unless  we  write  Ar^  +  ar*'^  for  r* ; 

is  the  general  form  of  the  subintegrals ;  and  if  it  be  substituted 
for  u  in  equation  (1)  of  the  preceding  Article  the  result  will 
be  found  to  agree  with  equation  (2). 

Consequently  W,  the  w*^  Laplace's  function,  is  also  the 
—  (n  +  I)"'  function. 

Hence  u  admits  of  expansion  in  two  independent  series,  one 
comprising  only  positive  powers  of  r,  and  the  otlier  only  negar 
tive  powers ;  and  the  corresponding  terms  of  these  two  series 
will  have  the  same  forms  of  W.  We  bslj  forms  because  Tf^will 
contain  at  least  two  independent  terms,  the  equation  (2)  being 
of  the  second  order. 

129.  In  Art.  125  we  have  found  the  following  subgenera! 
integral  of  the  equation 

in  which  m  is  a  germ. 

As  a  particular  case  take  m^n;  then  the  general  term  in 
the  expansion  of  u  will  be 

=^.(cos«.€^r. 

But  we  have  shewn  that  this  term  is  equal  to  Ar^^W; 
consequently  one  part  of  W  is  (cos  0 .  €**)" ;  and  the  other  part 
will  be  found  from  this  by  writing  —  (n  +  1)  for  n ; 

.-.  F=B(cos^.  €**)"  + 6  (cos ^.€^)-^* (1); 

.-.  P=:{Ar^  +  ar-^')  [B  (cos  0 .  6^)*  +  b  (cos  0 .  e^)"""*}, 

and  if  we  write  m  (a  germ)  for  n,  we  may  write  u  for  P. 
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/.  u  =  (Ar^  +  ar^')  {B  (cos  ^ .  €^)"  +  6  (cos  6 .  e*^)^'] 

^  F(r COS  0.€^)  +  -f{r''cos0.€^) (2). 

130.     We  may  find  W  in  another  general  form  by  means  of 
Art.  126.     For  according  to  that  Article  we  have 

u  =  A  (re*^  cos  0)'^  (re^y. 

Assume  m  =  n  +  \  as  a  particular  case;  the  corresponding 
term  in  the  expansion  of  u  will  be 

r*.  (e*^ cos ^) -*€<(*+*)•. 

Hence  the  part  of  W  corresponding  to  this  is 

Tr=(€*^  cos  ^) -*€*(*•+»•. 

If  in  this  we  write  —  (n  + 1)  for  n,  we  find  the  remaining  part 
of  F'tobe 

F=(e***  cos  ^)-i  €-«»+*)*. 

Hence  the  complete  value  of  TT  is 

W  =  (€***  COS  ^ -*  {J?e^»+*)<^  +  6e-^*+*>^} 


=  (€***  COS  0)-^  {jBcos  n  +  i^  +  i  sin  n  +  ^0}  (1), 

and  the  value  of  the  general  term  in  the  expansion  of  u  cor- 
responding to  this  will  be 

=  (^r*  +  ar-"-^)Tr (2). 

Thus  we  have  in  this  and  the  preceding  Article  found  two 
distinct  forms  of  Laplace's  functions. 

We  may  write  m  (a  germ)  for  n,  and  the  results  will  then 
take  the  form  of  arbitrary  functions^  and  (2)  will  be  equal  to  th 
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Exceptional  case  of  Laplace's  Ftmctions. 

131.  This  occurs  when  the  value  of  n  is  such  as  renders 
n  (n  + 1)  =  0,  for  then  the  first  term  of  equation  (1)  of  Art.  127 
vanishes,  and  the  equation  for  the  determination  of  W  takes  the 
following  form. 

Assume  t  such  a  function  of  d  as  shall  satbfy  the  equation 
dd  =  eoa0.dT; 

andO  =  -^,+-^; 
A  W='F{T  +  i<f>) 


=  J'(6«*tan|+^D (1). 


Also  Ar^  +  ar"^*"*^*^  becomes  -4  +  -  when  w  =  0 : 


.-.  u  =  {A  +  f)F(^i^l+J^  (2). 

This  gives  us  that  portion  of  u  which  corresponds  to  two 

terms  of  its  expansion  in  integer  powers  of  r,  viz.,  A  and  - . 

r 

The  algebraic  signs  of  jf  and  i  are  independent  in  these 
results, 

132.    To  integrate  the  equation 

d*u     d^u     dhi  _ 
d^^d^^'^d?^^' 
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We  may  assume  the  following  as  the  form  of  the  general 
exponential  integral, 

subject  to  the  two  conditional  equations 

Jlf*  +  m»=  1,  and  J^^H- w*  =  1 ; 

We  may  eliminate  M  and  m  from  this  integral,  thereby 
obtsuning  the  following  general  subintegral  form, 

=  (a?  +  «y)-*  €'«+^J^^/«»+i^ 

By  the  same  method  we  now  eliminate  n  and  N,  and  obtain 
the  following  as  the  first  subintegral, 

=  (a?  +  iy)-*(7^Ty"±w)-*6^ (1), 

=  r-i€^''(cos5.6<*^)-* (2). 

Written  out  more  fully  this  is  equivalent  to  the  following, 

u^^{A^  +  ae'^)J^^(BcoB^^—  +  lBm'^^ (3). 

It  is  not  to  be  forgotten  that  the  form  of  the  proposed  equa- 
tion shews  that  in  integral  (1)  y  and  z  are  interchangeable. 

In  (3)  there  are  no  interchangeable  variables. 

AA     m    •  <i*w     (Pu     d^u 

133.    To  integrate  ^+^+^  =  tt. 

We  assume  the  following  as  a  form  which  is  equivalent  to 
the  general  exponential  integral, 

u==A^^^^^y^^'^cos\{lx  +  mt/  +  nz  +  B) (1), 

subject  to  the  following  condition  (which  the  two  disposable 
constants  fi,  \  enable  us  to  assume) 
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This  resolves  itself  into  the  two  following  independent 
equations, 

and       Ll  +  Mm-^-JS-n^O  j ^'^^• 

If  the  above  value  of  w  be  substituted  in  the  proposed  equa- 
tion we  find  that  the  following  relation  must  hold  good  between 
fM  and  \, 

Hence  if  c  be  an  extemporized  germ  this  condition  will  be 
satisfied  by  assuming 

/*  =  i(c  +  OandX  =  i(c-0 (3). 

Hence  the  integral  form  in  (1)  is  fully  determined. 

Again,  let  iS  =  ij;  +  ify +  ^,  and  T=  tc  + my +  «»,  subject 
to  the  equations  (2) ; 

Eliminating  c  from  this  integral  we  find  the  following  form 
of  the  general  subintegral, 

P=(i8f  +  tT)-»€^^^+^ (4). 

134.  The  integrals  of  the  equation 

d^     d*u     d^u        ^^ 
da?     dy^     5?         ~ 

may  be  deduced  from  the  above  integrals  by  changing  the  alge- 
braic sign  of  c"*  but  not  that  of  c. 

^       m    •  d^u     d^u     d*u     du 

135.  To  integrate  ■^  +  ^+^  =  ^. 

The  general  exponential  integral  may  be  put  in  the  follow- 
ing form, 

i,  My  N  being  independent  germs ; 
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The  germs  being  all  eliminated  by  Art.  64,  we  obtaia  the 
following  form  of  the  first  subintegral, 

«s  y«  ^ 

p = r  *  €"« .  r  *  6"4< .  r  *  e"« 

We  may  pass  from  this  to  the  general  integral  in  the  follow- 
ing manner : 

-H.-S{^f-±^)+/C-±^)} (I). 

136.    Tomtegrate^,  +  ^.  +  ^.  =  -^. 
The  general  exponential  integral  is 

the  germs  being  subject  to  the  following  conditions : 

Jf' +  m*=:l,  and  i^  +  n*=l; 

Eliminating  M  and  m  we  find  the  following  subintegral, 

=  e'^'*  (a?  +  iy)  "*  e**  a«)+-W'(^  Va^+y") ; 

and  eliminating  N  and  n  in  the  same  manner  we  find  the  fol* 
lo¥ring  subintegral. 
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/.  «  =  («  +  iy)-*(ya;»  +  2^  ±  iz)-*F{r  +jt) (1) 

=  r-*  (co3  tf .  c****)  -» F  (r  +jt) 

■ 

137.  Laplace's  equatioa  is  rendered  important  beyond 
most  other  equations  by  the  circumstance  that  many  pro- 
blems of  great  interest  in  various  branches  of  Natural  Phi- 
losophy lead  to  it,  and  for  their  perfect  solution  render  a 
knowledge  of  its  general  and  complete  integral  a  matter  of 
necessity;  for  without  that  knowledge  the  investigator  is 
obliged  to  assume  some  particular  integral  known  to  him,  and 
this  he  fixes  upon  as  being  likely  to  answer  the  object  he 
has  in  view.  But  this  is  a  method  which  cannot  but  limit 
the  generality  of  his  results,  and  so  far  limit  their  authority  in 
any  case  of  appeal. 

We  shall,  therefore,  conclude  this  Essay  with  the  follow- 
ing summary  of  the  method  and  principles  by  which  we 
have  been  enabled  to  accomplish  the  complete  integration 
of  the  equation 

(Pu     ^u     (Pu  _  ^ 
da?     dy*     ds? 

(1).  The  form  of  this  equation  allows  all  the  independent 
variables  to  take  independent  minor  germs. 

(2).  From  this  we  learn  that  any  general  integral  of  it 
may  be  perfectly  expressed  in  the  form  of  an  infinite  series  in 
which  the  powers  of  a?,  y,  z  are  positive  integers. 

(3).    From  this  it  follows  that,  subject  to  the  condition 

the  quantities  i,  -Jf,  N  being  otherwise  arbitrary,  and  not 
functions  of  any  of  the  independent  variables,  the  follow- 
ing is  a  complete  and  perfect  integral  of  the  above  equation 
of  Laplace, 
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When  we  call  this  the  general  integral  of  Laplace's  equa- 
tion, we  must  remember  that  the  word  general  as  thus  used 
is  dependent  for  its  propriety  on  the  fact  that  L,  M,  N  are 
indeterminate  quantities  and  not  mere  arbitrary  constants. 

The  equation  .y'  =  «  may  on  the  same  principle  be  called 
a  "  parabola" ;  but  when  it  is  so  called  we  assume  that  x  and  y 
are  indefinite  quantities  that  simultaneously  belong  to  every 
individual  point  of  the  parabolic  curve :  for  as  a*,  y  represent 
simultaneously  all  the  values  they  can  possibly  have  that  are 
consistent  with  the  equation  y*  =  x,  they  simultaneously  repre- 
sent the  co-ordinates  of  every  point  of  the  parabola. 

On  precisely  the  same  principle  we  say  that  L,  M,  N 
simultaneously  represent  all  the  values  that  can  be  given  to 
them  which  are  consistent  with  the  equation  Z*  +  JIf  *+  ^"  =  0 ; 
and  accepting  their  significance  in  this  general  sense  we  de- 
nominate the  integral^  above  written  the  gerieral  exponential 
integral  of  Laplace's  equation,  just  as  we  call  y*  =  x  s^  pa- 
rahola. 

(4).  There  are  many  systems  or  sets  of  values  of  L,  M,  N 
in  terms  of  two  independent  germs  which  will  satisfy  the  equa- 
tion jL"  -h  M^  +  i\r*  =  0.  Each  set  of  such  values  will  give  a 
general  integral  in  a  form  answering  to  that  particular  set 
by  means  of  which  it  is  obtained.  Examples  of  this  occur  in 
the  preceding  Articles. 

The  following  set  of  values  of  L,  3f ,  N  containing  two  germs 
only,  leads  to  a  simple  result ; 

2Lx  H-  2Mt/  +  2N'z 

=  {L^iM){x  +  ty)  +  {L+iM){x-iy)  +  iNz. 

Let  E'=^L^iM,  and  K'^L  +  iM; 

.-.  N=iHK. 

And  2Lx-h2My  '^2Nz  =: H"" {x  +  iy)  +  K*  (x-  iy)  -\-2iHia', 

.-.  u  =  Ae^'^^"^'  cos  {(H* '-K')y  +  2HKz  +  5}. . .(a). 
R  8 
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Also   u  =  il€^*<«+'y>+2H»+«»(*-«/). 

From  this  form  of  u  we  may  first  eliminate  H  and  then  K^ 
which  will  give  one  part  of  us  first  subgeneral  integral  The 
other  part  of  that  same  subgeneral  will  be  obtained  by  first 
eliminating  K  and  then  H.  The  result  of  elimination  is  the 
complete  first  subgeneral 


^  \    x  +  ty    J 


The  second  subgeneral  may  be  obtained  from  this  by  dif- 
ferentiating  with  -r- .     (See  Art.  125.) 

(5).  We  are  tempted  to  pronounce  the  integral  just  found 
to  be  perfectly  general,  and  so  it  is  in  one  sense,  because  it  is 
the  type  of  the  missing  terms.  But  in  another  sense  it  is  not 
the  complete  general  integral,  for  the  form  of  the  differential 
equation  of  which  it  is  the  integral  shews  that  in  the  complete 
general  integral  x,  y,  z  must  be  interchangeable;  they  must 
therefore  be  made  to  enter  the  general  integral  in  a  symmetric 
cal  form. 

This  we  may  accomplish  by  means  of  Art.  121,  and  the 
result  will  be  that  we  shall  have  the  following  instead  of  the 
integral  in  (4),  (see  Art.  125,  equat.  1). 

^^^fAx  +  By  +  Czy 
A,  Bf  C  being  germs  subject  to  the  equation 

We  may  therefore  write  Z,  M,  N  instead  of  A,  B,  C, 

But  in  (3)  we  have  the  following  form  of  integral  in  terms 
of  the  same  quantities, 

=:^  F  {Lx  •{■  My  +  Nz). 

Hence  the  complete  form  of  the  general  integral  of  Laplace's 
equation  which  involves  x,  y,  z  in  a,  manner  which   allows 


*^^''^-S(^+0"-^H^-^y"+^'=^- 
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X,  y,  z  to  be  interchanged  without  affecting   its  form  is  the 
following : 

u=FiL.  +  My^m)^l/{^^±^±^)  ..;...  08). 

We  may  therefore  announce  this  as  the  complete  general 
integral  of  Laplace's  equation  in  terms  of  x,  y,  z, 

(6).     We  now  make  a  change  of  the  independent  variables 
from  X,  y,  z  to  r,  0,  ^. 

By  this  change  the  differential  equation  itself  takes  the 
following  form : 

Also,  since  2cos<^  =  €*♦+ 6'^,  and  2  sin  <^  =  i  (€"*♦—€*♦); 
/.  2Lx-{-2My  +  2Nz 

=  2r  {L  cos  0  cos  t^  +  Mcos  0  sin  <^  +  iVsin  0) 
- r  [{L  +iM)€-^  +  (i  - iM)  €<*}  cos  ^  +  2rN sin  0 
=  r  {K'e'**  +  H^e^)  cos  0  +  2riVsin  0 
= +2riFZsinft 

If  we  now  eliminate  cos  0  and  sin  0  by  means  of  their  ez- 
p  »nential  equivalents,  we  find 

4  (X  cos  tf  cos  ^  +  ilf  cos  5  sin  <^  +  -^Tsin  0) 

_^{Lx+My  +  Nz) 

T 

As  H  and  K  are  independent  germs,  we  may  omit  the  factor  4 
on  the  left  hand. 

Hence  assuming  Q  to  represent  the  right-hand  member  of 
this  equation  the  integral  in  (/8)  may  be  thus  expressed  in  terms 
of  r,  0y  (f>,  and  two  germs  H,  K, 


u  =  F(rQ)  +  lf(^) (7). 
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By  comparing  (4)  and  (6)  with  each  other  it  will  be  seen 
that  the  set  of  germs  arbitrarily  adopted  in  (4)  is  forced  on  us 
in  (6)  by  the  assumption,  not  altogether  peculiar  to  this  Essay, 
of  the  following  change  of  variables, 

w  =  rcosdco&<f>y  y  =  rcos  fisin<^,  and  5  =  rsinft 

(7).  If  by  Art.  24  we  express  the  arbitrary  functions  in  (7) 
by  means  of  an  extemporized  germ  m  we  find  the  following 
equivalent  integral, 

It  is  shewn  in  Art.  129  that  the  two  subgeneral  integrals  of 
the  equation 

0  =  m(m  +  l)cos»^.(2«+(cos^.^yQ«  +  ^ 
(which  is  the  equation  of  Laplace's  functions)  are  QT  and  ^"*"*; 

Hence  ( Jr"  +  ar^'^)  {BQ*  +  b Q"""')  is  exactly  equivalent  to 
the  integral  in  (6) ;  and  consequently  the  general  expression  for 
Laplace's  m***  function  is  the  following, 

TO*^  function  =  BQ'  +  iQ"*"' (S). 

B  and  b  being  independent  arbitraiy  constants. 

The  independence  of  B  and  b  indicates  that  there  are  two 
distinct  Laplace's  m^  functions,  viz.  Q**  and  Q"**"* ;  the  product 
of  which  is  constant,  i.e.  independent  of  m,  being  equal  to  QT^; 
where     Q  =  (fi'e^  +  JT'e"  ^)  cos  0  +  2iHK  sin  6 

(8).  There  is  an  exception  to  (S)  corresponding  to  w  =  0, 
or  —  1.     This  is  pointed  out  in  equat.  1  of  Art.  131. 
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PREFACE. 


Geometry,  at  once  ancient  and  modern,  is  the 
science  of  Euclid,  Archimedes  and  Apollonius,  of 
Kepler,  Desargues,  Newton  and  Poncelet.  Geome- 
trical processes  have  indeed  been  simplified  and 
their  applications  greatly  extended  in  recent  times, 
but  the  modern  methods  may  be  traced  to  the 
ancient  as  their  germ  and  source,  and  thus  it 
remains  in  a   sense  still    true    that    there    is    but 

one  road  for  all,   ^v  t§  yecofAerpiti  iraalv  iariv  0S09  /J^ta. 

The  modern  infinitesimal  calculus  is  an  adaptation 
of  the  ancient  method  of  exhaustions,  the  method  of 
Descartes  diflfers  only  in  the  manner  of  its  appli- 
cation from  that  of  ApoUonius,  the  idea  of  perspective 
was  already  formulated  by  Serenus,  and  the  principle 
of  anharmonic  section  with  the  leading  properties 
of  transversals  are  found  in  the  lemmas  of  Pappus 
to  the  lost  three  books  of  Porisms  of  Euclid.  Tliere 
is  not  however  in  the  works  of  the  Greek  geometers 
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any  diBtinct  foreshadowing  of  Kepler's  doctrine  of 
the  infinite,  of  his  principles  of  analogy  and  con- 
tinuity, or  of  the  theory  of  ideal  chords  and  points, 
at  length  completed  by  Poncelet's  discovery  of  the 
so-called  circular  points  at  infinity  in  any  plane. 

In  the  present  as  in  a  former  work  (1863)  I 
have  commenced  with  an  elementary  treatment 
of  the  general  conic  in  planoy  following  out  a 
suggestion  made  by  Professor  Adams  in  a  course 
of  lectures  on  the  Lunar  Theory  delivered  in  1861. 
This  department  of  the  subject  has  now  been  made 
more  complete  with  the  help  of  the  Eccentric 
Circle,  the  characteristic  feature  of  a  masterly 
though  neglected  work  of  Boscovich.  In-  the  chapter 
on  the  Cone  the  focal  spheres  are  more  fully 
discussed,  and  the  angle-properties  of  the  sections 
as  well  as  their  metric  properties  are  deduced. 
The  chapter  on  Orthogonal  Projection  contains 
proofs  of  Lambert's  theorem*  in  elliptic  motion. 
To  the  chapter  on  Conical  Projection  is  appended 
some  account  of  the  homographic  method  of  Rever- 
sion, which  springs  out  of  the  above  mentioned  con- 
struction of  Boscovich. 


*  It  has  been  remarked  that,  so  far  as  relates  to  the  parabola,  Lambert's  theorem 
is  implicitlj  contained  in  Newton's  Prindpia  lib.  Iii.  lemma  10.  See  Lagrange 
Mecanique  Anal^iqtie  tome  ii.  p.  28,  ed.  3  (1853—5) ;  Brougham  and  Boath  An 
analtftical  view  of  Sir  Jaaae  Newton'M  Prineipia  p.  486  (Lond.  1856). 
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PEOLEGOMENA. 


SECTION  I. 

GEOMETRY  BEFORE  EUGLID. 

N.B.  Beferences  within  square  brackets  [  ]  occurring  in  the 
ProJegcmena  are  to  the  pages  of  the  present  work. 

§1.  The  science  of  Greometrji  as  its  name  suggests,  was 
developed  from  the  art  of  land  sorvejing,  to  which  ancient 
testimony  likewise  refers  us  for  its  origin.  The  practice  of 
ff^tematic  land  measurement  is  said  to  have  been  forced  upon 
the  Egyptians  by  the  annual  rise  and  fall  of  the  river  Niley 
which  from  time  to  time  left  portions  of  land  that  had  been 
high  and  dry  submerged,  or  vice  versa^  so  that  the  owners 
were  unable  to  distinguish  what  belonged  to  each.  Thus 
writes  Hero*  the  elder,  of  Alexandria,  and  to  the  same  efiPect 
Herodotus  (ii.  109),  Diodorus  Siculus  and  Strabo,  as  cited  by 
Bretschneider  in  his  excellent  monograph  on  the  history  of 
geometry  before  Euclid.t  Whether  the  Nile  altogether  played 
the  part  attributed  to  it  in  the  advancement  of  science  is  matter 
of  question,  but  it  may  be  conceded  to  the  concurrent  testimony 
of  ancient  writers  that  the  Egyptians  had  laid  the  foundation 
of  concrete  fact  upon  which  the  superstructure  of  Greek  abstract 
geometry  was  to  be  reared. 


*  Heronifl  Alexandrini  Geometricorum  et  Stereametricorum  reliquitBf  p.  138  ed. 
HnUach  (Berlin  1864).    He  flourished  within  the  period  B.C.  286-222,  or  later. 

t  Die  Gtometrie  und  die  Geometer  var  Euklides  (Leipsig  1870).  See  alao 
Dr.  Allman'a  paper  on  Greek  Geometry  from  Thalee  to  Euclid,  in  Hermatheria 
?ol  111.  160-207  (Dublin  1877). 
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Eudraiw  g2«  £tidemaB  of  Bhodes  (a  disciple  of  Aristotle  and  an 
**^^""**^'  immediate  predecessor  of  Eaclid)  was  the  primary  authority 
on  the  early  history  of  mathematics  ;*  bnt  his  writings  on  the 
history  of  geometry  and  astronomy,  which  appear  to  have 
been  composed  in  a  philosophical  spirit,  now  no  longer  snnriFey 
except  so  far  as  they  are  embodied  in  the  still  extant  works 
of  his  successors.  The  important  list  of  early  geometers  given 
by  Proclus  Diadochusf  (a.d.  412-485)  in  his  commentary  on 
the  first  book  of  Euclid's  elements  is  not  unreasonably  thought 
to  have  been  derived  .from  Eudemus.  The  following  is  the 
substance  of  the  passage,  of  which  the  original  Oreek  with  a 
German  rendering  may  be  found  in  the  above  mentioned  work 
of  Bretflchneider,  pp.  27—31.  It  is  taken  from  lib.  il.  cap  4 
of  the  commentary,  which  was  written  in  four  books : — 

^^  Geometry  is  said  by  many  to  have  taken  its  rise  from  the 
measurements  rendered  necessary  by  the  obliteration  of  land- 
marks by  the  Nile.  And  it  is  nothing  strange  that  this  and 
other  sciences  should  have  arisen  from  practical  needs,  since 
there  is  a  general  tendency  in  things  from  imperfection  to 
perfection,  in  accordance  with  which  law  we  pass  naturally 
from  perception  to  reflection  and  thence  to  intellectual  insight. 
As  then  the  Phoenicians  were  led  on  from  trade  and  barter  to 
systematic  arithmetic,  so  the  Egyptians  discovered  geometry  in 
the  manner  aforesaid. 

First  Thales  went  to  Egypt  and  brought  over  this  science 
to  Greece.  He  made  many  discoveries  himself  and  suggested 
the  beginnings  of  many  to  his  successors,  apprehending  some 
things  more  in  the  abstract  but  others  in  a  limited  and  percep- 
tional way.  Next  Ameristus,  brother  of  the  poet  Stesichoms, 
became  famed  in  geometry,  as  Hippias  of  Elis  relates.  Pytha- 
goras, who  succeeded  them,  transformed  it  into  a  liberal  science, 
investigating  its  first  principles  and  regarding  theorems  from 
the  immaterial  and  intellectual  standpoint.      He  it  was  who 


*  His  contempomy  Theophrastxis  alao  wrote  something  about  mathematicfl, 
amongit  a  multitude  of  other  Bubjecta,  aooording  to  the  statement  of  Diogenes 
Laertios  Oib.  v.  cap.  2). 

f  Notice  the  editions  mentioned  on  p.  [82],  and  the  Latin  edition  of  Baxodos 
(PataTii  1660). 
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discovered  the  theoiy  of  irrational  quantities  and  the  construction 
of  the  regular  solids.  After  him  came  Anaxagoras  of  Clazo^ 
menaB  and  Oenopides  of  Chios,  who  are  mentioned  by  Plato 
as  famed  in  mathematics.  After  them  Hippocrates  of  Chios, 
who  quadrated  the  lunule  and  was  the  earliest  writer  on  the 
Elements,  and'  Theodorus  of  Cyrene  became  eminent  in 
geometry.  Plato,  who  succeeded  Hippocrates,  greatly  encour^ 
aged  the  study  of  mathematics  and  geometry  by  the  frequent 
use  of  mathematical  considerations  in  his  philosophical  writings. 
To  this  age  also  belong  Leodamas  of  Thasos,  Archytas  of 
Tarentum  and'Thesetetus  of  Athens.  Younger  than  Leodamas 
were  Neocleides  and  his  disciple  Leo,  who  added  much  to 
the  work  of  their  predecessors.  Leo  also  composed  a  work 
on  the  Elements  characterised  by  the  greater  number  and 
importance  of  its  propositions,  and  he  assigned  the  limits  within 
which  a  construction  was  possible.  Eudoxus  of  Cnidus,  an 
associate  of  the  school  of  Plato  and  somewhat  junior  to  Leo, 
increased  the  number  of  general  theorems,  added  three  new 
proportions  to  the  three  already  known,  and  developed  Plato's 
doctrine  of  the  section  (of  a  line],  making  use  in  his  investi- 
gations of  the  method  of  geometrical  analysis.  Amyclas  of  Analysis. 
Heradea,  Mensschmus  (a  pupil  of  Eudoxus  and  contemporary 
with  Plato)  and  his  brother  Dinostratus  made  geometry  as  a 
whole  stiU  more  complete.  Theudius  of  Magnesia,  a  writer 
on  the  Elements,  and  Athenseus  of  Cyzicus  were  greatly 
distinguished  especially  in  geometry.  These  lived  and  worked 
together  in  the  Academy.  Hermotimus  of  Colophon  carried 
on  the  discoveries  of  Eudoxus  and  Thesstetus,  and  also  wrote 
some  things  upon  loci.  Philip  of  Mende  was  led  by  Plato  Loci, 
to  study  mathematics  in  relation  to  the  Platonic  philosophy. 
Thus  far  do  the  writers  on  the  history  of  geometry  bring  the 
.science.* 

Not  much  junior  to  the  above  was  Euclid,  who  compiled 
the  Elements,  putting  in  order  many  discoveries  of  Eudoxus, 

*  If  the  histoiy  of  Eudemus  bieakB  off  before  Aristaeas,  whose  writings  preceded 
Euclid's,  ve  may  conjecture  that  it  was  completed  before  320  D.o.  It  is  impossible 
to  deteimine  the  precise  dates  of  the  early  geometers. 

12 
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completing  many  of  ThesBtetus,  and  replacing  the  former  laz 
deibonstrations  by  incontrovertible  proofs.  He  lived  in  the 
reign  of  the  first  Ptolemy,  in  answer  to  whom  he  is  reported 
to  have  said  that  there  was  no  royal  road  to  geometry.*  He 
was  therefore  younger  than  the  disciples  of  Plato,  but  elder 
than  the  contemporaries  Eratosthenes  and  Archimedes.  Being 
a  Platonist,  he  made  the  construction  of  the  Platonic  bodies 
(or  regular  solids]  the  goal  of  his  work  upon  the  Elements." 

Thaies  §3.   Of   the    aboTc    mentioned    early    geometers    Tbales, 

64o"-^^M8.  Pythagoras,  Hippocrates,  Mensechmus  and  some  others  deserve 
to  be  noticed  more  particularly.  Thales  of  Miletus,  of  Phoe- 
nician ancestry  and  the  founder  of  the  Ionian  school  of  philo- 
sophy, was  the  first  to  naturalise  the  study  of  geometry  amongst 
the  Greeks.  Visiting  Egyptf  as  a  trader,  he  brought  back 
thence  late  in  life  to  his  native  place  such  knowledge  of 
geometry  and  astronomy  as  he  had  been  able  to  pick  up  from 
the  priests.  He  was  born  about  the  commencement  of  the 
35th  Olympiad,  and  died  (according  to  one  account)  at  the 
great  age  of  90  years,  or  upwards.  His  reputation  was  made 
once  for  all  by  the  prediction — to  what  degree  of  accuracy  we 
know  not-— of  an  eclipse  of  the  sun,  which  duly  came  to  paaa 
(28th  May,  585  B.c.)t;  and  this  well  attested  fact  corroborates 
the  statement  of  Diogenes  Laertius  (lib.  I.  cap.  1)  that  he 
first  came  to  be  styled  (ro(t>6<:  in  the  archonship  of  Damasias. 
Although  he  is  said  by  Proclus  in  general  terms  to  have  made 
many  discoveries  in  geometry,  the  following  alone  are  ex- 
pressly attributed  to  him.tl     (1)  The   circle  is  bisected  by  it» 


*  The  saying  referred  to  (Bretschneider  pv  168)  ia  also  attributed  to  Meoechiniis, 
who  is  said  to  have  replied  to  Alexander :  *'  In  the  country,  0  king,  there  are  roads 
UiwriKol  Kal  fiaaiKiKai,  bat  in  geometry  there  is  one  road  for  aU/' 

t  The  foreign  travels  of  the  early  Greek  philosophers  are  howerer  sometimes 
thought  to  be  attested  by  insufficient  evidence.  Cf .  Benouf  s  Hibbtrt  Lectwet  Lect.  Ti. 
p.  246  (London  1880). 

X  The  Egyptians  had  doubtless  supplied  him  with  the  facts  on  which  his  cal- 
culation was  based.  Diogenes  Laertius  states  that  they  had  observed  more  than 
1200  eclipses  of  the  sun  or  moon.    See  Bretschneider  pp.  39,  52. 

II  See  Pxoclus  on  Eadid  i.  def.  17  and  props.  6,  15,  26  (Thos.  Tayloi^s  Pvodus 
vol.  1. 165 ;  11.  54,  96,  143)  j  Diogenes  Laertius  lib.  I.  cap.  i.  §§8,  6. 
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diameter.  (2)  The  angles  at  the  base  of  an  isosceles  triangle 
are  equal  to  one  another.  (3)  When  two  straight  lines  cut  one 
another  the  vertical  angles  are  equal.  (4)  A  method  of  de- 
termining the  distance  of  a  ship  at  sea  from  the  land,  implying 
the  knowledge  of  a  theorem  equivalent  to  Euclid  i.  26.  (5) 
The  angle  in  a  semicircle  is  a  right  angle.*  And  (6)  a  method 
for  determining  the  heights  of  the  pyramids  from  the  lengths  of 
their  shadows,  viz.  at  the  moment  when  the  sun  is  at  an  eleva- 
tion of  45*"  above  the  horizon.! 

The  fact  that  a  theorem  was  attributed  to  Thales  by  his  suc- 
cessors does  not  altogether  exclude  the  supposition  that  he  had 
himself  received  it  from  the  Egyptians ;  and  accordingly  it  has 
been  thought  that  the  second  only  of  the  above  theorems  was 
in>eality  discovered  by  him.  The  theorem  (5)  may  have  been 
arrived  at  by  the  Egyptian  geometers  by  supposing  first  a 
square  and  then  any  rectangle  inscribed  in  a  circle  to  be  turned 
about  within  it;  and  it  is  impossible  to  lay  much  stress  on  (1)  or 
(3).  The  method  (4)  if  actually  known  to  Thales  was  probably 
discovered  by  him,  but  if  (as  has  been  conjectured)  he  was 
acquainted  only  with  the  case  of  the  right-angled  triangle^  his 
knowledge  of  this,  as  also  of  (6),  may  very  well  have  been 
derived  from  the  Egyptians.  On  the  whole  we  may  conclude 
that  he  probably  made  some  advance  towards  that  abstraction 
by  which  the  Greek  geometry,  in  contrast  with  the  Egyptian, 
was  to  be  characterised ;  but  more  than  this  cannot  safely  be 
affirmed  until  we  are  better  informed  as  to  the  ^^  many  things*' 
which  he  is  said  to  have  discovered  for  himself.  Thales  was 
acquainted  with  the  globular  form  of  the  earth,  which  was  held 
by  his  school  to  be  at  the  centre  of  the  world. 


*  This  is  of  oonrae  the  meaning  of  the  statement  that  he  was  the  fint  to  itucHbe  a 
right  angled  triangle  in  a  circle, 

t  Plutarch  in  his  Symposium  states  the  method  in  a  form  requiring  a  knowledge 
of  similar  triangles  and  applicable  at  any  time  of  the  day.  The  most  trustworthy 
part  of  the  stoiy  is  that  the  method  in  its  simpler  form  was  used  tii  Egypt,  It  would 
sore  for  an  obelislc,  bat  scarcely  for  a  pyramid. 

X  This  view  is  taken  by  Bretschneider  (p.  43),  who  attribntes  (2)  only  to  Thales 
himself.  For  a  more  appreciative  estimate  of  his  contributions  to  geometry  see 
Bermatkena  vol.  ill.  173. 
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pyihtgorat  g4.  The  name  of  Pythagoras  of  SamoB  next  arrests  onr 
Mo-600.  attention.  Although  the  date  of  his  birth  and  his  age  at  his 
death  are  variously  given,  he  was  doubtless  a  young  man  when 
Thales,  of  whom  he  was  regarded  as  the  successor,  died.  At 
the  instigation  of  Thales  he  visited  Egypt,  where  he  resided 
many  years,  learned  the  Egyptian  language  and  received  in- 
struction from  the  priests.  After  this  he  is  said  to  have  visited 
or  been  carried  captive  to  Babylon.  Returning  to  Samoa  at  a 
time  when  Ionia  had  lost  her  independence,  he  migrated  thence 
to  Crotona  in  Magna  Gnecia,  where  he  gathered  round  him  his 
exclusive  brotherhood  and  became  the  founder  of  the  famed 
Italian  school ;  but  in  course  of  time  he  was  banished  by  the 
democratic  party,  and  died  shortly  afterwards  at  Metapontum. 
We  proceed  to  notice  some  of  the  chief  discoveries  in  mathe- 
matics attributed  to  him,  remarking  however  that  it  is  impossible 
to  distinguish  with  certainty  between  the  discoveries  of  the 
master  and  his  scholars,  since  the  doctrines  of  the  sect  were  in 
the  first  instance  communicated  only  to  its  members,  and  when 
they  came  at  length  to  be  divulged  it  was  the  practice  to 
attribute  everything  to  Pythagoras  himself.  Hippasus,  who 
offended  against  this  rule,  was  lost  at  sea  for  his  impiety 
(lamblichus  Vit,  Pyihag.  cap.  18).  He  had  taken  credit  to  him- 
self for  the  construction  of  the  sphere  circumscribed  to  a  regular 
dodecahedron  [rr}v  ix  t&v  Ba>B€Ka  irevTayfovmv)^  whereas  every- 
thing belonged  to  Him  (elvai  Sk  irdvra  'E^e/vov),  '^  for  so  they 
call  Pythagoras,  and  not  by  his  name." 

a.  The  square  on  the  hypotenuse  of  a  right  angled  triangle 
is  equal  to  the  sum  of  the  squares  on  the  sides  containing  the 
right  angle. 

In  honour  of  this  great  discovery,  as  also  on  some  other 
occasions,  Pythagoras  is  related  to  have  offered  a  sacrifice. 
There  is  no  evidence  to  support  the  conjecture  that  the  theorem 
was  known  in  its  generality  to  the  Egyptians,  although  it  must 
be  allowed  to  partake  of  an  Egyptian  character,*  and  may  have 


*  The  Egyptian  geometiy  had  Toiy  little  that  was  of  an  abstract  or  general 
character,  bat  consisted  mainly  in  the  computation  of  areas  or  Tolomel^  and  in  sach 
special  constmctions  as  are  required  for  geometrical  drawing.  Cf .  Eisenlohr's  edition 
of  the  Bhind  papyrus,  published  under  the  title  Ein  tnathematitchet  Mandbuch  der 
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been  first  proved  by  an  application  of  the  Egyptian  method. 
The  Egyptians  were  acquainted  with  the  fact  that  the  triangle 
whose  sides  contain  3,  4,  and  5  units  of  length  respectively  is 
right  angled  (Plutarch  De  hide  et  Osiride  cap.  56),  which 
is  a  special  case  of  the  theorem  of  Pythagoras ;  and  they  must 
also  have  been  familiar  with  the  still  simpler  case  in  which 
the  right  angled  triangle  is  isosceles.  To  prove  it  for  this 
case,  let  one  square  be  supposed  to  be  inscribed  symmetrically 
in  another.  Then  it  is  easily  seen  that  the  four  triangles  at 
the  comers  may  be  fitted  together  so  as  to  form  two  square8| 
the  sum  of  which  is  equal  to  the  area  of  the  inscribed  square ; 
whence  the  theorem  at  once  follows  for  the  case  in  question. 

By  some  such  method  of  dissection  of  figures  the  general 
theorem  also  was  perhaps  arrived  at;  and  that  it  was  not  in 
the  first  instance  proved  by  the  method  of  Euclid  might  have 
been  taken  for  granted,  even  without  the  express  statement  of 
Produs  in  his  comments  upon  Euclid  I.  47.  To  prove  the 
theorem  generally,*  let  one  square  inscribed  in  another  divide 
each  side  of  the  latter  into  segments  equal  to  a  and  h  respec- 
tively, and  let  the  side  of  the  inscribed  square  be  equal  to  A. 
Then  the  whole  figure,  being  made  up  of  h^  and  the  four 
triangles,  is  evidently  equal  to  h*  4  2a&.  Next,  by  considering 
the  figure  of  Euclid  ii.  4  (omitting  the  diagonal),  we  see  that 
the  outer  square  may  also  be  cut  up  into  two  rectangles,  each 
equal  to  oi,  and  two  squares  equal  to  a*  and  6'  respectively, 
fience  it  follows  that 

and  therefore  &*  is  equal  to  c?  +  &',  or  the  square  on  the  hypote- 
nuse of  one  of  the  triangles  is  equal  to  the  sum  of  the  squares 
upon  its  sides.  Thus  the  theorem  is  shewn  to  be  true  for 
any  right  angled  triangle.  Pythagoras  added  a  rule  for  finding 
triads  of  integers  a,  6,  A  satisfying  the  relation  a'  +  i'  =  A".  The 
problem  of  the  three  squares  would  naturally  suggest  an  analo- 
gous problem  relating  to  cubes;  and  to  a  special  case  of  the 


I  cMtn  AegypUr  (IJeipKig  1877),  and  aoooxnpamed  with  a  German  translation  in  a 

i  eeporate  Tolnzne. 

^  The  proof  here  given  ia  taken  from  Bretachneider's  Lie  Geotnetrie  ^e.  pp.  81 — 2. 
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latter,  the  Duplication  of  the  Cnbe,  we  shall  see  that  thcf 
farther  progress  of  mathematics  was  indirectly  to  a  very  great 
extent  due. 

b.  The  three  angles  of  a  triangle  are  together  equal  to  two 
right  angles. 

Endemus,  according  to  a  statement  of  Proclus  on  Euclid  i.  32, 
ascribes  the  discovery  of  this  theorem  to  the  Pythagoreans, 
together  with  a  general  proof  of  it  not  unlike  that  given  by 
Euclid.  But  since  Eutocius,*  on  the  authority  of  Geminus, 
asserts  that  the  ancients  were  accustomed  to  prove  it  separately 
for  the  equilateral,  isosceles  and  scalene  triangles,  whilst  only 
the  later  geometers  proved  it  generally  once  for  all,  it  has  been 
conjectured  that  its  truth  may  have  been  known  even  to  the 
Egyptians,  the  general  proof  only  being  Pythagorean.  Although 
the  fact  that  the  area  about  a  point  can  be  filled  up  by  equi- 
lateral triangles,  squares  or  regular  hexagons,  and  by  no  other 
regular  figures,  is  said  by  Proclus  (on  Euclid  i.  15,  Cor.)  to 
be  a  Pythagorean  discovery,  the  positive  part  of  it  must  have 
been  observed  by  the  Egyptians,  who  must  therefore  have 
known  that  the  three  angles  of  an  equilateral  triangle  are 
together  equal  to  two  right  angles.  They  may  also  have 
inferred  the  same  for  any  right  angled  triangle  regarded  as 
the  half  of  a  rectangle;  and  it  would  then  remain  only  to 
observe  that  an  isosceles  or  scalene  triangle  may  be  divided 
into  two  right  angled  triangles.  By  some  such  process  the 
theorem  (by  whomsoever  discovered)  may  have  been  first 
arrived  at;  or  it  may  have  been  shewn  experimentally  that 
the  six  angles  of  any  two  triangles  exactly  fit  into  the  area 
about  a  point. 

c.  The  regular  polghedra. 

We  have  seen  that  the  construction  of  the  regular  solids 
was  attributed  to  Pythagoras  by  Proclus,  doubtless  upon  the 
authority  of  Euderaus.  Of  these  five  figures  the  tetrahedron, 
the  cube  and  the  octahedron  were  known  to  the  Egyptians 
and  occur  in  their  architecture;   but  it  does  not  appear  that 

*  HaUey's  ApoUonioB  p.  9 ;  Bietscbncider's  DU  Oeomeirie  ie,  p«  14. 
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thej  were  acquainted  with  the  icoBahedron  or  the  dodecahedron. 
In  the  constraction  of  the  last  mentioned  solid  the  regular 
pentagon  is  required;  and  with  this  the  Pythagoreans  were 
familiar,  since  they  used  the  starred  pentagram,*  formed  by 
producing  its  alternate  sides  to  meet,  as  a  secret  token  of 
recognition  symbolical  of  vyUut^  the  letters  t;,  7,  i,  0{^ei)^ 
a  being  written  at  the  five  angles  of  the  figure.  Moreover 
we  have  seen  [p.  xxii]  that  the  knowledge  of  the  dodecahedron 
was  said  to  have  been  possessed  and  divulged  by  the  Pytha- 
gorean Hippasus.  The  regular  solids  were  also  called  the 
^'cosmic  figures,"  the  dodecahedron  being  taken  to  represent 
the  material  world,  and  the  remaining  four  its  elements  of 
earth,  air,  fire,  and  water.f 

d.    The  applicaium  of  areas. 

The  vapaffoXij  or  application  of  areas  is  attributed  in  general 
terms  to  the  Pythagoreans  (Proclus  on  Euclid  i.  44),  and  also 
to  Pythagoras  in  particular,  who  is  said  to  have  sacrificed 
an  ox,  inl  r&  BiaypdfifjMri,X  where  the  reference  is  either  to 
this  discovery  or  to  that  of  the  theorem  of  the  three  squares 
(Euclid  I.  47).  An  area,  according  to  Proclus,  was  said  to 
be  applied  to  a  right  line  when  an  equal  area  was  described 
upon  the  line  as  base;  but  the  term  was  also  used  more 
generally  to  include  the  cases  in  which  the  base  of  an  area 
placed  upon  a  given  line  was  in  excess  {inrepfioXij)  or  defect 
(€XX6i^(9)  of  the  line  to  which  it  was  '^applied."  Although 
it  has  not  been  made  out  wherein  consisted  the  importance 
of  the  discovery  in  the  hands  of  the  Pythagoreans,  we  shall 
see  that  it  played  a  great  part  in  the  system  of  ApoUonius, 
and  that  he  was  led  to  designate  the  three  conic  sections  by 
the  Pythagorean  terms  Parabola,  Hyperbola,  Ellipse.  It  is 
not  however  to  be  thought  that  Pythagoras  or  his  school  had  any 
acquaintance  with  these  curves,  although,  through  a  misunder- 
standing and  consequent  misreading  of  the  term  'irapaffoXi]  of 


*  On  the  Polygonu  etoUes  see  Chasles  Apergu  historique  pp.  476 — 87  (1876). 
t  See  Boeck's  Platonica  corporis  mundanifabrica  ^c.  (Heidelberg  1809), 
X  Plntazch  on  Epicnieaniflm,  cap.  11.    See  Plat.  Op.  iy.  1838,  ed.  DUbner  (Paris 
1841),  where  the  misreading  trtpl  rod  x^P^^  '''^^  ira/9a/3o\^«  oocars. 
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areas,  he  has  been  supposed  to  have  anticipated  Archimedes 
(whose  name,  as  it  happens,  follows  in  the  immediate  context)  I 

in  his  discovery  of  the  quadrature  of  the  parabola. 

c.   Incommensurability  and  proportion,'^ 

To  Pythagoras,  as  we  have  seen  [p.  xixj,  was  attributed  the 
theory  of  incommensurable  magnitudes,  which  may  be  regarded 
as  a  corollary  from  his  theorem  of  the  three  squares  (Euclid  i.  47). 
He  was  also  acquainted  with  the  doctrine  of  proportion,  and 
is  related  by  Plutarch  to  have  solved  the  problem,  to  describe 
a  rectilinear  figure  equal  to  one  and  similar  to  another  given 
figure  (Euclid  VI.  25),  and  on  this  occasion  also  to  have  offered 
a  sacrifice ;  but  whether  he  completed  the  theory  of  proportion 
by  extending  it  to  the  case  of  incommensurable  magnitudes 
we  are  unable  to  say.  lamblichus  states  that  in  the  time  of 
Pythagoras  three  kinds  of  proportion  only  were  known,  viz. 
^^the  arithmetic,  the  geometric,  and  in  the  third  place  the 
snbcontrary,  as  it  was  then  called,  but  which  was  afterwards 
called  the  harmonic  by  the  associates  of  Archytas  and  Hippias.'' 
Further  on  he  remarks  of  the  so  called  ''most  perfect"  or 
"musical"  proportion, 

a  +  6       2ah      , 
2         a  +  b      * 

which  combines  in  itself  the  three  former,  that  it  was  said  to 
be  a  discovery  of  the  Babylonians  and  to  have  been  broaght 
by  Pythagoras  to  Greece.  To  him  belongs  the  credit  of  com* 
bining  the  Eastern  science  of  arithmetic,  which  he  esteemed 
so  highly,  with  the  Egyptian  science  of  geometry. 

/.    The  circle. 

Iamblichus,t  giving  however  no  details,  says  that  although 
Aristotle  may  not  have  squared  the  circle  the  problem  was 
at  any  rate  solved  by  the  Pythagoreans.  This  problem,  as 
we  learn  from  the  Rhind  papyrus  (ed.  Eisenlohr  vol.  i.  98,  117), 
had  already  engaged  the  attention  of  the  Egyptians,  who 
estimated  the  circle  on  a  diameter  of  nine  units  to  be  equal 


«  Bee  Bretachneider  pp.  76,  SS. 

t  See  the  extzBct  from  Simplidus  on  Aristotle  given  by  Bretachneider,  p.  108. 


SECTION  I.  XXVll 

to  the  square  on  a  line  containing  eight,  thus  making  it  equal 
to  3^f .  Having  regard  to  the  perfect  Bjmmetry  of  the  sphere 
and  the  circle,  Pythagoras  speaks  of  the  one  as  the  most 
beaatiful  of  solids  and  the  other  of  plane  figures  (Diogenes 
Laertius  lib.  Yiil.  cap.  1);  bat  there  is  no  ground  for  the 
statement  sometimes  made  that  he  speaks  of  the  circle  as  the 
maximum  plane  figure  having  a  given  perimeter  and  of  the 
sphere  as  the  maximum  solid  having  a  given  surface.* 

§5.  The  further  development  of  geometry  was  due  in  great  lqoi. 
measure  to  repeated  attempts  to  square  the  circle,  to  trisect 
SD  angle  and  to  duplicate  the  cube,  which  led  to  the  discovery 
of  various  geometrical  loci.  Thus  Pappusf  ascribes  to  Dinos- 
tralus  and  Nicomedes  the  use  of  the  quadratrix  for  squaring 
the  circle ;  and  Proclus  (on  Euclid  I.  9)  relates  that  Nicomedes 
trisected  a  given  angle  by  means  of  the  conchoid  (of  which 
he  had^  himself  discovered  the  genesis  and  investigated  the 
properties),  others  used  the  quadratrix  of  Hippias  or  Nicomedes 
for  the  same  purpose,  whilst  others  by  means  of  the  spiral  of 
Archimedes  divided  a  given  angle  in  any  given  ratio.  The 
problem  of  the  duplication  of  the  cube,  as  we  shall  see,  was 
soWed  by  the  intersections  of  parabolas  or  other  conies,  and 
perhaps  actually  led  to  the  discoveiy  of  the  sections  of  the 
cone.  It  is  to  be  noticed  that  the  construction  of  such  a  curve 
as,  for  example,  the  quadratrix  implies  the  conception  of  the 
idea  of  a  Locusy  of  which  before  the  time  of  the  above  mentioned 
Hippias  of  Elis,  a  contemporary  of  Socrates,  there  is  no  trace, 
although  the  idea  must  have  presented  itself  in  a  rudimentary 
form  in  the  construction  of  a  circle  by  the  most  obvious  method. 
The  earliest  writer  on  loci  was  Hermotimus  of  Colophon,  one 
of  the  successors  of  Eudoxus  [p.  xix]. 


§6.   Hippocrates  of  Chios  is  referred  to  by  Aristotle  {Ethtca  mppoenrM 
Eudem.  vii.  14)  in  illustration  of  the  fact  that  there  are  persons  450I480. 
who  are  wanting  in  intelligence  in  some  respects  although  not 

*  For  an  actual  mention  of  these  theorems  see  Pappus  ColUetio  lib.  y.  (vol.  I. 
pp.  816, 850  ed.  Hnltsch). 

t  CoOeeUo  Hb.  iv,  prop.  25  (vol.  I.  251,  ed.  Hultsch). 
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in  others.  The  geometer  shewed  his  simplicitj  by  allowing' 
himself  to  be  defrauded  bj  the  donaniers  of  Byzantium ;  or, 
according  to  Johannes  Philoponus,  he  was  robbed  by  pirates, 
went  to  Athens  to  obtain  redress,  there  frequented  the  schools 
of  the  philosophers  and  made  such  progress  in  geometry  that 
he  ventured  to  attack  the  problem  of  the  quadrature  of  the 
circle.  It  is  related  by  lamblichus  that  Hippocrates  was 
expelled  from  the  school  of  the  Pythagoreans  for  having  taught 
for  hire* 
^'prowS!^  Hippocrates  is  celebrated  as  having  reduced  the  problem 
of  the  duplication  of  the  cube  to  the  simpler  form  in  which 
it  was  thenceforth  attempted  by  geometers.  By  the  duplication 
of  the  cube  was  signified  the  construction  of  a  cube  of  twice 
the  volume  of  a  given  cube:  a  problem  which  may  possibly 
have  first  presented  itself  in  architecture,  or  may  have  arisen 
speculatively  in  the  course  of  an  attempt  to  find  an  analogue 
in  space  to  the  Pythagorean  property  of  squares  (Euclid  I.  47). 
Eutokius,  commenting  upon  the  second  book  of  Archimedes 
De  Sphcpra  et  Gylindro^  adduces  a  series  of  solutions  of  the 
problem,  including  the  solution  of  Eratosthenes  given  in  his 
letter  to  king  Ptolemy  II.  together  with  a  twofold  tradition  as 
to  the  origin  of  the  problem  (Archimedis  Op,  p.  144,  ed. 
Torelli).  Minos  of  Crete,  according  to  one  of  the  ancient 
tragedian^,  ordered  a  sepulchre  for  his  son  Glaucus,  and  then, 
deeming  the  proposed  dimensions  of  the  (cubical)  structure 
inadequate,  directed  the  architect  to  make  it  exactly  twice  as 
large.  At  a  later  period — so  the  story  runs — the  people  of 
Delos,  in  time  of  pestilence,  were  commanded  to  construct  a 
new  cubical  altar  twice  as  large  as  one  already  existing,  and 
accordingly  at  their  request  the  philosophers  of  the  Academy 
set  to  work  to  solve  this  ^^  solid  problem"  [p.  xxxiii],  which 
was  found  to  transcend  the  power  of  the  known  geometry  of 
the  straight  line  and  circle.  It  involved  in  effect  the  extraction 
of  a  cube  root,  or  the  solution  of  the  cubic  equation  a?^2cf. 
Hippocrates  reduced  it  to  the  problem  of  finding  a  pair  of  mean 
proportionals  to  two  given  magnitudes  a  and  5,  that  is  to  say| 
of  determining  x  and  y  so  as  to  satisfy  the  relations, 

a  :  x^x:  y=y  :  6, 
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which  evidently  imply  also  the  relation  x*^a*b.  It  does  not 
appear  that  he  himself  carried  the  solution  any  further,  but  the 
problem  was  afterwards  attacked  in  this  form  by  geometers, 
and  in  particular  it  was  solved  by  Mensechmus  in  two  ways  with 
the  help  of  the  conic  sections,  of  which  he  was  the  discoverer. 
The  problem  of  the  duplication  of  the  cube  went  by  the  name  of 
the  Delian  Frablem  owing  to  the  above  mentioned  tradition  con- 
necting it  with  one  of  the  altars  at  Delos. 

Hippocrates  is  also  celebrated  as  having,  in  his  attempts  to  Qnadntare 
square  the  circle,  quadrated  the  lunule  contained  by  the  cir- 
cumscribed semicircle  of  an  isosceles  right  angled  triangle  and 
the  semicircle  described  outwards  on  one  of  its  shorter  sides  as 
diameter.  By  an  extension  of  his  method  it  may  be  shewn 
that  the  circumscribed  semicircle  of  a  scalene  right  angled 
triangle  contains  with  the  semicircles  described  in  like  manner 
on  its  two  shorter  sides  two  lunules  which  are  together  equal 
to  the  area  of  the  triangle ;  but  it  does  not  clearly  appear  that 
the  theorem  in  this  more  general  form  is  rightly  ascribed  to  him. 
In  his  fhrther  attempts  to  square  the  circle,  he  succeeded  only  in 
shewing  that  the  problem  could  be  solved  if  the  lunule  bounded 
by  an  arc  equal  to  a  sixth  part  of  the  circumference  and  the 
semicircle  described  outwards  upon  the  chord  of  the  arc  as 
diameter  could  first  be  squared.  All  this  is  fully  discussed  in  a 
passage  of  Simplicius,*  a  commentator  on  Aristotle,  which  is 
given  at  length  by  Bretschneider,  pp.  100—121.  Simplicius 
gives  a  long  extract  from  Eudemus,  interspersed  with  references 
of  his  own  to  Euclid,  from  which  it  appears  that  Hippocrates 
made  use  of  the  following  propositions  in  his  researches.  (1) 
Circles  are  to  one  another  as  the  squares  of  their  diameters. 

(2)  Similar  segments  (defined  as  those  which  are  the  same 
fractional  part  of  the  circumference]  contain  equal  angles.    And 

(3)  similar  segments  are  to  one  another  as  the  squares  of  their 
bases.  It  is  possible,  as  has  been  suggested,  that  by  the  angle 
in  a  segment  he  means  the  angle  subtended  by  the  chord  of  the 
segment  at  the  middle  point  of  its  arc,  not  knowing  that  the 
angle  subtended  at  any  point  of  the  arc  is  constant  and  equal  to 

*  SimpUcituiy  on  Aiistotle  Dephytica  aweuUatume,  fol.  12a  (Yenetiifl  1526). 
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half  the  angle  at  the  centre ;  although  prima  facie  it  would 
appear  that,  knowing  already  so  much,  he  must  have  been 
acquainted  with  this  also. 

Antipho  §7.  The  same  passage  of  Simplicius  contains  an  account 
^*  of  the  method  by  which  Antipho,  perhaps  the  well  known 
opponent  of  Socrates,  attempted  the  quadrature  of  the  circle. 
He  first  inscribed  say  a  square  in  the  circle,  then  (bisecting 
each  quadrant)  an  octagon,  then  a  16-gon,  and  so  on  continually, 
till  at  length  he  supposed  a  regular  inscribed  polygon  to  be 
arrived  at,  having  an  infinity  of  infinitesimal  sides,  which  was 
to  be  regarded  as  coincident  with  the  circle.  Although  his 
principles  were  regarded  as  unsound  by  the  ancient  critics^  he 
had  in  fact  introduced  the  fundamental  idea  of  infinitesimals 
into  the  geometry  of  curves,  and  had  virtually  proved  (1)  that 
the  areas  of  circles  are  as  the  squares  of  their  diameters — ^as 
his  contemporary  Hippocrates  had  also  somehow  arrived  at; 
and  (2)  that,  their  circumferences  are  proportional  to  their 
diameters.  On  the  quadrature  by  Biyso,  a  contemporaiy 
sophist,  who  regarded  the  circle  as  intermediate  to  an  inscribed 
and  a  circumscribed  n-gon,  and  then  applied  the  method  of 
Antipho,  see  Bretschneider's  Die  Qeom,  vor  Eukl,  pp.  126  ff. 


Plato  §8.   Plato,  although  not  greatly  distinguished  for  his  own 

429-348.  discoveries  in  geometry,  became  the  founder  of  a  school  which 
was  soon  to  carry  the  science  to  unknown  heights.  He  indeed 
devised  an  organic  solution  of  the  problem  of  the  two  mean 
proportionals,  depending  upon  a  double  application  of  a  pro- 
perty of  the  right  angled  triangle,  and  gave  a  rule  of  his  own 
for  constructing  right  angled  triangles  having  their  sides  com- 
mensurable (Proclus  on  Euclid  i.  47);  but  he  rendered  far 
greater  service  to  geometry  by  his  systematic  treatment  of  its 
definitions  and  primary  ideas,  and  by  the  impulse  which  he  gave 
to  the  study  amongst  his  disciples  by  insisting  upon  a  knowledge 
of  it  as  a  prerequisite  for  metaphysical  speculation,  writing  up 
(as  it  is  said)  before  his  vestibule,  fJLTfSel^  ayemfiirfyijToi  elairto 
jAov  Tr}y  areyriv.  To  Plato  are  attributed  the  propositions 
Euclid  Till.  11 ,  12.    One  of  his  disciples  Theaetetus,  who  had 
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been  led  by  bim  to  the  study  of  incommensarable  quantities 
in  connexion  with  proportion,  beciune  the  author  of  the  propo- 
sitions Euclid  X.  9,  10.  Another,  MensBchmus,  developed  the 
germs  of  stereometry  received  from  him  and  was  led,  in  what 
way  we  can  only  conjecture,  to  the  discovery  of  the  conic 
sections,  which  is  sometimes  erroneously  attributed  to  Plato 
himself,  owing  to  a  misunderstanding  of  the  term  r^v  rotxr^v, 
the  section^  in  a  passage  quoted  above  from  Proclus  [p.  xix], 
where  it  refers  not  to  the  cone  but  to  the  right  line.  Archytas 
of  Tarentum,  a  contemporary  of  Plato,  propounded  a  solution  of 
the  Delian  problem,  and  is  said  to  have  been  the  first  to  apply 
the  method  of  organic  description  to  geometrical  figures;  a 
method  which  Plato  (notwithstanding  his  own  application  of  it 
as  above  mentioned)  condemned,  as  tending  to  materialise 
geometry  and  bring  it  down  from  the  region  of  eternal  and 
incorporeal  ideas.  It  was  one  of  his  sayings,  toy  Oeov  atl 
feto^erpely,  which  Plutarch  discusses  in  his  Qucest,  Gonviv. 
lib.  VIII.  q.  2.  Plato  is  said  (Diogenes  Laert.  lib.  III.  cap.  1) 
to  have  introduced  the  method  of  geometrical  analysis,  and  to  AnaiysiAr 
have  communicated  it  to  Leodamas  of  Thasos. 


§9.  Mensechmus,*  a  hearer  of  Eudoxus  and  contemporary  MixuBohmiw 
with  Plato,  is  expressly  said  by  Proclus  (on  Euclid  I.  def.  4),  sso^so. 
upon  the  authority  of  Geminus,  to  have  been  the  discoverer 
of  the  conic  sections,  which  were  accordingly  at  first  named 
after  him  the  "Mensechmian  triads"  [p.  194].  He  also  applied 
them  in  two  ways  to  the  solution  of  the  problem  of  the  two 
mean  proportionals  [pp.  45,  189],  to  which  the  Delian  problem 
had  been  reduced  by  Hippocrates  of  Chios.  It  remains  to 
consider  whether  he  in  the  first  instance  regarded  the  curves 
in  question  as  plane  loci  or  as  sections  of  a  cone.  In  favour 
of  the  former  view  it  may  be  urged  that,  as  geometers  before 
and  after  him  were  led  to  the  discovery  of  the  quadratrix, 
the  conchoid  and  other  plane  loci  in  their  attempts 'to  square 
the  circle  or  trisect  the  angle,  so  MensBchmus  may  have  dis- 

* 

*  The  anecdote  which  brings  Mensechmufl  into  relation  with  Alexander  the  Great 
[p.  zx]  is  consistent  with  the  supposition  that  he  was  a  younger  contemporary  of 
Plato. 
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covered  his  triad  of  carves  in  considering  by  means  of  what 
loci*  the  construction  of  a  pair  of  mean  proportionals  to  two 
given  magnitudes  might  be  effected.  This  implies  the  use  of 
the  method  of  geometrical  analysis,  which  was  said  to  have 
been  discovered  by  Plato  [p.  zxxi] ;  and  accordingly  we  find  that 
Eutokius,  who  gives  in  detail  the  two  solutions  by  Menschmos 
of  the  problem  of  the  two  means  (Archhned.  Op.  pp.  141—2, 
ed.  Torelli),  represents  him  as  having  employed  the  method 
in  both  cases.  But  it  is  more  important  to  notice  that  it  was 
used  by  Eudoxus,  of  whom  MeniBchmus  was  a  hearer  [p.  xix]. 

(1)  The  problem  being  to  find  the  two  magnitudes  x  and  y 
which  with  two  given  magnitudes  a  and  h  constitute  the  con* 
tinned  proportion 

a  :  35'= a; :  y  =  y  :  i, 
it  was  seen  that  the  relations  x*  =  ay  and  y'^bx  were  to  be 
satisfied.  Being  then,  as  we  have  seen  reason  to  conclude, 
already  familiar  with  the  idea  of  a  locus,  Mensechmus  had 
virtually  discovered  the  parabola  regarded  as  the  plane  locus 
determined  by  the  relation  ix?  —  ay^  and  it  was  evident  that 
by  the  intersection  of  two  such  curves  the  required  construction 
could  be  effected  [p.  45]. 

(2)  In  his  second  solution  of  the  problem  be  makes  use  of 
a  parabola  and  a  rectangular  hyperbola  [p.  189],  the  latter  curve 
being  regarded  as  possessing  the  property  that  the  product 
of  the  distances  of  any  point  on  it  from  the  asymptotes  is 
constant;  whence  it  is  inferred  by  Bretschneider  {Die  Oeom. 
vor  Eukl.  p.  162)  that  the  asymptotes  of  the  hyperbola  must 
have  been  discovered  very  soon  after  the  curve  itself  became 
known.    But  when  we  consider  that  the  assumed  relations, 

a\  x  =  xi  y^y  :  J, 
are  evidently  equivalent  to  xy=^ob  and  Q?^ay^  it  commends 
itself  as  a  not  less  simple  hypothesis  that,  having  already  formed 
the  conception  of  the  curve  a;*  =  ay,  Mensschmus  was  further 
led  by  the  conditions  of  the  problem  to  attempt  the  construction 


*  We  hare  seeiif  from  his  acqnftintanoe  with  the  qnadxatriz,  that  Dinostntos,  the 
brother  of  MezuBchxnuB — not  to  mention  Hippiafl  of  Elia  in  the  preceding  oentory— 
must  have  been  familiar  with  the  idea  of  a  locns  [p.  xsvii]. 
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of  the  carre  satisfying  the  relation  xy^db.  This  at  any  rate 
seems  to  be  the  only  property  of  the  hyperbola  with  which  he 
can  be  safely  assumed  to  have  been  acquainted.  The  ellipse 
does  not  occur  in  either  of  his  solutions.  To  construct  his  loci 
he  may  now  have  had  recourse  in  the  first  instance  to  the 
organic  methods  reprehended  by  Plato,*  not  at  first  perceiTing 
that  they  could  be  more  simply  constructed  by  cutting  the  right 
cone  by  planes.  It  is  less  natural  to  supposef  that  after  the 
discoyeiy  of  their  genesis  from  the  cone  Meniechmus,  or  his 
followers^  should  have  thought  it  necessary  to  trace  them  by 
medianical  appliances,  of  such  a  nature  as  to  be  almost  immedi- 
ately rejected  and  forgotten.  But  even  if  he  never  so  traced 
them,  he  may  still  have  discovered  them  as  plane  loci.  Their 
actual  description^  was  felt  to  be  a  difficulty  many  centuries 
later. 

§  10.  The  conic  sections,  in  whatsoever  way  first  discovered,  Aiiiitous 
soon  came  to  be  regarded  as  ^^  solid  loci,"  and  problems  which  *^^* 
required  them  for  their  solution  were  called  *'  solid  problems." 
The  first  writer  on  the  subject  was  Aristaaus  the  Elder,  who 
distinguished  the  three  conies  as  the  sections  of  the  acute-angled, 
right-angled  and  obtuse-angled  right  cones  respectively  by 
planes  drawn  at  right  angles  to  their  sides  [p.  195].  He  is 
said  by  Pappus||  to  have  written  five  books  of  Conic  Elements, 
and  five  (in  continuation  ?)  upon  Solid  Loci,§  thus  preparing  the 
way  for  the  work  of  Euclid  on  Conies.  He  also  instituted  a 
comparison  of  the  regular  polyhedra,1[  to  which  Euclid  may 
have  been  indebted  in  the  thirteenth  and  last  book  of  his  Elements. 
We  assign  to  AristsBus  the  date  B.C.  320,  to  indicate  that  he 
was  intermediate  to  Euclid  and  Mennchmus. 


*  Flittaroh  Qwati.  Conviv.  lib.  yill.  q.  2 ;  Vita  Ifarcelli,  cap.  14. 

t  Bretschneider  Die  Oeom,  vor  Eukl,  p.  148. 

{  EutociaB  (on  ApoUonii  Conica  i.  20,  21)  remarks  that  it  was  often  neoessary, 
ivk  rj^r  diroptav  rtSp  6pyd»w»,  to  describe  a  conic  by  points,  and  that  this  might  be 
done  by  means  of  the  rektions  ^  =pXf  iic 

B  Colkctio  lib.  yii.  §29  dso.  (yoI.  ii.  672—6,  ed.  Hultsch). 

§  Viviani  [p.  221],  in  a  Secunda  divinatio  ^.  (Florent.  1701),  attempted  to  zestoie 
the  Loca  Solida  of  Aristssus. 

Y  See  prop.  2  of  the  so-called  14th  book  of  Euclid's  Elements. 

c 
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FEOM  EUCLID  TO  SERENUS. 

Eodid  §1.  The  birthplace  of  the  geometer  Endid,  sometimes 
sool  confounded  with  his  namesake  of  Megara,  is  unknown.  He 
lived  under  the  first  Ptolemj  (b.c.  323—284),  about  two  centuries 
after  the  death  of  Pythagoras ;  and  we  find  him  established  at 
Alexandria,  "  etwa  im  Jahre  308,  als  den  ersten  Mathematlker 
seiner  Zeit,"*  Of  the  various  lost  works  attributed  to  him  we 
may  mention  (1)  his  treatise  on  Conies^  which  formed  the 
nucleus  of  the  great  work  of  ApoUonius,  and  (2)  the  three 
books  of  Parismsj  to  which  we  shall  again  refer  in  speaking  of 
Pappus.  His  'Sroix^ia  or  Elements  was  written  in  thirteen 
books,  to  which  a  fourteenth  and  a  fifteenth  (by  Hypsicles  of 
Alexandria)  are  sometimes  appended.  The  books  1-6  are  too 
well  known  to  need  description.  Books  7—9  are  on  the  pro- 
perties of  numbers ;  book  10  on  incommensurable  magnitudes ; 
and  books  11—13  on  stereometry.  Book  10  commences  with 
the  proposition,  that  If  from  the  major  of  two  given  magnitudes 
mjore  than  its  half  be  taken  atoat/y  and  from  the  remainder  more 
than  its  half  and  so  on  continiuMy ;  a  remainder  will  at  length 
*  he  arrived  at  which  is  less  than  the  minor  given  magnitude. 
Since  the  minor  given  magnitude  may  be  assumed  to  be  as 
small  as  we  please,  the  proposition  is  seen  to  embody  the  idea 
of  convergent  series  and  the  principle  of  the  ^'  method  of  ex- 
haustions.^'  The  book  ends  with  the  proposition  that  the 
diagonal  and  the  side  of  a  square  are  incommensurable.  The 
12th  book  contains  applications  of  the  method  of  exhaustions 
to  plane  and  solid  figures,  and  it  is  shewn  that  the  areas  of 


*  See  Moritz  Cantor's  Evclid  und  tein  Jahrhundert  p.  2  (Zeitachrift.  f.  Math.  Q. 
Pliysik.  Suppl  1. 1867). 
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circles  are  as  the  squares  of  their  diameters  (prop.  2],  every  cone 
is  the  third  part  of  a  cylinder  having  the  same  base  and  altitude* 
(prop.  10),  and  the  volumes  of  spheres  are  as  the  cubes  of  their 
diameters  (prop.  18).  In  the  13th  book,  which  is  a  sequel  to 
the  4th,  it  is  shewn  that  there  are  but  five  regular  polyhedra, 
such  as  can  be  inscribed  or  circumscribed  to  a  sphere.  The 
editio  frincqps  of  the  ^roi^x^la  was  published  at  Basel  in  1533 
[p.  82]:  the  Arabic  version  at  Rome  in  1594.  The  Oxford 
Gneco-latin  edition,  by  David  Gregory,  of  the  extant  works  of 
Euclid  was  issued  in  1703:  it  contains  the  Elements,  Data, 
Introductio  Harmonica,  Sectio  Canonis,  Fhsenomena,  Optica, 
Catoptrica,  De  Divisionibus  Liber,  De  Levi  et  Ponderoso 
fragmentum.  Notice  also  Peyrard's  Lea  (EuvreA  d*Euclide^  en 
grec^  en  latin  ei  enjrangais  (Paris  1814—18). 

To  what  extent  Euclid  was  himself  a  discoverer  we  are 
unable  to  say,  but  in  his  Elements  he  is  to  be  regarded  mainly 
as  a  compiler.  His  system  as  a  whole  must  however  have  been 
more  or  less  original  in  its  conception ;  and  the  best  testimony 
to  its  superior  method  and  completeness  is  the  subsequent 
neglect  and  disappearance  of  the  cognate  works  of  his  pre- 
decessors. But  his  work,  although  the  most  ancient  on  the 
^rovxeia  still  surviving,  must  not  be  supposed  always  to 
preserve  the  most  ancient  methods  of  proof.  Thus  the  theorem 
of  Thales  (Euclid  I.  5)  cannot  have  been  first  proved  in  the 
manner  of  Euclid  ;t  whilst  Proclus  expressly  states  that  the 
theorem  of  Pythagoras  was  not  originally  proved  as  in 
Euclid  I.  47.  It  was  also  perhaps  first  shewn  more  briefly  than 
by  Euclid  that  circles  are  as  the  squares  and  spheres  as  the 
cubes  of  their  diameters. 

§  2.  Archimedes  of  Syracuse  was  bom  in  the  year  287  b.c4  AraMmedet 
According  to  Plutarch  ( Vita  Marcelli  cap.  14)  he  was  related  2S7-212. 


*  ThiB  theorem,  as  we  shall  aee,  was  disooTered  by  Eadoztu  [p.  zzzriii]. 

t  The  more  direct  way  of  deducing  it  from  prop.  4  is  mentioned  by  Proclns,  in 
oonnezion  with  the  name  of  Pappus. 

X  Notices  of  the  life  and  works  of  Archimedes  (and  of  ApoUonius)  are  contained 
in  Cantor's  Euclid  u.  a.  Jdhrhundert.  See  also  Heilberg's  article  on  his  knowledge 
of  the  KegeUeknitU  in  the  Zeitschr.  /.  Afath.  «.  PAyiik  (April  1880). 

C2 
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to  king  Hiero,  whilst  Cicero  on  the  other  hand  speaks  of  bim 
as  ''humilem  homuncuhim^'  (Tusc.  Disp.  lib.  v.  cap.  23).  He 
was  a  master  not  only  of  geometrj,  but  also  of  theoretical  and 
applied  mechanics.  By  his  scientific  conduct  of  the  defence  of 
Syracuse  against  the  Romans  the  siege  was  protracted  for  two 
years,  till  at  length  the  city  was  carried  by  a  surprise  from  the 
land  side,  and  Archimedes  fell  by  the  hand  of  a  soldier  (212  B.C.). 
His  grave  was  marked  by  the  figure  of  a  sphere  inscribed  in  a 
cylinder,  in  commemoration  of  his  most  cherished  discoveries, 
and  by  that  sign  it  was  recognised  by  Cicero  in  the  course  of 
his  qusBstorship  in  Sicily.  His  works,  according  to  the  Graeco-* 
latin  edition  of  Torelli  (Oxon.  1792),  are  as  follows : 

(1)  De  Planorum  ^quiltbriis,*    Two  books,  with  the  tract 
Quadratura  Paraboles  placed  between  them  (pp.  1—60). 

(2)  De  Sphcera  et  Cylindro.    Two  books  (pp.  61-201). 

(3)  CircuU  Dimmno  (pp.  203-216). 

(4)  De  Helicibua  (pp.  217-255). 

(5)  De  Conoidibus  et  Sphceroidibus  (pp.  257-318). 

(6)  Armarius  (pp.  319-332). 

(7)  De  its  qucB  in  Humido  vehuntur.  Two  books,  in  Latin 
only  (pp.  333-354). 

(8)  Lemmata^  translated  from  the  Arabic  (pp.  355-361). 

(9)  Opera  mechanica^  ut  cujusque  mentio  ab  antiquis  scrip* 
toribus  facta  est  (pp.  363-370). 

We  learn  also  from  one  of  the  scattered  notices  of  Archimedes 
in  the  Collectio  of  Pappus  (lib.  V.  §  34  vol.  I.  p.  352,  ed.  Hultsch) 
that  he  discovered  thirteen  semi-regular  polyhedra,  bounded  by 
regular  but  not  similar  polygons — one  of  them,  for  example, 
by  20  triangles  and  12  pentagons,  another  by  30  squares,  20 
hexagons  and  12  decagons.  But  his  greatest  achievements  in 
geometry  were  his  approximate  quadrature  and  rectification  of 
the  circle,  his  quadrature  of  the  parabola,  and  his  applications  of 
the  method  of  exhaustions  to  the  quadrics  of  revolution. 

*  To  this  treatise  and  to  (2)  and  (S)  are  appended  the  commentaries  of  Eutodoa 
of  Aacalon  (540  a.d.>. 
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§3.  In  the  introdactlon  to  hia  treatise  Terpajfaviafio^  panbou 
UapaffoXrj^j  as  later  scribes  have  entitled  it,  Archimedes  ^^ 
remarks  that  none  before  him,  so  far  as  he  knows,  has  attempted 
to  qaadrate  the  segment  cut  off  by  a  right  line  from  the  ^^  section 
of  a  right-angled  cone,''  for  so  he  calls  the  parabola  [p.  195  j. 
His  theorem,  which  was  first  arrived  at  by  mechanical  con- 
siderations and  aflierwards  proved  by  pure  geometry,  is  stated 
as  follows : 

The  segment  contained  by  any  right  line  and  the  section  of  a 
right-angled  cone  is  equal  to  four^thirds  of  the  triangle  which  has 
the  same  base  and  altitude  as  the  segment, 

a.  In  the  mechanical  proof  he  shews  first  that  a  triangle 

CDE  suspended  from  a  lever  of  equal  arms  AB  and  BCj  so  as 

to  have  its  side  DE  vertical  and  in  a  line  with  the  fulcrum  jS, 

is  balanced  by  an  area  equal  to  one-third  of  its  own  suspended 

from  A  (prop.  7] ;  and  that  the  parallel  sided  trapezium  cut  off 

from  the  triangle  GDE  by  two  vertical  lines  drawn  at  horizontal 

distances  A  and  k  from  B  is  balanced  by  an  area  suspended  at  A 

h  k 

intermediate  to   -^j^  and  -^  of  the   trapezium    (prop.   13). 

Lastly,  supposing  a  parabolic  segment  on  BJD  as  base  to  be 
suspended  with  its  vertex  downwards,  he  arrives  at  the  required 
qaadi:atare  by  successive  applications  of  the  foregoing  theorems 
after  the  manner  of  the  method  of  exhaustions. 

b.  The  following  is  a  summary  of  his  second  and  purely 
geometrical  proof  of  the  same  theorem  (props.  20—24).  If  P 
be  the  vertex  [fig.  p.  58]  and  QQ  the  base  of  a  segment  of  a 
parabola,  the  triangle  QPQ  is  greater  than  half  the  segment. 
Take  away  this  triangle  from  the  segment,  and  from  the 
remaining  segments  PQ  and  PQ  take  away  their  corresponding 
triangles,  and  from  the  four  remaining  segments  their  corre- 
sponding triangles,  and  so  on  continually.  Thus  at  length 
(£uclid  X.  1)  we  arrive  at  a  remainder  less  than  any  assignable 
magnitude.*   Now  the  sum  of  all  the  above  mentioned  triangles 


*  By  thifl  oontiimal  sabtractioii  the  area  of  the  segment  is  at  length  exhausted, 
H«Qoe  the  tenn  ^  method  of  ezhaostions.'' 


ZXXVIU  PROLEGOMENA. 

18  (l  +  7  +  Ti  +...+  jn) ^PQQ^  and  the  limit  of  this  when  n 

is  infinite  is  ^^PQQ^  which  is  accordingly  the  area  of  the 
segment.  Notice  that  at  the  end  of  prop.  3  he  allndes  to  an 
existing  treatise  on  Conies :  ^'  These  things  are  proved  ev  T0S9 
K<»Kiico(9  2TOi;^e/o^9,"  as  he  does  again  in  De  Conoids  et 
Spharoid.  props.  3,  4.  There  is  no  reason  to  think,  as  some 
have  don^y  that  he  is  referring  to  a  treatise  of  his  own.* 

Thaipiure.  §4.  In  the  introductions  to  some  of  his  treatises,  Archimedes 
refers  to  what  had  been  done  bj  earlier  geometers.  Tbas  in 
the  introduction  to  the  Quadratura  ParcAoles  (p.  18),  having 
stated  as  his  primary  lemma,t  that  the  excess  of  one  magnitude 
over  another  may  be  continually  added  to  itself  till  the  suin  exceeds 
any  assigned  magnitude^  he  remarks  that  it  had  been  applied  by 
those  before  him,  viz.  to  prove  that  circles  and  spheres  are  as 
the  squares  and  the  cubes  respectively  of  their  diameters,  and 
that  any  pyramid  or  cone  (Euclid  xii.  7, 10)  is  the  third  part  of 
the  prism  or  cylinder  having  the  same  base  and  altitude.  In  the 
introduction  to  De  Sphcera  et  Gylindro  lib.  i.  (p.  64),  he  gives 
the  important  information  that  the  cubatures  of  the  pyramid  and 

Eadoxna  the  couc  (Euclid  XII.  7,  10)  wcrc  discovered  by  EudoxaB.f 
wi.  These  properties  preexisted  in  the  figures,  but  (though  many 
notable  geometers  lived  before  Eudoxus)  no  one  had  discovered 
them.  In  like  manner,  none  before  Archimedes  had  discovered 
that  the  surface  of  a  sphere  is  equal  to  four  times  the  area  of 
one  of  its  great  circles  (prop.  35) ;  the  volume  of  a  sphere  to  two 
thirds  of  the  circumscribed  cylinder  having  the  same  altitude, 
and  its  surface  to  two  thirds  of  that  of  the  cylinder  (prop.  37) ; 
the  surface  of  any  segment  of  a  sphere  to  the  area  of  the  circle 
whose  radius  is  the  line  from  the  vertex  of  the  segment  to  any 
point  on  its  base  (props.  48—9) ;  and  the  volume  of  the  solid 
sector  determined  by  any  segment  to  the  cone  whose  base  and 


*  Oompaxe  the  introdnctozy  remarkB  of  EatoduB  on  ApoUonii  Conica  (p.  8,  ed 
Halley). 

t  See  also  De  HdieUnu  (p.  220). 

X  Eudoxus  of  Cnidus  flouzished  in  the  lOSrd  Olympiad,  and  died  about  867  B.O., 
aooording  to  Bietschneider  Die  Ctom,  vor  Eukl,  p.  168. 
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altitude  are  severally  equal  to  the  surface  of  the  segment  and 
the  radius  of  the  sphere  (prop.  50). 

In  lib.  II.  it  is  proved  that  the  volume  of  any  segment  of  a 
sphere  is  equal  to  that  of  a  cone  of  certain  altitude  described 
upon  its  base  (prop.  3) ;  and  the  theorems  now  established  are 
applied  to  solve  the  problems:  to  find  a  plane  area  equal  to  the 
surface  of  a  given  sphere  (prop.  1),  to  describe  a  sphere  equal 
to  a  given  cone  or  cylinder  (prop.  2),*  and  to  divide  a  given 
sphere  into  segments  whose  surfaces  or  volumes  shall  be  in  a 
given  ratio  (props.  4,  5). 

§5.   In  the  Circuit  Dimensio  it  is  shewn,  that  any  circle  is     cinmu 

,  •  dimcniio. 

equal  to  the  right  angled  triangle  whose  sides  about  the  right 
angle  are  equal  to  the  radius  and  the  circumference  of  the  circle 
(prop.  1);  a  circle  is  to  the  square  on  its  diameter  as  11  to  14, 
approximately  (prop.  2);  and  that  the  circumference  exceeds 
thrice  the  diameter  by  a  fraction  of  it  less  than  f  and  greater 
than  f  f  (prop.  3).  These  last  results  are  obtained  by  regarding 
the  circumference  of  a  circle  as  intermediate  in  length  to  those 
of  its  circumscribed  and  inscribed  96-gons.  Thus  we  see  that 
Archimedes  treated  the  problem  both  as  a  quadrature  and  a 
rectification  of  the  circle;  and  he  shewed,  not  only  that  tt  is 
nearly  equal  to  3f ,  but  that  it  is  less  than  3^  and  greater  3f  ^. 
We  may  therefore  fairly  say  that  his  approximation  was  exact 
to  three  places  of  decimals,  since  the  mean  of  his  two  limits 
gives  TT  equal  to  3.1418  &c.  The  approximation  in  the  Bhind 
papyrus  makes  it  greater  than  3.16  [p.  xxvi]. 

§6.  In  the  treatise  De  Helidbus  he  defines  his  helix  or   8pi»iof 
Archimeties 

spiral  {;r='a6)  as  generated  by  the  double  motion  of  a  point, 
which  moves  uniformly  outwards  from  a  fixed  origin,  in  the 
direction  of  a  radius  vector  which  itself  rotates  uniformly  about 
that  ori^.    Supposing  the  generating  point  to  start  from  the 


*  A  eolatLon  of  the  problem  of  the  two  mean  proportionalfl  bdng  here  pre- 
fluppoeed,  Eatocius  (pp.  135—149)  gives  the  methods  of  Plato,  Hero,  Philo  of 
Byzantiam,  Apollonias,  Diocles,  Pappas,  Spoms,  MeiUBchmus,  Archjtas,  Eratosthenes 
and  Kicomedes,  rejecting  that  of  Eadozns  (pp.  135,  149),  perhaps  for  insufficient 
reason  (Bretechneider  Die  Geom,  vor  EukL  p.  166). 
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origin  0  and  to  arriye  at  the  point  A  after  n  complete  revo- 
lutions of  the  radins  vector,  he  shews  that  the  intercept  made 
bj  the  tangent  at  A  upon  the  radius  vector  at  right  angles  to 
OA  is  equal  to  n  times  the  circumference  of  the  circle  described 
with  OA  as  radius  (prop.  19),  thus  effecting  the  rectification  and 
quadrature  of  the  circle  with  the  help  of  his  spiral;  and  in 
prop.  20  he  proves  the  corresponding  theorem  for  any  other 
position  OR  of  the  radius  vector.*  The  quadrature  of  the 
spiral  is  determined  in  props  24-28.  From  the  introduction  to 
this  treatise  we  learn  that  there  were  other  able  geometers  in 
the  time  of  Archimedes,  with  whom  he  was  in  correspondence ; 
and  that  there  were  also  pretenders  addicted  to  claiming  more 
than  their  due,  for  whose  discomfiture  he  propounded  false 
theorems,  of  which  examples  are  given  (p.  218). 

His  spiral  affords  the  simplest  illustration  of  the  generation 
of  curves  by  an  angular  compounded  with  a  linear  motion^ 
according  to  the  idea  of  Plato,  who  ^^establishing  two  most 
simple  and  principal  species  of  lines,  the  right  and  the  circular, 
composes  all  the  rest  from  the  mixture  of  these"  (Proclus  on 
EucUd  I.  def.  4).  Desargues  (1639  A.D.)  threw  out  the  sug- 
gestion that  a  conic  might  be  thus  described,  but  assigned  no 
law  of  movement.!  On  Boberval's  rule  for  drawing  the 
tangent  to  a  curve  at  any  point,  regarded  as  the  line  of  the 
resultant  of  all  the  movements  of  the  point,  see  Chasles'  Apergu 
hiatorigue  p.  58  (1875). 

Th9eonoidi.  §7.  The  book  De  Ckmoidtbua  et  BphBroidtbus  contains 
various  theorems  on  the  cubature  of  the  quadrics  of  revolution, 
the  sphere  having  been  already  dealt  with  in  a  separate  work. 
The  figure  generated  by  the  rotation  of  a  ^^  section  of  the  right 
angled  cone"  about  its  axis,  that  is  to  say,  the  paraboloid  of 
revolution,  is  called  the  right  angled  conoid;  the  hyperboloid 
of  revolution  is  called  the  obtuse  angled  conoid ;  but  the  ^*  acute 
angle  conoid,"  as  it  should  be  called,  is  more  briefly  termed  the 


*  Thus  in  effect  he  determineB  the  trigonometrical  tangent  of  the  angle  betweea 
OR  and  the  tangent  to  the  curre  at  22. 

t  Pondra  (Ewres  de  JDewrgws  Tol  I.  227,  298. 
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spheroid.  It  is  shewn  that  the  areas  of  ellipses  are  as  the 
prodncts  of  their  axes  (prop.  7) ;  that  an  infinity  of  right  cones 
or  cylinders  can  be  drawn  so  as  to  contain  a  given  ellipse 
(props.  8-10);  and  that  the  plane  sections  of  the  conoids  and 
and  spheroids  are  conies  (props.  13—15).  The  book  concludes 
with  a  series  of  propositions  on  their  cubatore  (props.  21-34), 
which  are  proved  by  a  process  closely  related  to  the  method 
of  integration. 

§8.  The  method  of  exhaustions  employed  by  Euclid  andelSS^oM. 
Archimedes  involved  a  tedious  reductio  ad  ahsurdum^  and  was 
perhaps  first  elaborated  as  a  means  of  verification  rather  than  of 
discovery.    The  idea  of  regarding  a  curve  as  a  limiting  form  of 
polygon  was  propounded,  for  the  case  of  the  circle,  by  Antipho 
Q).  xxx],  in  the  fifth  century  B.G. ;  and  the  fact  that  circles  are 
te  the  squares  of  their  diameters  was  thus  rendered  intuitive, 
presupposing  only  a  well  known  relation  between  the  areas  of 
flimilar  rectilinear  figures.    As  regards  this  property  of  circles 
and  the  analogous  property  of  spheres,  the  proofs  given  by 
Euclid  may  be  supposed  merely  to  have  established  more  rigidly 
what  had  been  already  divined  by  a  summary  process ;  but  the 
use  of  the  method  of  exhaustions  was  more  apparent  in  the 
actual  evaluation  of  volumes  and  areas.     Granted,  for  example, 
that  a  curvilinear  plane  area  might  be  regarded  as  divided  into 
rectilinear  elements  by  an  infinity  of  consecutive  ordinates,  the 
summation  of  its  elements  could  not  well  have  been  effected 
directly  before  the  invention  of  some  form  of  algebraical  calculus. 
Instead  of  regarding  the  small  elements  of  a  curve  as  ulti- 
mately rectilinear,  the  aneients  would  (in  the  case  supposed)  have 
proceeded  somewhat  as  follows.    Project  every  ordinate  upon 
the  next  before  and  the  next  after  it  by  parallels  to  the  axis  of 
abscisssB :  thus  two  sets  of  parallelograms  are  constructed,  to 
which  the  area  of  the  curve  is  intermediate:  suppose  the  difference 
between  the  two  sets  to  be  indefinitely  diminished  by  increasing 
the  number  of  ordinates,  and  then  apply  the  method  of  reductio 
ad  absurdum^  as  above  mentioned.    For  actual  cases  of  the 
subdivision  of  surfaces  by  parallel  planes,  and  their  cubature 
by  this  method,  see  De  Conoid,  et  Sphoeroid.  props.  21-24.    The 
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stereometrical  work  of  Archimedes  was  revived  and  continued 
by  Kepler,  whose  Nova  Stereometria  prepared  the  way  for  the 
modem  forms  of  the  infinitesimal  calculus. 

ApoUonios  §  9.  ApoUonius  of  Perga  was  born  in  the  reign  of  Ptolemy 
247-l-io5.  Euergetes  (247-222  B.a),  studied  at  Alexandria  under  the 
successors  of  Euclid,  and  flourished  in  the  reign  of  Ptolemy 
Philopator  (222—205  B.G.).  Of  his  various  works*  the  most 
famous  was  the  KoDviAca,  which  gained  for  him  (according  to 
Geminu8)t.the  title  of  the  Great  Geometer.  In  the  account  of 
this  work  given  by  Pappus^  it  is  divided  into  two  tetrads  of 
books,  the  former  founded  on  Euclid's  four  books  of  Conies^  and 
the  latter  supplementary  to  them.  ApoUonius  in  like  manner, 
in  his  introductory  letter  to  Eudemus,  draws  a  distinction 
between  books  1—4,  which  he  describes  as  elementary,  and  the 
remainder,  which  were  TrepiovauiarLKtiTepa^  at  the  same  time 
pointing  out  that  the  former  also  contained  very  much  that  was 
new.  The  Oxford  edition  by  Halley  (1710)  contains  books 
1-4  with  the  commentary  of  Eutocius,  in  Greek  and  Latin 
(pp.  1—250) ;  and  in  a  second  part,  books  5-7  translated  from 
the  Arabic  and  lib.  viii.  '*  restltutus"  (pp.  1—171).  The  volume 
concludes  with  the  two  books  of  Serenus  on  the  Cylinder  and 
the  Cone,  in  Greek  and  Latin  (pp.  1—88).  The  contents  of  the 
several  books  of  the  Conies  of  ApoUonius  are  specified  below. 
The  most  striking  evidence  of  his  geometrical  power  is  afforded 
by  the  fifth  book,  in  which  he  solves  the  problem  of  drawing 
normals  to  a  conic  from  an  arbitrary  point  in  its  plane,  and 
evaluates  the  coordinates  of  what  we  caU  the  Centre  of 
Curvature  at  any  point  of  a  conic.  To  have  worked  out  such 
results  with  the  means  at  his  disposal  is  an  achievement  not 
unworthy  of  the  greatest  of  geometers  in  any  age. 

(a)  Book  I.  A  conical  superficies  is  defined  as  the  surface 
generated  by  an  infinite  right  line,  which  passes  through  a 
fixed  vertex  and  moves  round  the  circumference  of  a  given 


•  See  the  notices  in  the   CoUecHo  of  Pappus;  and  cf.  Cantor's  JSueUd  u.  «. 
Jahrhundert  pp.  44-64. 

t  Halley's  Apollonii  Coniea  p.  9.    Geminns  lived  ahout  150  B.o.  (Cantor  p.  62). 
X  CoUeetio  lib.  Til.  §80  (vol  il.  p.  672,  ed.  Hultsch). 
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drde :  the  term  Cone  is  used  specially  of  the  finite  portion  of 
the  snperfices  between  the  vertex  and  the  circle  or  base.  The 
Axis  is  the  line  from  the  vertex  to  the  centre  of  the  base.  The 
plane  through  the  axis  at  right  angles*  to  the  base  cuts  the 
cone  and  its  base  in  a  triangle,  which  is  called  '^  the  triangle 
through  the  axis ;"  and  every  chord  of  the  cone  at  right  angles 
to  the  plane  of  this  triangle  is  bisected  by  it  (prop.  5).  Any 
plane  at  right  angles  to  the  plane  of  the  triangle  through  the 
axis  meets  the  conical  surface  in  general  in  one  of  the  three 
curves  formerly  distinguished  as  the  sections  of  the  right,  obtuse 
and  acute  angled  cones  respectively.  These  names  being  thus 
found  to  be  inappropriate,  others  have  to  be  suggested  in  their 
place.  The  new  names  may  be  briefly  explained  as  follows 
[p.  82].  The  Parabola  is  so  called  because  at  every  point  of  it, 
i£p  be  the  parameter,  y"  is  equal  to  px ;  the  Hyperbola  because 
y  is  greater  than  px ;  and  the  EUipsef  because  y*  is  less  than 
px  (props.  11-13).  He  is  now  practically  independent  of  the 
cone,  and  starts  afresh  from  the  relation  between  the  ordinate 
and  the  abscissa.  See  also  props.  20—21.  It  is  shewn  later  in 
the  book,  that  the  tangent  to  a  conic  at  any  point  and  the 
ordinate  of  the  point  to  any  diameter  divide  the  diameter 
harmonically  (props.  34-38) ;  and  lastly  a  construction  is  given 
for  describing  two  conjugate  hyperbolas  with  a  given  pair  of 
conjugate  diameters  (prop.  56). 

In  the  use  of  coordinates^  by  the  ancients, — as  for  example  ^^^l^^ 
by  ApoUonius  in  this  book,  and  in  a  more  striking  way  in  his 
fifth  book — the  form   of  procedure   was   strictly   geometrical 
throughout.    Hence  we  see  more  clearly  the  importance  of  the 

*  After  prop.  6  tbda  plane  is  called  briefly  "a  plane  through  the  axis."  There  la 
the  same  laxity  of  statement  in  def.  10,  where  the  right  line  bisecting  a  system  of 
poiallel  chords  of  any  curve  line  (irdcrfjc  Ka/uvvXi)?  ypafifAtiv)  in  one  plane  is  defined 
as  a  diameter ;  whereupon  Eutocius  remarks  that  he  rightly  adds  inplanOf  to  exclude 
the  cylindrical  helix  and  the  spheie. 

f  If  the  three  conies  were  first  discovered  in  the  order  in  which  Apollonius 
(perhaps  following  Euclid  and  Aristasus]  here  introduces  them,  this  tends  rather  to 
support  the  conjecture  that  they  were  discovered  in  piano  [p.  xxxii],  since  the 
contemplation  of  the  cone,  which  was  regarded  as  a  finite  figure  (Euclid  xi.  def.  18), 
would  have  revealed  the  ellipse  first  instead  of  last.  Geminus  (Proclus  on  Euclid  I. 
def.  4)  called  the  ellipBe  dvpeo«,  from  its  shape.    Cf.  cissoid,  conchoid,  cardioid. 

{  The  term  ordimUe  was  derived  by  translation  from  the  Greek. 
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irapafiokrj  of  areas  [p.  XXY.].  In  its  simplest  form  thiff 
amounted  to  finding  the  line  which  in  conjunction  with  a  given 
line  determines  a  rectangle,  or  other  parallelogram  (Euclid  1. 44)| 
of  given  area,  which  corresponds  to  the  algebraical  division  of  a 
given  product  by  one  of  its  factors.  A  further  use  of  the  term 
occurs  in  the  determination  of  the  foci  of  a  central  conic  which 
ApoUonius  calls  ^' the  points  arising  iie  1^9  TrapaffoXTJ^^^  puncta 
ex  applicatione  facta.  Here  the  problem  is  to  divide  the  axis 
into  segments  whose  product  is  equal  to  the  fourth  part  of  "  the 
figure"  [p.  82],  or  to  determine  x  and  y  from  the  relations 
x±y  =  2a  and  xy  =  V.  The  application  to  a  given  line  of  a 
parallelogram  deficient  or  exceeding  bj  a  parallelogram  similar 
to  a  given  one  is  the  subject  of  the  propositions  Euclid  VI. 
27—29.  For  an  extension  of  the  method  to  an  indefinite  eeriea 
of  magnitudes,  see  Archimedes  De  Conoid,  et  Sphoeroid.  prop.  3. 
Thus  the  *'  application"  of  arecut^  so  far  as  it  went,  was  to  the 
ancient  geometry  what  algebra,  which  deals  with  products  and 
factors,  is  to  the  geometry  of  Descartes. 

(b)  Book  II.  The  asymptotes  are  thus  defined:  on  the 
tangent  to  a  hyperbola  at  any  point  P  take  PT  and  PT',  each 
equal  to  the  parallel  semi-diameter ;  then  the  lines  GT  and  CT\ 
and  these  alone,  being  produced  to  infinity,  do  not  meet  but 
approach  indefinitely  near  to  the  curve  (props.  1,  2,  14). 
Through  a  given  point  a  hyperbola  can  be  drawn  so  as  to  have 
a  given  pair  of  lines  for  asymptotes  (prop.  4).  The  opposite 
intercepts  made  on  any  straight  line  by  the  curve  and  its 
asymptotes  are  equal  to  one  another,  and  the  product  of  two 
adjacent  intercepts  is  equal  to  the  square  of  the  parallel  semi- 
diameter  (props.  8-11).  The  product  of  the  distances  of  any 
point  on  the  hyperbola  from  its  asymptotes  is  constant  (prop.  12). 
A  line  parallel  to  an  asymptote  meets  the  curve  in  one  point 
only  (prop.  13).  The  tangents  to  conjugate  hyperbolas  at  the 
extremities  of  any  two  conjugate  semi-diameters  meet  on  one 
or  other  of  the  asymptotes  (prop.  21).  The  diameter  through 
the  point  of  concourse  of  any  two  tangents  to  a  conic  bisects 
their  chord  of  contact  (props.  29—30).  Supplemental  chords  of 
a  hyperbola  are  parallel  to  conjugate  diameters   (prop.  37). 
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Giren  a  central  conic,  to  find  its  centre  and  axes  (props.  45-8) ; 
and  to  draw  a  tangent  making  a  given  angle  with  the  axis 
(prop.  50),  or  with  the  diameter  through  its  point  of  contact 
(props,  51-3). 

(c)  Book  III.  The  diameters  through  anj  two  points  of  a 
conic  contain  equal  triangles  with  the  tangents  at  those  points 
(prop.  1).  The  rectangles  contained  bj  the  segments  of  anj 
two  intersecting  chords  of  a  conic  are  as  the  squares  of  the 
parallel  tangents  (props.  16—23).  Any  chord  through  the  inter^ 
section  of  two  tangents  to  a  conic  is  cut  harmonically^  by  their 
paint  of  concourse  and  their  chord  of  contact  (props.  37—40) :  the 
special  case  of  any  chord  through  the  intersection  of  a  tangent 
and  an  asymptote  is  treated  separately  in  props.  34—36.  Thus 
a  substantial  contribution  is  made  to  the  theory  of  polars, 
afterwards  completed  by  Desargues.  Any  three  tangents  to  a 
parabola  cut  one  another  proportionally  (prop.  41).  Two 
tangents  being  drawn  at  the  extremities  of  any  diameter,  the 
product  of  their  segments  by  any  third  tangent  is  equal  to  the 
square  of  half  the  conjugate  diameter  (prop.  42).  The  tangent 
to  a  hyperbola  cuts  off  a  constant  area  from  the  space  between 
the  asymptotes  (prop.  43).  The  foci  of  a  central  conic,  or 
"puncta  ex  applicatione  facta,"  are  determined  and  their 
principal  properties  proved  in  props.  45-52  [p.  Ill];  but 
since  the  process  of  ^'  application''  fails  when  the  axes  become 
infinite,  he  does  not  detect  the  existence  of  the  focus  of  the  parabola. 

This  third  book  is  said  by  ApoUonius,  in  his  preface  to  the 
entire  work  (p.  8),  to  contain  many  wonderful  theorems,  for 
the  most  part  new ;  and  he  adds  that  Euclid  was  not  able  to 
construct  the  Locus  ad  tres  et  quatuor  lineas  generally ,t  but  only 
some  special  case  of  it,  and*  that  indifferently ;  for  in  fact  it  was 
not  possible  to  complete  the  construction  '^  without  our  further 
discoveries,"  where  the  allusion  is  doubtless  to  props.  16-23 
[p.  266].  From  the  extant  works  of  ApoUonius  we  learn 
nothing  about  the  nature  of  this  Locus^  and  even  the  com* 


*  The  expression  "liarmonically"  is  however  not  used  by  ApoUonioB.    On  polars 
wi£h  respect  to  a  ciicle  see  §  18  (/). 

t  The  proof  for  the  case  of  the  circle  presents  no  difficnlty  [p.  235]. 
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mentator  Eatocins  cannot  explain  the  allnuon  (p.  12).  Pappus 
however  informs  ns  what  the  problem  really  was,  and  states 
clearly  that  the  locns  in  question  is  a  conic.  He  then  speaks 
of  the  locos  analogonsly  related  to  more  than  four  given  lines 
[CoUectiof,  680,  ed.  Hultsch).  Considering  the  distances  of  a 
point  from  six  giyen  lines,  we  may  say  that  the  solid  contained 
by  three  of  the  distances  varies  as  that  contained  by  the  re- 
mainining  three ;  but  we  cannot  go  on  to  more  than  six  given 
lines,  and  say:  ^4f  the  ratio  of  the  content  of  four  of  the 
distances  to  the  content  of  the  remainder  be  given, — since  there 
is  not  anything  that  is  contained  by  more  than  three  dimensions. 
Nevertheless,  men  a  little  before  our  time  have  allowed  them- 
selves to  interpret  such  things,  signifying  nothing  at  all 
comprehensible,  speaking  of  the  product  of  the  content  of  such 
and  such  lines  by  the  square  of  this  or  the  content  of  those.  These 
things  might  however  be  stated  and  shewn  generally  by  means 
of  compounded  proportions  &c.''  These  predecessors  of  Pappus, 
a^ebr^o  ^^^  '^^Te  uot  to  bc  coufincd  to  three  dimensions,  were  evidently 
geometry,  gjgebraic  gcometers,  who  considered  lines  not  directly  as  such, 
but  only  in  their  numerical  relations  to  a  unit  of  length. 

(d)  Book  IV,  No  two  conies  can  have  more  than  four 
points  of  concourse  (props.  25,  36,  40—4,  53),  or  two  of  concourse 
and  one  of  contact  (props.  26,  45—8,  54),  or  two  of  contact 
(props.  27,  38,  49—51,  55).  Two  parabolas  can  only  touch  one 
another  in  one  point  (prop.  28). 

If  the  earliest  writers  on  conies  had  not  dealt  with  the 
subject  of  this  book  (p.  217),  and  if  the  principal  part  of  book  3 
was  also  new,  we  may  conclude  that  the  Conies  of  Euclid 
contained  little  or  nothing  that  is  not  to  be  found  in  books  1 
and  2  of  ApoUonius  and  that  the  earlier  Elements  of  Aristaeus 
were  meagre,  or  "  somewhat  concisely  written."  Their  treatises 
would  have  contained  elementary  propositions  on  the  right  cone^ 
the  relation  of  the  ordinate  to  the  abscissa  in  each  section,  the 
property  of  a  diameter ^  some  construction  of  a  tangent  with  the 
determination  of  its  intercept  on  any  diameter,  and  the  leading 
properties  of  the  asymptotes ;  but  nothing  about  foci,  or  normals, 
or  the  metric  relations  of  conjugate  diameters,  or  of  intersecting 
chords  of  the  general  conic  drawn  arbitrarily. 
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(e)  Book  y.  Under  the  title  De  Mascimts  et  Minimis^  this 
book  treats  of  the  four  Normah  (regarded  as  greatest  or  least 
lines)  that  can  be  drawn  to  a  conic  from  a  given  point  in  its 
plane,  and  establishes  the  complete  analogue  of  Euclid  ill.  7,  8 
for  the  general  conic.  If  P  be  any  point  on  a  conic,  N  its 
projection  upon  the  axis,  A  the  nearer  vertex,  AL  parallel  to 
wYPand  equal  to  half  the  lotus  rectum^  and  Q  the  point  in  which 
the  diameter  CL  meets  PN^  then 

PIP  ^2  trapezium  ANQL. 

From  this  relation  between  the  coordinates  PN  and  AN  the 
foUowing  results  are  elaborated. 

If  the  abscissa  AN  be  less  than  AL^  the  least  right  line  from 
N  to  the  curve  is  NA^  and  the  greatest  is  NA'  the  remainder 
of  the  axis  (props.  4—6) ;  but  if  AN  be  greater  than  AL^  the 
least  line  from  N  to  the  curve  is  such  that  its  projection  upon 
the  axis  is  equal  to  AL  in  the  case  of  the  parabola,  and  in  other 

cases  to  -^  ON  (props.  8—10),  which  is  the  property  of  the 

subnormal.  The  greatest  lines  from  given  points  on  the  minor 
axis  of  an  ellipse  to  the  curve  are  then  considered  (props.  16—22), 
and  it  is  shewn  that  the  intercepts  upon  them  between  the 
carve  and  the  points  in  which  they  meet  the  major  axis  are 
the  least  lines  that  could  be  drawn  from  those  points  to  the 
curve  (prop.  23).  All  such  greatest  and  least  lines  meet  the 
conic  at  right  angles-  (props.  27-33) ;  and  if  0  be  any  point  on 
one  of  them  and  N  be  the  point  at  which  it  meets  the  curve 
normally,  then  ON  is  also  a  greatest  or  least  line  from  0  to 
the  curve  (props.  12,  21,  34).  Four  normah  (as  we  shall  now 
call  them)  to  a  semi-ellipse,  or  three  normals  to  an  elliptic 
quadrant,  cannot  meet  in  one  point  (props.  47—8).  If  0  be  any 
point  in  the  plane  of  a  conic  whose  abscissa  AN  is  not  greater 
than  AL^  no  normal  can  be  drawn  to  the  conic  from  0  so  as  to 
fall  within  the  angle  AON  (props.  49,  50);  but  if  AN  be 
greater  than  AL^  then  according  as  ON  is  greater  than,  equal 
to,  or  less  than  a  certain  length  \  no  normal,  or  one^  or  two  can 
be  drawn  to  the  conic  from  0  so  as  to  fall  within  the  angle 
AON  (props.  51-2). 
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To  determine  the  length  X,  divide  the  semi-axis  CA  in  S 
so  that 

CHiNH^CAiAL; 

between  CH  and  CA  find  two  mean  proportionals*  CL  and 
CJT,  so  that 

CH:  CL^CL:  CK^CKx  CA] 

and  lastly,  sapposmg  CK  to  be  an  abscissa  measured  towards 
Aj  and  P  the  point  on  the  curve  (on  the  opposite  side  of  the 
axis  to  0)  having  CK  for  its  abscissa,  take  \  to  PK  in  the 
compound  ratio  of  CN  to  CJETand  HK  to  CKj  so  that 

\  :  PK=  CN.HKi  NH.CK. 

Hence,  writing  a  and  b  for  the  semi-axes,  we  find  that 

a  a  ' 

,          X       a'-ftV,     CE\      cP-V  (,     CK\ 
^*         PK ¥^  V'Ck)  ^  "T^  V^GA')  ' 

or  X  =  ?^Pir»; 

and  therefore  CN  and  X  are  equal  to  the  coordinates  of  the 
centre  of  curvature  at  P,  which  is  here  virtuallj  regarded  as 
the  point  of  the  ultimate  intersection  of  consecutive  normalsj  since 
if  the  ordinate  of  0  be  diminished  however  slightly,  0  at  once 
becomes  a  point  from  which  two  normals  can  be  drawn.  The 
locus  of  0  is  the  evolute  of  the  conic  [p.  221]. 

When  ON  is  less  than  X,  he  determines  a  certain  point  2 
having  CH  for  its  abscissa  and  a  certain  point  /  on  PJT,  and 
through  I  he  describes  one  branch  of  a  rectangular  hyperbola 
(pp.  39, 40),  having  for  asymptotes  the  parallels  through  2  to  the 
axes  of  the  given  conic.  This  semi-hyperbola  intersects  the 
conic  in  two  points  X  and  F,  the  normals  at  which  are  OX 


*  The  Arab  interpreter  gives  a  oonstraction  (p.  40)  for  two  mean  proportlanala 
identical  with  that  of  Ex.  530  [p.  189]. 
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and  OY  [p.  265].*  To  detenniiie  the  poritions  of  2  and  /, 
produce  ON  to  a  point  M  such  that 

OMiMN^a^iV^ 

through  M  draw  a  paraUel  to  the  transverse  axis,  meeting  the 
ordinate  through  ^  in  2,  and  PK  in  O ;  and  upon  PG  take 
the  point  /,  such  that  OLO:&^^M.MO.  The  rectangular 
hyperbola  may  then  be  described.  Afterwards  he  considers 
other  positions  of  the  point  0  from  which  the  normak  are  to  be 
drawn,  making  use  of  the  same  hyperbola  of  construction 
(props.  55,  58-63).  In  prop.  75  (the  last  but  two)  it  is  shewn, 
that  if  the  normab  at  three  points  PQB  on  the  same  side  of  the 
axis  of  an  ellipse  cointersect  in  0,  the  normal  OP  nearest  to 
the  vertex  remote  from  0  is  the  longest  line  from  0  to  the 
semi-ellipse,  and  the  normal  OB  nearest  to  the  vertex  A 
adjacent  to  0  is  the  longest  line  that  can  be  drawn  from  0  to 
the  arc  A  Q. 

{/)  Book  VI.  Similar  conies  being  those  in  which  corre- 
sponding ordinates  and  absciss®  are  proportional,  it  is  shewn 
that  all  parabolas  are  similar  (prop.  11) ;  as  also  are  central 
conies  the  figures  upon  whose  axes  are  similar  (props.  12,  13). 
At  the  end  of  the  book  it  is  shewn  how  to  cut  a  section  of 
given  form  and  magnitude  from  a  given  right  cone  (props.  28—30), 
and  conversely,  how  to  draw  a  right  cone  similar  to  a  given 
one  through  a  given  conic  (props.  31-3). 

{ff)  Book  VII.  In  props.  6,  7  use  is  made  of  supplemental 
chords  drawn  from  the  vertices.  Cf.  lib.  II.  37.  The  sum  or 
difference  of  the  squares  of  conjugate  diameters  is  constant 
(props.  12,  13);  and  in  the  equilateral  hyperbola  conjugate 
diameters  are  equal  (prop.  23).  The  conjugate  parallelogram 
is  equal  to  the  rectangle  contained  by  the  axes  (prop.  31).  The 
relative  magnitudes  of  conjugate  diameters  in  various  special 
cases  are  then  discussed. 

(A)  Book  VIII.  Of  this  book  there  is  only  a  conjectural 
restitution.      Thirty-three  propositions  are   given,    containing 

^  K±VLKY,  in  a  Scholion  oa  Serenas  De  Sect.  Coni  prop.  39  (p.  69),  gives  a 
ooDBtraction  for  the  throe  normals  to  a  parabola  from  a  glveu  point,  hj  means  of  a 
certain  circle  through  the  vertex  [p.  224]. 
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▼arioas  special  constrQctions,  such  as:  given  the  axis  and  the 
latus  rectum  of  a  central  conic,  to  draw  a  pair  of  conjugate 
diameters  whose  ratio,  or  sum,  or  difference  is  given 
(props.  7—12). 

Mraeiau  §10.  In  Continuation  of  the  account  of  the  most  brilliant 
M.'  period  of  ancient  geometiy,  the  century  of  Euclid,  Archimedes 
and  Apollonius,  recourse  must  again  be  had  to  the  CoUectio  of 
the  much  later  writer  Pappus,  for  information  about  the  lost 
three  books  of  Porisms  of  Euclid.  But  two  other  names 
meanwhile  demand  at  least  a  passing  allusion.  In  the  Sphcerica 
of  Menelaus,  a  geometer  and  astronomer  of  the  first  century  a^d^j 
is  found  the  theorem  (lib.  ill.  lemma  1  p.  83,  Oxon.  1758): 
If  the  sides  ag^  gd^  da  oi  9k  plane  triangle  be  met  by  any 
transversal  in  the  points  erh  respectively,  then 

ge  :  ea^gr.db  :  rd.ha^ 

or  the  product  of  three  non^adjacent  segments  of  the  sides 
of  the  triangle  by  any  transversal  is  equal  to  the  product  of 
ike  remaining  three.  This  was  also  extended  to  spherical 
triangles,  and  served  as  a  basis  for  the  spherical  trigonometiy 
of  the  ancients,  But  the  property  of  the  six  segments  in  piano 
is  here  noticed  on  account  of  the  great  results  to  which  it  led 
long  after,  especially  in  the  hands  of  Desargues.  See  also 
Chasles  Apergu  historique  Note  VI.  p.  291,  1875;  Les  Porismea 
p.  107.  Menelaus  is  mentioned  in  the  fourth  and  sixth  books 
of  the  Collectio  of  Pappus  (pp.  270,  476,  600-2  ed.  Hultsch). 


Ptolemy  §11.  Claudius  Ptolcmffius  was  ^4e  plus  c^l^bre,  sans  con- 
i2vli39.  tredit,  mais  non  le  plus  v^ritablement  grand  astronome  de  toute 
Tantiquit^."  ?Thus  writes  Delambro  in  the  Biographic  Uni- 
verselle  (vol.  36.  Paris  1823).  In  a  work  on  the  three  dimensions 
of  bodies,  Ptolemy  introduced  the  idea  of  determining  the 
position  of  a  point  in  space  by  referring  it  to  three  rectangular 
axes  of  coordinates  (ibid.  p.  272).  His  chief  work,  which  he 
called  a  mathematical  ^uvra^t^^  was  further  described  by  his 
admirers  as  rj  fieyuXf)^  and  by  the  Arabs  as  Almagest  [fj  fieyiarrf). 
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In  it*  {Dictio  Prima^  cap.  12.  fol.  9J.  Venet.  1515)  he  repro- 
duces the  theorem  of  the  six  segments  (§10),  which  has  ac- 
cordingly been  ascribed  to  Ptolemj — and  founds  upon  it  a 
system  of  trigonometry,  plane  and  spherical.  For  a  full  account 
of  his  works  see  tome  ii  of  Delambre's  HisU  de  VAstronomie 
ancienne  (Paris  1817),  comparing  the  FrcBfatio  to  the  third 
Tolume  of  Hultsch's  Pappus. 

§  12.  The  2tjvay<oyii  of  Pappus  was  formerly  best  known  Pappas 
in  the  Latin  version  of  Commandinus,  but  a  complete  Greek  m, 
text  of  its  BeliquuB  (with  a  Latin  rendering)  has  at  length  been 
edited  by  Hultsch.t  It  is  a  miscellany  of  mathematics  and 
mathematical  history,  to  which  we  here  refer  chiefly  to  supple- 
ment our  account  of  Euclid  by  some  notice  of  his  great  work, 
the  lost  three  books  of  Porisms.  It  is  customary  to  place 
Pappus  near  the  end  of  the  fourth  century  of  our  era;  but 
Hultsch,  following  Usener  {Bheiniaches  Miueum  vol.  xxviil.  403), 
considers  him  to  have  flourished  under  Diocletian,  284—305  A.D. 
A  general  account  of  the  Porisms  is  given  in  lib.  Vll  (pp.  636, 
648—60),  where  it  is  said,  that  the  three  books  were  an  ex- 
ceedingly skilful  compilation,  serving  for  the  solution  of  the 
more  difficult  problems:  the  doctrine  of  porisms  was  subtle 
and  general,  and  very  delightful  to  persons  of  insight  and 
resource :  nothing  had  been  added  to  what  Euclid  wrote  upon 
them,  except  that  some  dull  persons  had  given  their  second 
redactions  of  a  few  of  his  propositions.  Twenty-nine  genera 
of  porisms  are  specified,  and  it  is  stated  that  the  three  books 
contained  38  lemmas  and  171  theorems.  The  38  lemmas  con- 
stitute props.  127-164  of  lib.  vii  of  the  Collectio  (vol.  II.  pp. 
866-918).  Their  enunciations  are  curt  and  unfinished,  being 
like  private  memoranda  of  the  writer  rather  than  complete 
statements,  and  the  whole  doctrine  of  porisms  long  remained  an 
impenetrable  secret.     The  first  great  step  towards  their  inter- 

*  For  his  property  of  a  trapessinm  abgd  inscribed  in  a  circle,  viz.  ag.bd= ab.gd+  ad.bfff 
aee  cap.  9,  fol.  bb, 

t  Pappl  Alezandrini  Colleetumis  qucs  tupersunt,  e  libria  MSS,  edidit  ^c.  Frid. 
Hultsch  (BePoL  1876-8).  Lib.  i.  is  lost,  but  portions  of  li.~viii.  remain.  The 
edition  is  in  three  volumes,  in  which  the  text  has  one  pagination  throughout.  On 
earlier  editions  see  Pref.  to  vol.  i. 
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pretation  was  made  bj  Simson  {PhtL  Trans.  May  1723),  and 
the  most  complete  work  upon  the  subject  is  Chasles'  Les  trois 
livres  de  Poriames  cTEudide  r£tabli8...confonnitnent  au  sentiment 
de  B.  Simson  sur  la  forme  des  inoncSs  (Paris  1860],  which 
contains  a  historical  rSsumS^  an  analysis  (pp.  73-84)  and  enunci- 
ation (pp.  87-98)  of  the  lenmias,  and  a  conjectural  restitution  of 
the  Porisms. 

$13.  Passing  by  the  lemmas  18,  20,  21,  29-33,  36-38,  we 
may  group  the  remainder  as  below,  adhering  (except  in  one 
particular)  to  the  classification  of  Chasles* 

(a).  Four  Jixed  radiants  cut  any  transversal  in  a  constant 
cross  ratio. 

Lemmas  3,  10,  11,  14,  16,  19.  Props.  129,  136,  137^  140, 
142,  145. 

Lemma  3  (p.  870)  affirms,  that  if  any  two  straight  lines 
ABCD  and  ASCI/  be  drawn  across  three  straight  lines  OB^ 
OC^  OD  [p.  253],  then 

AB.DG  :  AB.BG^AB'.UC  :  AU.B'C\ 

Here  we  have,  not  quite  directly  stated,  the  theorem  (a).  In 
lemmas  10  and  16  it  is  shewn  conversely,  that  if  [ABGD] 
=  [ABG'iy]y  the  line  DU  passes  through  0  the  intersection 
of-B^'  and  GG\  Lemma  19  is  simply,  that  if  {ABGD]=l^ 
then  [AB'C'D']  =  1.  Lemmas  11  and  14  follow  from  3  and  10 
respectively  by  taking  one  of  the  two  transversals,  as  aBb  in 
Art.  103  [p.  251],  parallel  to  one  of  the  three  radiants. 

These  Lemmas  are  used  in  the  proof  of  lemmas  12, 13, 15, 17. 

(i).  The  opposite  sides  and  the  two  diagonals  of  any  quadri- 
lateral meet  any  transversal  in  three  pairs  of  points  in  involution. 

Lemmas  1,  2,  4-7.     Props.  127,  128,  130-3. 

Lemma  4  (p.  872)  will  serve  as  an  example  of  the  obscure 
enunciations  of  Pappus.     The  statement  is  as  follows : 

Thejigure  ABCDEFQHKL,  and  as  ARBG  to  AB.CF 
so  let  AF.DE  he  to  AD.EF.  {I say)  that  the  line  through  the 
poinU  HGF  is  straight. 

This  is  in  reality  a  converse  of  (J)  [p.  261],  In  lemmas  I 
and  2  the  transversal  is  parallel  to  a  side  of  the  quadrilateral. 
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In  lemma  5  It  is  drawn  through  the  points  of  concourse  A  and 
C  of  the  opposite  sides  of  the  quadrilateral,  and  the  line  A  0 
is  divided  harmonically  by  the  two  diagonals,  or  if  parallel  to 
one  of  them  (lemma  6),  is  bisected  by  the  other. 

(c).    Theorem  reciprocal  to  the  above. 

Lemma  9.   Prop.  135. 

Lemma  9  (p.  878)  is  that,  if  AD  and  AE  be  drawn  from 
the  Tertex  A  to  the  base  BG  of  a  triangle,  FO  a  parallel  to 
the  base  meeting  AB  in  F  and  AG  in  O^  and  H  a  point  on 
DE  such  that 

BHxHG^DEiEE, 

the  lines  FH^  OH  meet  AB  and  AG  respectively  in  points 
K  and  L  lying  on  a  parallel  to  BG. 

This  is  the  converse  of  a  special  case  of  the  theorem,  that 
the  three  pairs  of  summits  of  a  quadrilateral  FOKL  subtend  a 
pencil  in  involution  at  any  point  A  in  its  plane  ;  the  point  H  in 
the  case  supposed  being  the  centre  of  the  involution  in  which 
BE  and  GD  are  segments. 

{d).  If  a  hexagon  be  inscribed  in  a  line'pair^  its  three  pairs  of 
opposite  sides  meet  in  three  points  lying  in  a  straight  line. 

Lemmas  8,  12,  13,  15,  17.     Props.  134,  138,  139,  141,  143. 

Lemma  13  (p.  886)  is  to  the  effect,  that  if  AEB  and  GFD 
be  triads  of  points  on  a  straight  line,  the  three  intersections 

{AF,  GE),   {FB,  ED),  {BG,  DA), 

are  in  a  straight  line.  The  figure  AFBGED  may  be  regarded 
as  a  hexagon  inscribed  in  a  line-pair.  Lemma  12  is  the  case 
in  which  AB  and  GD  are  parallel.  Lemmas  15  and  17  are 
converse  forms  of  12  and  13. 

Lemma  8*  (p.  878)  is  thus  enunciated : 

Let  ABCDEFG  be  a  /SosfiiaKo^,  and  let  DE  be  parallel  to 
BG,  and  EG  to  BF.     Then  DF  is  parallel  to  GG. 

That  is  to  say,  if  BG  be  the  base  of  a  triangle,  DE  (termin- 
ated by  the  sides  through  B  and  G)  a  line  parallel  to  BG,  and 
EG,  BF  a  pair  of  parallels  terminated  by  .  BD  and  CE 
respectively  or  their  complements,  then  DF,  GG  are  parallel. 


«  This  lemma  is  isolated  in  Ohasles'  daasification  (p.  78). 


Ut  psoleoomena. 

In  other  words,  if  FBCOED  he  a  hexagon  inscribed  in  a  line- 
pair  BDGy  CEF^  the  intersections  (FB^  OE)j  [BC,  ED)^ 
{CO^  DF)  are  in  the  case  supposed  at  infinity^  and  in  general 
in  one  straight  line* 

[e).  Harmonic  section  of  a  right  line. 

Lemmas  22-27,  34.     Props.  148-153,  160. 

These  Lemmas  are  on  the  metric  relations  of  the  segpnents 
of  a  harmonic  range ;  bnt  the  term  harmonic,  althoagh  coined 
long  before  [p.  xxvi],  is  not  employed. 

(/).  Property  ofpolars  with  respect  to  a  drcLs. 

Lemmas  28,  35.    Props.  154,  161. 

These  Lemmas  (pp.  904,  914)  are  to  the  effect,  that  anj 
chord  of  a  circle  drawn  through  a  fixed  point  wUhout  or  wiMn 
it  is  divided  barmonicallj  by  the  point  and  a  certain  fixed 
straight  line.  Of  this  proposition,  which  in  its  entirety  is  the 
foundation  of  the  theory  of  polars  with  respect  to  a  circle,  the 
former  part  only  was  extended  by  Apollonius  to  the  conies 
(lib.  III.  37). 

Poensuid        §14.   To  Pappus  W6  are  further  indebted  for  the  earliest 

directrix.  *  *  ^ 

trace  of  a  focus  of  the  parabola,  and  of  a  directrix  of  any  conic 
In  the  Gollectio  lib.  vii.  prop.  238  (p.  1013)  is  the  theorem,  that 
the  locus  of  a  point  in  planoj  whose  distance  from  a  fixed  point 
varies  as  its  perpendicular  distance  from  a  fixed  straight  line, 
is  a  conic.  Thus  one  focus  of  the  parabola  is  at  length  found ; 
but  it  was  reserved  for  Kepler  to  complete  the  theory  of  the 
real  ^^  foci'*  of  conies,  and  to  give  them  their  name. 

Serenas.  §  15.  The  two  books  of  Scrcnus  of  Antissa  Be  Sect,  Cylindri 
and  De  Sect.  Coni  respectively  form  a  sequel  to  the  Conies  of 
Apollonius  in  Haliey's  edition.  Serenus  was  also  a  com- 
mentator on  Apollonius,  and  he  lived  before  Marinus,  a  disciple 
of  Proclus.*  Many  geometers  in  his  day  imagining  that  the 
sections  of  the  cylinder  were  not  identical  with  the  elliptic 
sections  of  the  cone,  he  sets  to  work  to  remove  this  mis- 
apprehension.    {Be  Sect.  Oyl.  props.  16-18).     He  then  shews 

*  The  date  450  a.d.  for  SerenxiB  xnaj  serve  as  a  conjectnral  lower  limit.  Baldi, 
Cronica  d%  Matematici  p.  59  (Urbino  1707),  boldly  assigns  to  him  the  precise  date  462. 
Snter  Guch,  der  matKWiaaentchafUn  i.  p.  92  (Ziirich  1878)  prefers  the  date  200-100 B.C. 
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how  to  construct  a  cylioder  and  a  cone  on  coplanar  bases,  so  as 
to  be  cat  by  one  plane  in  the  same  ellipse  or  in  similar  ellipses 
(props.  19-23);  and  further,  given  a  cylinder  and  a  plane 
cutting  it,  he  describes  a  cone  having  the  same  base  and 
altitude,  which  is  cut  by  the  given  plane  in  a  section  similar 
to  that  of  the  cylinder  (prop.  25).  Props.  26-30  shew  how 
to  cut  a  cylinder  or  cone  in  subcontrary  pairs  of  similar 
ellipses.  The  remaining  propositions  De  Sect.  Cylindri^  although 
of  still  greater  interest  and  importance,  are  sometimes  overlooked. 
The  property  of  a  harmonic  pencil,  indirectly  stated,  is  applied 
in  space  to  prove  that  all  the  tangents  to  a  cone  from  one  point 
have  their  points  of  contact  on  two  generating  lines  (props. 
33,  34),  and  the  idea  of  projection  by  rays  emitted  from  a 
luminous  point  is  suggested  and  illustrated  by  a  simple  case 
(prop.  35).  In  the  book  De  Sect,  Coni  he  breaks  (as  he  tells  us) 
new  ground,  in  thoroughly  discussing  the  triangular  section 
determined  by  an  arbitrary  plane  through  the  vertex.  Thus 
he  makes  a  step  towards  the  generalisation  of  Desargues,  who 
drew  his  planes  of  section  without  reference  to  the  fixed 
^^  triangle  through  the  axis." 

§16.  The  writings  of  Serenus  suggest  an  answer  to  the  PenpeotiTe. 
question  (Chasles  Apergu  hiatorique  p.  74,  1875),  Was  the 
method  of  perspective*  known  and  used  by  the  ancients? 
Certainly  not  by  those  who  doubted  whether  the  sections  of  a 
cylinder  were  also  sections  of  a  cone.  But  Serenus  now  shews 
that  the  property  of  a  harmonic  range  may  be  transferred  by 
central  projection  from  plane  to  plane,  and  hence  that  any 
tangent  to  a  conic  section  and  its  point  of  contact  project  Into 
a  tangent  and  its  point  of  contact  on  any  plane.  The  principle 
of  perspective  had  thus  been  laid  down,  as  the  modem  reader 
clearly  sees;  but  if  the  ancients  had  still  (as  In  the  time  of 
ApoUonins)  no  complete  theory  of  polars  with  respect  to  a 
conic,  and  if  they  had  not  learned  to  look  upon  parallel  straight 
lines  as  concurrent  (Chasles  Les  Porismes  p.  104),  the  method 
could  not  have  been  applied  by  them  to  much  effect,  had  it 
been  even  more  distinctly  formulated  than  by  Serenus. 

*  For  some  informatioii  abont  peispcctiTe  see  Poadra's  Hittoire  de  la  Perspective 
ancienne  el  modeme  (Paris  1864). 
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fingendus  eat  infinito  intervallo  a  prtore  remotus^  adeo  ut  educta 
HO  vel  10*  ex  illo  ccecofoco  in  quodcunqne  punctum  sectionis  0 
sit  axi  DK  parallelos" 

In  the  circle  the  focus  recedes  as  far  as  possible  from  the 
nearest  part  of  the  circumference,  in  the  ellipse  somewhat  less, 
in  the  parabola  much  less ;  whilst  in  the  line-pair  the  ^'  focus," 
as  he  still  calls  it  to  complete  the  analogy,  falls  upon  the  line 
itself.  Thus  in  the  two  extreme  cases  of  the  circle  and  the 
line-pair  the  two  foci  coincide.  He  then  goes  on  to  compare 
the  latus  rectum  and  its  intercept  on  the  axis,  or  as  he  calls 
them  the  chorda  and  sagitta^  in  the  several  sections,  concluding 
with  the  case  of  the  line-pair,  in  which  the  chord  coincides  wiA 
its  arc^  "abusive  sic  dicto,  cum  recta  linea  sit."  But  oar 
geometrical  expressions  must  be  subject  to  analogy,  ^^plurimum 
namque  amo  analogias^  fdelissimos  meos  magistrosj  omnium 
natures  arcanorum  consctos"  And  especial  regard  is  to  be  had 
to  these  analogies  in  geometry,  since  they  comprise,  in  however 
paradoxical  terms,  an  infinity  of  cases  lying  between  opposite 
extremes,  "totamque  rei  alicujus  essentiam  luculenter  ponunt 
ob  oculos.''  Lastly  he  shews  how  to  describe  an  ellipse  by 
means  of  a  string  fixed  at  the  foci,  without  the  use  of  the 
clumsy  compasses  [p.  178],  "quibus  aliqui  cudendis  admirar 
tionem  hominum  venantur,"  and  gives  the  corresponding  con- 
structions for  the  hyperbola  and  the  parabola. 

ocmtiaiiity.  (1)  Hereupon  be  it  remarked,  that  the  principle  of  Analogy 
on  which  he  insists  so  fervently  is  the  archetype  of  the  principle 
of  Continuity.  The  one  term  expresses  the  inner  resemblance 
of  contrasted  figures  A  and  i?,  which  are  connected  by  inna- 
merable  intermediate  forms;  whilst  the  other  expresses  the 
possibility  of  passing  through  those  intermediate  forms  from 
A  to  By  without  any  change  per  saltum.  Geometry  was  not 
indebted  to  Algebra  for  the  suggestion  of  the  law  of  continuity. 

seoondfoeof  (2]  Having  traced  the  transition  from  the  line-pair  to  the 
circle  through  the  three  standard  forms  of  conies,  he  completes 


*  The  figare  indicates  that  the  line  from  the  farther  fbcns  may  be  considered  to 
lie  either  within  or  without  the  parabola. 
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the  theory  of  the  points  henceforth  named  Foci  bj  the  discovery 
of  the  '^csBcus  focus''  of  the  parabola,  which  is  to  be  taken 
at  infinity  on  the  axis  either  without  or  within  the  curve.  The 
parabola  may  therefore  be  regarded  indifferently  as  a  hyperbola, 
having  (relatively  to  either  of  its  branches)  one  external  and 
one  internal  focus,  or  as  an  ellipse,  having  both  foci  within 
the  curve. 

(3)  The  further  focus  of  the  parabola  being  taken  at  infinity  opporite 
on  the  axis  in  either  direction,  the  two  opposite  extremities  adjacent. 
of  every  infinite  straight  line  are  thus  regarded  as  coincident 

or  consecutive  points — a  conception  which  has  been  shewn  to 
conduct  logically  to  the  idea  of  imaginary  points  [p.  311]. 

(4)  Every  straight  line  from  the  ^'csecus  focus"  of  the  FanUeu 
parabola  to  a  point  on  the  curve  being  said  to  be  parallel 

to  the  axis,  the  idea  of  the  concurrence  of  parallel  lines  at 
a  point  at  infinity  has  at  length  been  formed  and  announced.* 
It  is  to  be  noticed  that  the  new  doctrine  of  parallels  is  here 
presented  in  relation  to  one  plane,  and  not  as  springing  out  of 
the  consideration  of  figures  in  perspective  in  space. 

Such  were  Kepler's  most  original  contributions  to  pure 
geometry,  although  he  is  better  known  by  his  continuation  of 
the  work  of  Archimedes  in  stereometry. 

§4.  Nova  Stereometria  doliorum  vinariorum* 
Of  this  work  (anno  1615,  Lincii.  Op.  iv.  545-646  ed.  Frisch) 
we  notice  chiefly  the  former  part,  which  contains  a  new  and 
abbreviated  redaction  of  the  work  of  Archimedes  on  the  circle 
and  in  stereometry,  followed  by  Supplementum  ad  Archimedem 
(p.  574).  The  circuitous  method  of  exhaustions  is  here  trans- 
formed into  the  method  of  infinitesimals.  Thus  in  theor.  1,  on 
the  approximation  to  tt,  he  treats  an  infinitesimal  arc  as  a 
straight  line:   ^^ Licet  autem  argumentari  de  EB  ut  de  recta, 


*  It  WB8  in  the  oonne  of  an  attempt  to  trace  the  origin  of  the  term  Focus  of  a 
conic  that  I  came  upon  the  passage  qaoted  from  the  Paralipomena,  Chaslea  {Les 
Porisme*  p.  104)  attributes  the  discovery  of  the  concurrence  of  parallels  to  Desargues  • 
and  when  he  says  {Aper^  p.  66.  Of.  pp.  15,  16,  61)  that  Kepler  first  introduced 
'^rnsage  de  rinfini"  into  geometry,  he  is  referring  **  anz  methodes  infiuit^simales.'' 
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quia  Tis  demonstrationls  secat  circnlam  in  areas  mintmos  qai 
(Bquiparantur  rectia*^  In  theor.  2  in  like  manner  he  regards 
the  circle  as  an  agg^gation  of  triangular  elements,  havrng  a 
common  vertex  at  the  centre,  and  their  bases  coincident  with 
successive  small  arcs  of  the  circumference.  So  the  sphere  is 
considered  in  theor.  11  to  be  made  up  of  small  cones,  having 
their  vertices  at  the  centre  and  their  bases,  ^^quarum  vicem 
sustinent  puncta^^  on  the  surface  of  the  sphere.  He  then  passes 
on  to  the  conoids  &c.,  and  thence  to  the  solids  generated  in 
a  certain  way  by  conies,  the  generating  curve  being  attached 
at  right  angles  to  a  plane,  which  turns  about  one  of  its  own 
points  without  change  of  place.  He  gives  a  slight  risumS  of 
his  doctrine  of  the  foci,  mentioning  the  further  focus  and 
likewiser  the  centre  of  the  parabola,  but  not  in  such  a  way 
as  bring  out  the  idea  of  the  concurrence  of  parallels  (p.  577). 

§5.  Guldinus,  quoted  by  Frisch  (Kepleri  Op.  IT.  647), 
stoutly  opposed  Kepler's  cequiparatio  of  an  arc  to  a  chord,  as 
not  permissible  "per  ullam  ullius  demonstrationis  geometric® 
vim";  precisely  as  it  was  objected  to  Antipho  [p.  xxx],  who 
had  made  bold  to  do  likewise  some  2000  years  earlier,  that 
'^he  did  not  start  from  geometrical  principles."  It  could  not 
however  be  denied  that  Kepler's  method  was  of  service  in 
discovering  theorems,  although  by  no  means  to  be  recommended 
as  a  method  of  proof — at  least,  if  any  better  could  be  found, 
'^si  alia  suppetant  geometris  jam  probata  media"  (p. 653).  Kepler 
had  in  reality  grasped  the  idea  of  the  infinitesimal,  although  a 
calculus  remained  still  to  be  discovered.  The  law  of  continuity 
is  now  applied  by  him  not  only  to  the  infinitely  great  but  to  the 
infinitely  small.  He  has  formed  the  conception  of  the  continuous 
change  of  a  variable :  "  crescit  a  quantita  nulla  continue  &c," 
and  discovered  the  law  of  its  variation  in  the  passage  through  a 
maximum  value  (Pt.  II.  theor.  16 — 22j;  thus  laying  a  firm  founda- 
tion for  the  fluxional  calculus  of  Newton,  better  known  by  the 
name  and  with  the  notation  proposed  by  Leibnitz. 

Desarniea        §6.  The  name  of  Girard  Desargues  of  Lyons  (1593 — 1662) 
had  fallen  into  oblivion,  when  early  in  the  present  century  his 
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geniDB  was  recognised  by  Brianchon  (1817)  and  Poncelet  (1822). 
A  further  appreciative  notice  in  the  Apergu  htstorique  of  his 
apparently  lost  works  was  followed  by  Chasles'  own  discovery 
of  the  chief  of  them,  Brouillon  Protect  etc,^  which  with  others 
afterwards  discovered  was  published  by  Poudra  in  his  (Euvres 
de  Desarguea  (Paris  1864).  This  edition  contains  a  biographical 
notice  of  Desargues,  his  recovered  works  with  an  analysis  of  each, 
and  an  analysis  of  those  of  his  pupil  Abraham  Bosse,  themselves 
founded  upon  the  ideas  of  the  master.  He  proclaims  himself  not 
in  the  first  instance  a  pure  mathematician,  avowing  that  he  had 
never  a  taste  for  study  or  research  except  with  a  view  to  some 
practical  application,  '^  au  bien  et  commodity  de  la  vie."  He 
was  an  architect  and  engineer,  and  in  the  latter  capacity  served 
under  Cardinal  Bishelieu  at  the  siege  of  La  Rochelle  (1628). 
After  the  war  he  retired  to  Paris,  where  he  devoted  himself  to 
geometry  and  its  applications,  frequenting  a  weekly  gathering  of 
savants  for  the  discussion  of  mathematical  topics,  which  preceded 
the  foundation  of  the  Acadimie  dee  Sdencea  {(Euvres  1. 14).  He 
was  esteemed  by  the  ablest  of  his  contemporaries  as  a  geometer 
second  to  none,  but  virulently  attacked  by  some  important  per- 
sons* of  smaller  calibre,  who  were  confounded  by  the  novelty 
and  abstraction  of  his  ideas.  The  subsequent  neglect  of  his  works 
was  due  partly  to  the  form  in  which  they  were  written,  but  in 
far  greater  measure  to  the  counter-attraction  of  the  algebraic 
geometry  of  his  contemporary  and  friend  Descartes.  For  full 
information  about  his  works,  which  include  Perspective,  Coupe 
des  Pierres,  Gnomonique,  a  fragment  on  gravitation  (l.  239)  &c., 
we  can  only  refer  to  Poudra^s  excellent  edition ;  but  it  will  be 
seen  from  the  following  slight  account  of  some  portions  of  them 
that  the  OdamStrie  Projective  of  the  present  day  is  in  fact  the 
geometry  of  Desargues. 

§7.  In  his  earliest  work,  Methode  UniverseUe  de  mettre  en 
Perspective  dkc.  (1636),  he  notices  the  cases  in  which  concurrent 
Imes  are  seen  as  parallels  on  the  tableau  (tome  i.  pp.  83,  94), 


*  The  hostile  critiqne  of  M.  de  Beangrand,  Becr6taire  du  Roi,  "  est  le  premier  6crit 
qtd  a  tend  ao  general  Poncelet  &  reconnaitre  le  m^rite  de  Desargues"  ((Euvrw  u.  3d3). 
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and  concludes  with  the  problem,  to  find  the  lines  in  a  oonio 
which  correspond  to  the  axes  of  its  projection.  Purposing  to 
return  to  this  work  shortly,  we  pass  on  to  the  Bbouillon 
PROIECT  etc.  [p.  261],  or  rough  sketch  of  a  theory  of  the  inter- 
section of  a  cone  by  a  plane  (pp.  97—242,  and  243—302).  He 
commences  with  the  new  doctrine  of  infinity.*  The  opposite 
points  at  infinity  on  a  right  line  are  coincident,  parallel  lines 
meet  at  a  point  at  infinity,  and  parallel  planes  on  a  line  at 
infinity  (pp.  103-6,  229,  245-6).  A  straight  line  may  be 
regarded  as  a  circle  whose  centre  is  at  infinity  (pp.  108,  224), 
The  theorem  of  the  six  segments  found  in  the  Almagest  and 
elsewhere  is  stated  in  a  converse  form  (p.  256).  The  theory 
of  Involution  de  six  points^  with  its  special  cases,  is  fully  laid 
down,  and  the  projective  property  of  penoils  in  involution  is 
establlshedt  (pp.  246—61).  The  theory  of  polar  lines  is  ex- 
pounded, and  its  analogue  in  space  suggested  (pp.  263—6, 271-7, 
214,  291).  A  tangent  is  a  limiting  case  of  a  secant  (pp.  262, 
274,  277),  and  an  asymptote  is  a  tangent  at  infinity  (pp.  197, 
210),  The  joins  of  four  points  in  a  plane  determine  three 
couples  in  involution  on  any  transversal  (p.  266),  and  any  conic 
through  the  four  points  determines  a  couple  in  involution  with 
any  two  of  the  former  (p.  267).  The  points  of  concourse  of 
the  diagonals  and  the  two  pairs  of  opposite  sides  of  any  quadri- 
lateral inscribed  in  a  conic  are  a  conjugate  triad  with  respect 
to  the  conic,  and  when  one  of  the  three  points  is  at  infinity 
its  polar  is  a  diameter  (pp.  188-9);  but  he  does  not  explain 
the  case  in  which  the  quadrilateral  is  a  parallelogram,  although 
he  had  formed  the  conception  of  a  straight  line  wholly  at 
infinity  (p.  265). 

^^Mais  voicy  dans  une  proposition  comme  un  assemblage 
abreg^  de  tout  ce  qui  precfede  "  (pp.  195,  277).  Thus  he  intro- 
duces the  general  theory  of  projection,  which  is  the  main  subject 
of  the  Brouillon.  Given  any  conic  0  and  a  cone  through  it, 
let  O  be  any  section  of  the  cone.     Through  the  vertex   V 


*  He  must  haye  been  acquainted  with  Kepler's  theoiy  of  the  fod.    Notice  his  nse 
of  Kepler's  term  "foyers"  (pp.  210,  222). 

t  Notice  his  form  of  expression  (p.  104),  ^^Rangee  de  points  alignez"  [p.  249]. 
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[p.  314]  draw  a  plane  parallel  to  that  of  O  meeting  the  plane 
of  0  in  ab^  and  let  P  be  the  pole  of  ah  with  respect  to  0. 
Then  the  system  of  planes  through  VP  determine  the  diametera 
of  ffj  the  centre  being  considered,  as  we  should  say,  to  be  the 
pole  of  the  line  at  infinity ;  and  any  two  such  planes  drawn 
throngh  points  on  ab  conjugate  with  respect  to  0  determine 
conjugate  diametera  of  0\  the  tangents  at  the  extremities  of 
which,  ^^  4  distance  ou  finie  ou  infinie  "  are  also  known  (p.  197). 
Since  a  point  at  which  0  meets  ah  coincides  with  its  own 
conjugate,  an  asymptote  of  O  (besides  being  a  tangent  at 
infinity)  is  a  double  or  self-conjugate  diameter.  He  concludes : 
^  Comme  entr'  autre,  que  sur  la  quelconque  de  ces  coupes  de 
rouleau  pent  estre  construit  un  rouleau  qui  sera  coup^  selon 
quelconque  esp^ce  de  coupe  donn6e"  (p.  198).  The  ancients 
had  always  ti^en  a  circle  for  the  base  of  their  cone,  and  had 
drawn  all  planes  of  section  at  right  angles  to  one  and  the  same 
fixed  plane. 

The  Foci  of  a  conic  are  determined  tVi  piano  as  the  inter- 
sections of  the  axis  with  a  certain  circle,  which  may  have  for 
diameter  the  intercept  on  any  tangent  (or  on  an  asymptote, 
p.  288)  by  the  tangents  at  the  vertices,  in  accordance  with 
ApoUonii  Conica  ill.  45  [p.  111].  He  determines  the  axes  and 
foci  of  a  conic  in  the  cone  by  a  process  (pp.  215-23,  293)  which 
Chasles  summarises  as  follows  :* 

The  line  ab  being  drawn  as  above,  take  any  point  t  upon  it, 
and  let  the  chord  of  contact  of  the  tangents  from  ttoO  meet  ab 
in  f.  Also  let  rr'  be  any  segment  of  ab  which  subtends  a  right 
angle  at  F.  The  two  sets  of  points  tt'  and  rr'  constitute 
two  involutions,  having  one  segment  cc  in  common.  The  polars 
Xj  X'  of  the  points  o,  c'  correspond  to  the  Axes  of  (/. 
The  tangents  to  0  from  the  points  r  and  the  lines  fi-om  r' 
to  their  several  points  of  contact  determine  upon  Xan  involution, 
whose  double  points  correspond  to  the  Foci  of  0',  since  every 
tangent  and  its  normal  are  harmonic  conjugates  to  the  focal 
distances  of  the  point  of  contact. 


*  Rapport  sur  les  progris  de  la  d'ometrie  p.  305. 
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§  8.  A  sequel  to  Desargues'  Perspective  of  1636,  foand  in  t&e 
Perspective  of  Boase  (1648),  contains  some  explanations  of  the 
principles  of  the  former  work. 

a.  Proposition  fondamentale  de  la  prcUiqtie  de  la  Perspective, 
The  statement  and  proof  by  Desargues  {CEuvres  l.  403 — 7) 

are  analysed  by  the  editor,  who  reduces  his  fundamental  propo- 
sition  to  the  anharmonic  property  of  a  pencil  of  four  rays  (p.  425) ^ 
which  cut  any  transversal  in  a  constant  cross  ratio. 

b.  Figures  in  homology. 

Three  other  geometrical  propositions  are  given,  which  embody 
the  principle  of  perspective  in  one  plane  (pp.  413 — 22,  430 — 6)» 
The  first  is  on  triangles  in  homology  [p.  307,  321],  the  second 
and  third  on  quadrilaterals  in  homology.  On  the  second  he 
remarks  generally  that  a  like  reduction  of  the  figure  to  one  plane 
may  be  used  ^^en  semblable  cas"  (p.  417);  and  in  the  third 
he  gives  a  metrical  relation  between  a  system  of  corresponding 
segments  (p.  435).  Notice  that  he  passes  from  solid  to  plane 
figures  in  the  manner  afterwards  used  by  the  school  of  Monge 
(Chasles'  Apergu  historiqiie  p.  87). 

School  of  §9*  Although  the  roughly  sketched  essays  of  Desargues 
Desargues.  themselves  fell  into  neglect,  his  ideas  were  preserved  by  an 
illustrious  school  of  disciples,  numbering  amongst  its  members 
Bosse,  Pascal  and  De  la  Hire.  The  writings  of  the  engraver 
Abraham  Bosse  (1643 — 1667)  are  analysed  by  Poudra  in  voL  II. 
of  the  CEuvres  de  Desargues.  The  famous  Hexagrammum 
Mysticum  of  Pascal  was  a  corollary  from  what  he  had  learned 
from  Desargues.  The  theory  of  polars  was  brought  into 
prominence  by  De  la  Hire  (1685),  and  forthwith  supposed 
to  have  been  discovered  by  him.  The  reader  of  Brianchon's 
MSmoire  sur  les  Lignes  du  Second  Ordre  (Paris  1817),  and 
Poncelet^s  Traiti  des  PvpriiUs  Projectives  will  not  need  to 
be  reminded  how  great  a  part  of  modern  geometry  is  actually 
and  confessedly  founded  on  the  work  of  Desargues. 

Newton         8 10.   Newtou  was  bom  at  Woolsthorpe  near  Grantham  m 

1613    1727.  • 

'  1642,  the  year  of  the  death  of  Galileo,  and  died  in  the  eighty- 
fifth  year  of  his  age  in  1727.    The  first  edition  of  his  Philosophies 
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naturaJis  Pnndpia  mathematica  was  published  1687,  the  secoad, 
edited  by  Roger  Cotes,  in  1713,  and  the  third,  by  Henry 
Pemberton  in  1726.  His  Opticks  was  published  in  English 
in  1704  and  in  Latin  in  1706,  in  each  case  with  an  Appendix  in 
Latin  containing  the  Enumeratio  Linearum  Tertii  Ordinis  and 
a  tract  De  Quadratura  Curvarum.  For  an  account  of  his  life 
and  writings  see  Brewster's  Memoirs  of  the  Life  etc.  of  Sir  Isaac 
Newton  (Edinburgh  1855),  and  Edleston's  Correspondence  of 
Sir  Isaac  Newton  and  Professor  Cotes  (London  1850) ;  and  for 
the  works  themselves  see  Horsley's  five  volumes,  1779—85 
[p.  264],  and  the  Nexotoni  Opuscula  (3  vols.)  of  Joh.  Castillioneus 
(Laus.  et  GenevsB  1744).  Presupposing  a  general  acquaintance 
with  his  geometrical  discoveries,  we  shall  confine  our  attention 
to  a  few  particulars. 

§  11.  In  the  fourth  and  fifth  sections  of  the  first  book  of  the 
Principia  he  solves  various  forms  of  the  problem,  to  describe 
a  conic  subject  to  the  equivalent  of  five  conditions,  (1)  when 
a  focus  is  given,  and  (2)  when  neither  focus  is  given.  It  will 
suffice  to  allude  briefly  in  passing  to  the  former  case.  The  title 
of  lib.  I.  sect.  4  is  De  inventione  orbium  ellipticorum^  parabolicorum 
dk  hyperholicorum  ex  umhilico  date.  In  it  he  makes  much 
use  of  the  simple  property  (lemma  15),  that  the  perpendicular 
from  one  focus  of  a  conic  to  any  tangent  intercepts  a  length 
equal  to  the  axis  on  the  further  focal  distance  of  the  point 
of  contact.  The  section  concludes  with  the  construction  of 
an  orbit  of  which  one  focus  and  three  points  are  given,  a  problem 
which  had  been  solved,  ^'  Methodo  baud  multum  dissimili " 
by  de  la  Hire,  Sect.  Conic,  lib.  Vlli.  prop.  25.  In  this  construction 
and  in  prop.  20  Newton  assumes  that  the  focal  distance  of  a 
point  on  a  fixed  conic  varies  as  its  distance  from  the  directrix, 
a  theorem  proved  in  the  Ariihmetica  Universalis  prob.  24  (Cantab. 
1707),  and  sometimes  attributed  to  Newton  as  its  first  discoverer, 
although  in  reality  known  to  Pappus. 

§  12.   Inventio  orbium  ubi  umbilicus  neuter  datur. 

A. 
The  5th  section  of  the  first  book  of  the  Principia^  under 
the  above  title,  treats  with  the  utmost  generality  of  the  point-' 
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properties  and  the  tangent-properttea  of  conies.  It  commences 
with  the  problem  of  the  Locus  ad  quatuor  lineas  (lemmas  17 — 
19),  of  which  DO  geometrical  solution  was  extant  [p.  266].  Then 
follows  a  theorem  (lemma  20)  which  may  be  thus  stated :  If  AB 
PO  be  four  fixed  points  on  a  given  conic,  the  chords  from  B  and 
(7  to  a  variable  point  on  the  curve  meet  the  parallels  through  P 
to  AB  and  A  G  respectively  in  points  T  and  .B,  such  that  PT 
varies  as  PB,  and  conversely.  From  a  limiting  case  of  this 
lemma  he  deduces  his  organic  description  of  a  conic  by  means 
of  two  rotating  angles*  (lemma  21),  giving  somewhat  later  (prop. 
27  Scholium)  his  construction  for  the  centre  and  asymptotes 
of  the  conic  thus  generated.  By  means  of  the  above  mentioned 
lemmas  he  shews  how  to  describe  a  conic  when  five  points 
on  it  are  given,t  or  four  points  and  a  tangent,  or  three  points 
and  two  tangents  (props.  22 — 4).  Next  follows  lemma  22, 
Figuras  in  alias  ejusdem  generis  mutare^  in  which  it  is  shewn 
that  any  curve  may  be  transformed  into  another  of  the  same 

order  by  substitutions  of  the  form  X=—  and  F==-^  [p.  330], 

and  two  applications  of  the  lemma  follow.  (1)  In  order  to 
describe  a  conic  passing  through  two  given  points  and  touching 
three  given  lines,  he  transforms  two  of  the  given  lines  Into 
parallels,  and  the  third  given  line  and  the  join  of  the  given  points 
into  parallels  (prop.  25);  and  (2)  to  describe  a  conic  passing 
through  a  given  point  and  touching  four  given  lines,  he  transforms 
the  four  lines  into  the  sides  of  a  parallelogram  (prop.  26). 

B. 

The  lemmas  next  following  lead  up  to  some  important 
properties  of  the  tangents  to  conies,  the  discovery  of  which 
by  Newton  is  commonly  overlooked.  First  it  is  shewn  that 
if  AG  and  BD  be  lines  given  in  position,  terminated  at  A  and  B^ 
and  having  a  given  ratio  to  one  another,  the  locus  of  the  point 
which  divides  CD  in  a  given  ratio  is  a  straight  linej  (lemma  23). 


*  Cf .  £x.  858  [p.  358] .    The  equation  to  the  locua  in  lemma  21  is  given  in  the 
Arithmetica  Universalis  prob.  53  (Cantab.  1707). 

t  A  solution  of  this  case  is  found  in  Pappi  Colkctio  (p.  1077  ed.  Hultscfa). 
X  It  also  dfivides  AB  in  the  same  ratio,  since  AC  and  £D  vanish  together. 
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Next,  if  two  given  parallel  tangents  viz.  at  A  and  ^  to  a  conic 
be  cut  by  any  third  tangent  in  M  and  /  respectively,  the  semi- 
diameter  parallel  to  the  two  tangents  is  a  mean  proportional  to 
AM  and  BI  (lemma  24).  From  this,  which  is  identical  with  lib* 
III.  prop.  42  of  the  Conies  of  Apollonius,  he  deduces  two  corol- 
laries: (1)  if  any  fourth  tangent  meet  AMy  BI^  MI  in  j^,  Q^  E 
respectively,  then 

AM:  BQ  =  AFi  BI=  MF:  IQ  =  ME:  EI; 

from  the  first  of  which  proportions  it  follows  (2)  that  FI  and  MQ 
intersect  upon  AB.*  The  next  lemma  and  its  corollaries  are  of 
peqnUar  Importance  in  relation  to  the  modem  geometry. 

Lemma  xxv. 

If  MLy  LKj  KIj  IMhe  the  sides  of  a  parallelogram  touching 
a  conic  in  A^  (7,  JS,  D  respectively,  and  ^f  any  fifth  tangent  cut 
them  in  Fj  JET,  Q,  F  respectively,  then  by  lemma  24  cor.  1, 

MExEI^AMi  BQ^BKi  BQ] 

or  ME:MI=BK:  BK-\-BQ  =  BK:  KQ. 


In  like  manner 

KHiHL^BKi  AF^AM:  AF, 
or  KH:KL:=-AM:AF--AM:r.AM:MF. 


*  It  is  easy  to  generalise  this  result  by  transforming  the  parallel  tangents  into 
non-paiallelB  by  Newton's  method.    Cf.  Art.  121  Cor.  [p.  276]. 

e2 
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Corollary  I. 

If  the  parallelogram  and  the  conic  be  fixed  and  the  fifth 
tangent  variable,  then 

KQ.ME=MI.BK^  a  constant, 

and  KH.MF  has  the  same  constant  value.  The  result  may 
be  expressed  In  words  as  follows :  given  two  tangents  to  a  fixed 
eonioj  the  product  of  the  intercepts  upon  them  between  the  diameter 
parallel  to  their  chord  of  contact  and  any  third  tangent  is  constant. 
The  relation  between  the  intercepts  IE  and  IQ  is  of  the  form 
(IM-IE)  [IK-  IQ)  =  a  constant,  or 

a.IE.IQ'{'b.IE+c.IQ-\-  rf=0, 

which  is  the  ^^  tangential  equation  "  to  any  conic  referred  to  any 
two  fixed  tangents,  and  also  expresses  that  any  two  given  tangents 
are  cut  homographically  by  a  variable  third  tangent 

•      Corollary  2. 
If  eq  be  any  other  position  of  the  tangent  Ey  it  follows  that 

KQ:  Me^^Kq:  ME^  Qq  :  Ee. 

Corollary  3. 

Since  QK  Is  to  eM  as  Qq  to  eE^  it  follows  by  lemma  23  that 
the  middle  points  of  KM  and  qE  arc  in  a  straight  line  with  the 
middle  point  of  Qe.  Hence,  the  middle  point  of  KM  being  the 
centre  of  the  conic,  if  a  conic  be  inscribed  in  a  quadrilateral^  its 
centre  lies  on  the  straight  line  bisecting  any  pair  of  the  diagonals 
of  the  quadrilateral.*  This  theorem  suggested  to  Brianchon  and 
Poncelet  the  investigation  of  the  centre-locus  of  a  conic  passing 
through  four  given  points  [p.  282],  and  prepared  the  way  for 
ihe  general  consideration  of  systems  of  conies  subject  to  fowr 
conditions, 

C. 

In  prop.  27  the  conic  touching  five  given  lines  is  described. 


*  It  may  or  may  not  have  occurred  to  Newton  that  this  theorem  might  be 
generalised  by  projection ;  bat  in  any  case  he  would  not  hare  turned  aside  to  notice 
lesults  BO  distantly  related  to  his  Jnveruio  orbium.  It  may  be  shewn  that  he  must 
kaTe  been  acquainted  with  the  theory  of  Folars. 
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its  centre  being  first  determined  as  the  point  of  concourse  of 
the  diameters  of  any  two  of  the  five  quadrilaterals  formed  by  the 
given  tangents.  In  a  Scholium  he  remarks  that  an  asymptote 
is  a  tangent  at  infinity^  and  also  shews  how  to  determine  the  axes 
and  foci  of  a  conic  described  by  the  organic  method  of  lemma  21, 
There  are  also  other  lemmas  which  he  might  have  used  for  the 
GODstrnction  of  conies,  such  as  that  the  locus  of  the  middle  point 
of  a  chord  drawn  through  a  fixed  point  to  a  conic  is  a  parallel 
conic:  ^^sed  propero  ad  magis  utilia."  In  lemma  26  and  a 
corollary  it  is  shewn  how  to  describe  a  triangle  of  given  species 
and  magnitude  having  its  vertices  severally  on  three  given  lines, 
snd  how  to  draw  a  transversal  the  intercepts  upon  which  by 
three  given  lines  shall  be  of  given  lengths.  This  lemma  is  used 
in  prop.  28.  In  lemma  27  and  a  corollary  it  is  shewn  how  to 
describe  a  trapezium  of  given  species  having  its  vertices 
severally  on  four  given  lines,  and  how  to  draw  a  transversal 
"which  shall  be  cut  in  given  ratios  by  four  given  lines,  which  is 
a  special  case  of  section  in  a  constant  cross  ratio  [p.  296]. 
An  application  follows  in  prop.  29,  and  the  section  concludes : 
^^  Hactenus  de  orbibus  inveniendis.  Superest  ut  motus  corporum 
in  orbibus  inventis  determinemus." 

§  13.    Curvarum  Descrtptio  Organica, 

A  well  known  generalisation  of  Newton's  description  of  a  conic 
by  angles  would  certainly  have  been  passed  by  in  the  Principia 
with  a  ''  propero  ad  magis  utilia,''  since  it  merely  shews  how  to 
describe  a  conic  by  assuming  that  a  conic  is  already  described. 
When  however  he  is  treating  of  pure  mathematics,  he  extends 
his  method  to  the  utmost,  applying  it  not  merely  to  cubics,  as  in 
Ex.  760,  but  to  curves  of  all  orders  having  "double"  points.  In 
the  case  of  a  cubic,  of  which  a  double  point  A  and  six  other 
points  BGDEFG  are  given,  let  the  angle  GAB  turn  about  A 
and  the  angle  ABC  about  B\  then  as  the  intersection  G  of 
the  arms  A  C,  BG  assumes  the  new  positions  DEFO^  the  inter- 
section /  of  the  other  arms  determines  four  other  points,  say 
PQRS,  Draw  the  conic  APQRSj  and  let  /  move  round  its 
circumference:  then  G  traces  the  cubic  as  required  {Opttcks^ 
II.  160,  1704). 
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If  instead  of  the  point  C  a  tangent  BG  be  given,  the  angle 
CAB  yanishes,  and  the  curve  is  described  bj  means  of  one 
finite  angle  and  a  straight  line,  which  latter  moves  parallel 
to  itself  when  the  fixed  point  through  which  it  passes  is  at 
infinity.*  How  was  Newton  led  to  his  organic  description  of 
conies  and  other  curves  ?  Possibly  he  took  a  suggestion  from 
Euclid  III.  21  [p.  172],  and  first  described  a  circle  by  means 
of  an  angle  and  a  line  parallel  to  one  of  its  arms,  or  by 
two  angles  having  one  pair  of  their  arms  constantly  parallel. 

§  14.   Proof  and  extension  of  Newton^s  Descriptio  Organica, 

Let  two  angles  AOB  and  AtoB  of  given  magnitudes  tarn 
about  0  and  o>  respectively,  and  let  the  intersection  A  trace  a 
curve  of  the  wth  order.  For  a  given  position  of  the  arm  OB 
there  are  n  positions  of  A  and  therefore  n  of  B.  When  OB  is  in 
the  position  Oto  the  n  B^s  coincide  with  q>,  which  is  therefore 
an  n-fold  point  on  the  locus  of  B^  as  is  also  the  point  O ;  and 
since  any  line  through  0  (or  a>)  meets  the  locus  of  J?  in  n  other 
points,  the  locus  is  of  the  order  2n.  Its  order  is  the  same  when 
AaB  is  a  zero-angle  or  straight  line. 

Let  a  given  trihedral  angle  0  (ABC) — or  a  plane  OBC  and 
a  line  OA  rigidly  attached  to  it— turn  about  0,  and  let  a 
variable  plane  through  a  fixed  point  co  meet  OA  in  A  and  tbe 
plane  OBC  in  BC]  then  if  the  line  BC  describes  a  ruled  surface 
of  the  order  n  the  point  A  describes  a  surface  of  the  order  4«.t 
For  a  given  position  of  the  line  BC  the  locus  of  ^  is  a  conic, 
and  when  the  director  surface  is  a  cone  of  the  ?zth  order  every 
plane  through  o>  and  its  vertex  meets  the  surface  which  is  the 
locus  otAinn  conies. 

When  the  director  is  a  plane,  BC  must  be  made  to  pass 
through  a  fixed  point  or  touch  some  curve  in  it,  except  in  the 
case  in  which  OA  is  normal  to  the  plane  OBC  In  the  last 
case  the  locus  of  .^  is  a  quadric,  which  becomes  a  sphere  when 
the  director  is  at  infinity. 


*  For  some  earlier  essajs  at  Descriptio  Organica  see  Chasles'  Apergu  p.  100. 
t  For  the  determiiiation  of  the  order  of  the  surface  described  bj  the  point  A 
I  Azn  indebted  to  Professor  Cayley. 
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§  15.  Colin  Mac  Laurin  dweloped  Newton's  theory  of  curves  J[5Jl!Jj5. 
in  his  Oeometnca  Organica^  sive  descnptto  curvarum  universalis 
[p.  345].  He  also  wrote  a  treatise  od  Fluxions^  (Edinb.  1742). 
The  w^ork  Algebra  with  an  Appendix  etc  [p.  128]  was  first 
published,  after  the  death  of  the  author,  in  1748,  and  in  the  same 
year  An  Account  of  Sir  Isaac  Newton* s  Philosophical  Discoveries* 
The  Appendix  to  the  Algebra  (pref.  p.  xi)  was  founded  on 
Cotes'  theorem  of  harmonic  means,  of  which  farther  use  has 
been  made  by  Poncelet  and  other  modern  geometers  (Salmon's 
Higher  Plane  Curves  §  132  1879). 

§16.  The  property  of  the  focus,  directrix  and  determining  ^^^J^^^^^ 
ratio  remaining  buried  in  the  Collectio  of  Pappus,  modern 
writers  looked  to  later  works  for  the  first  notice  of  the  focus  of 
the  parabola  and  the  directrix  of  the  general  conic.  Thus 
Bobeftson  in  his  Sect,  Conic,  pp.  340,  363  (Oxon.  1792)  refers 
for  the  focus  of  the  parabola  to  an  anonymous  work  Be  Speculo 
Ustorio — known  to  Roger  Bacon,  and  perhaps  translated  from 
the  Arabic — which  was  published  at  Lou  vain  in  1548.  Gregory 
St.  Vincent  knew  the  property  of  the  directrix  for  the  case 
of  the  parabola,  and  virtually  arrived  at  it  for  the  ellipse  {Opus 
Oeomet.  lib.  IV.  prop.  139,  p.  317,  1647),  in  the  form  of  Ex.  i6 
[p.  35] ;  as  did  De  la  Hire  for  the  hyperbola,  measuring  dis- 
tances from  the  directrix  parallel  to  an  asymptote  [p.  155 
Ex.  397],  in  his  Sect.  Conic  lib.  VIII.  prop.  18  (1685).  In 
prop.  25  De  la  Hire  introduces  the  directrix  as  the  polar  of  the 
focus :  in  props.  23-4  he  had  proved  that  the  tangents  at  the 
extremities  of  any  focal  or  other  chord  subtend  equal  angles 
at  the  focus.  It  remained  for  Newton  to  bring  the  property  of 
the   determining  ratio  fully  to  light,  and  for  Boscovich,  with 

*  On  the  rival  daim  of  Leibnitz  to  the  first  diaooveiy  of  the  differential  calcnlng 
Ke  Montnda  Hi9t.  des  Math.  toI.  ii.  830-843  (1768) ;  Gerhardt's  Hist.  €t  Origo  Cole, 
JDiff.  (Hannover  1846)  and  other  publications ;  Brewster's  Ltfe  of  Newton  ii.  28-47 
(18d6);  Weifisenbom  Dii  Principien  der  hdheren  Analjftit  (Halle  1869);  Sloman 
The  claim  of  Leibnitz  to  the  invention  of  the  Differential  Calctdut^  translated 
from  the  German  (Cambridge  1860).  It  is  disputed  to  what  extent  Leibnitz 
was  indebted  to  the  letters  and  MSS.  of  Newton.  Leibnitz  several  times  discovered 
things  already  in  print  {Biographie  Universelle  XXIII.  627 — 8,  684) ;  and  it  is  a 
striking  fact  that  the  leading  propositions  of  the  Pkinoipia.  reappeared  under  the 
name  of  G.  G.  L.  in  the  Acta  Eruditorum  pp.  82—96  (cf.  p.  8G).  1689. 
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the  help  of  it,  to  compose  the  first  really  complete  Sectionuin 
Gonicarum  Elementa.  The  term  Directrix,  formerly  used  in  the 
case  of  the  parabola,  is  now^  used  of  the  general  conic  (p.  viii.) ; 
as  in  the  following  year  also  (1758)  by  Hugh  Hamilton,  who 
added  a  construction  for  the  focus  and  directrix  in  the  Cone 
[p.  204] ;  but  the  term  was  still  used  only  for  the  parabola  by 
Le  Seur  and  Jacquier  (1760)  in  their  edit.  2  of  the  Principia 
(l.  134,  179),  and  the  characteristic  property  of  the  line  itself 
in  the  general  conic  was  not  familiarly  known  even  some  years 
later,  to  judge  from  Lexell's  elaborate  discovery  of  the  simplest 
of  corollaries  from  it  in  the  Nova  Acta  Petropol.  I.  (147),  1787. 

Later  works  founded  upon  the  properties  of  the  determining 
ratio  and  the  eccentric  circle  [p.  3]  were  those  of  Thos.  Newton 
(Camb.  1794),  G.  Walker  of  Nottingham  (Lond.  1794),  and 
John  Leslie  (Edinb.  1821),  who  describes  Thos.  Newton's  work 
as  "  clear,  neat,  and  concise,"  whilst  Walker's  "  though  in- 
genious and  strictly  geometrical,  is  unfortunately  so  prolix  and 
ponderous  as  to  damp  the  ardour  of  the  most  resolute  student." 
Walker  was  under  the  impression  that  he  was  the  first  dis- 
coverer of  what  he  called  the  Generating  Circle,*  but  Thos. 
Newton  rightly  referred  it  to  Boscovich.  Leslie's  account  of 
the  work  of  Boscovichf  is  that  it  consisted  "of  only  a  few 
propositions,  but  drawn  out  into  a  string  of  corollaries."  It  is 
nevertheless  a  clear  and  compact  treatise,  which  for  simplicity, 
depth  and  suggestiveness  will  not  readily  be  surpassed. 

♦  Compare  Mr.  S.  A.  Renshaw's  The  Cone  and  U»  Sections  pp.  26-8  (Lond.  1876)  ; 
Messenger  of  Maihemaiics  toL  II.  97  (1878).  Walker's  complete  treatise  was  to  be  in 
five  books,  bat  one  only  appeared. 

f  From  the  preface  to  vol.  ill.  of  the  Elementa  Univ.  Math.  (1767)  we  gather 
that  BoacoTich's  scheme  of  Conies  was  first  published  ^'  in  Romano  litteratorum  diario 
ad  annum  1746/'  in  the  form  of  a  short  article,  *^  schediasma  brevissimum" ;  and  that 
seyeral  years  elapsed  before  the  complete  work,  after  repeated  delays,  was  given  to 
the  world.  Leslie  says  that  it  was  published  in  1744,  and  Walker's  in  1795.  Walker 
had  discovered  the  generating  circle  **near  thirty  years'*  before  publication.  An 
edition  of  Boscovich'a  Elementa  seems  to  have  been  published  at  Rome  in  his  name 
in  1752—3 ;  but  I  have  only  seen  the  "  editio  prima  Yeneta." 


(     Ixziii     ) 


SECTION  IV. 


MODERN  GEOMETRY. 


§  1.  Although  the  law  of  Continuity,  the  vital  principle  of  ccmttniiity. 
the  modern  geometry,  had  been  decisively  laid  down  by  Eepler, 
it  was  not  until  the  great  discovery  by  Poncelet  of  the  circular 
points  at  infinity  in  any  plane  that  it  came  to  be  universally 
acknowledged.  The  principle  as  enunciated  by  Kepler  was 
wholly  independent  of  algebraical  considerations,  but  its  later 
developments  were  suggested  by  the  occurrence  of  negative 
and  imaginary  roots  in  equations  applied  to  geometry,  whilst 
the  discovery  of  the  differential  calculus  gave  a  new  zest  to 
speculations  De  injinito  and  De  nihilo.  The  earliest  thorough 
and  geometrical  treatment  of  the  subject  with  which  we  are 
acquainted  is  found  in  Boscovich's  appendix*  to  his  Sectionum 
Conicarum  Elemmta  [p.  311],  of  which  a  slight  account  is  given 
below.  The  complete  dissertation  occupies  more  than  two- 
thirds  as  much  space  as  is  devoted  to  the  entire  subject  of 
conies  in  piano.  The  writer  cautiously  abstains  from  the  too 
bold  assertion  of  novelty  in  his  speculations,  but  remarks  that 
the  essay  contains  many  things  which  "ego  quidem  nusquam 
alibi  offendi,''  and  many  which,  although  found  elsewhere, 
^*  nusquam  ego  quidem  ad  certos  reperi  redacta  canones,  et 
geometrica  methodo  pertractata." 

§2.   His  first  principle  is,  that  every  member  of  a  geome-  nu^iJw. 
trically  defined  locus  must  have  the  same  nature  and  properties,t 


*  Elementa  Univ.  Math,  torn.  ill.  228-856  (Venet.  1757). 

t  See  Chaslea'  Apergu  historique  p.  197  od  Monge's  use  of  the  principle  of  contingent 
keUtionSk 
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which  are  wrapped  up  in  the  definition  itself,  so  that  whatsoever 
is  demonstrable  of  one  part  of  the  locus  should  be  demonstrable 
in  like  manner  of  every  other.  On  this  principle  we  conclude 
a  priori  from  the  nature  of  the  problem,  to  trisect  a  given 
circular  arc,  that  any  construction  must  give  a  series  of  solutions, 
three  of  them  geometrically  distinct  [p.  141].  In  geometrical 
demonstrations  a  determinate  configuration  is  present  to  the 
senses,  but  the  reasoning  applies  to  an  infinity  of  cases.  This 
is  clearly  seen  when,  for  example,  we  bisect  a  given  finite 
straight  line;  but  it  is  true  none  the  less  in  cases  in  which 
a  new  configuration  seems  to  render  the  proof  nugatory, 
although  some  artifice  may  be  required,  ^^ad  servandam 
analogiam,  et  retinendam  solutionis  ac  demonstrationis  vim^ 
(p.  229).  Notice  his  use  of  the  term  Analogy,  by  which  the 
idea  of  geometrical  continuity  was  first  expressed. 

The  correspondence  of  change  of  sign  with  change  of  direc- 
tion in  lines  carries  with  it  the  idea  of  negative  rectangles  and 
squares,   and  thus   of  imaginary  magnitudes   (pp.  234,   308). 
Change  of  sign  implies  a  transition  through  eero  or  infinity^ 
and  never  takes  place  per  saltum  (p.  250).     To  illustrate  this, 
take  an  indefinite  line  AB  and  a  point   C  without  it,  draw 
CH  perpendicular  to  AB^  and  let  a  line  turning  continuously 
about  C  meet  AB  in  P.    As  CP  passes  through  JJ,  the  sign  of 
HP  changes,  say  from  positive  to  negative  :  when  GP  becomes 
parallel  to  AB^  the  point  P  is  at  infinity  on  the  negative  side 
of  H^  and  the  next  instant   it   is   at   infinity   on  the  positive 
side  of  H,     Thus  the  passage  through  infinity  carries  with  it  a 
change  of  sign  and,  like  the  passage  through  zero,  is  effected 
by  the  continuous  rotation  of  CP,  and  not  per  saltum.     The 
opposite   extremities   of  an  infinite   straight   line   are  thus  in 
a  manner  joined,  as  if  the  line  were  an  infinite  circle  (p.  254), 
whose  centre  may  be  considered  to  be  at  infinity  on   either 
side  of  the  line.     In  illustration  of  the  principle  that  opposite 
infinities  are  thus  adjacent,  take  the  case  of  an  infinite  double 
ordinate  to  the  axis  or  any  diameter  of  the  parabola,  regarded 
as  a  closed  curve  (pp.  265,  343). 

The  consideration  of  a  circle  of  infinite  radius  leads  to  the 
Idea  of  a   "  veluti  plus  quam  infinita  extensio"  (pp.  xv,   281). 
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Through  fixed  points  AG  on  an  indefinite  straight  line  MA CN 
draw  a  cirde,  and  bisect  its  minor  segment  AIC  in  I  and  its 
major  segment  in  /'•  If  now  the  centre  be  removed  to  infinity, 
the  arc  AIC  becomes  the  line  AG^  whilst  of  the  arc  AFG 
part  coalesces  with  the  infinite  segments  AM  and  GN^  and 
the  rest  recedes  to  infinity  with  the  point  /',  ^^  nt  nusquam  jam 
sit ;"  or  as  we  may  say,  the  circle  degenerates  into  the  endless 
line  MA  GN  together  with  the  line  at  infinity*  [p.  344].  Hence 
it  is  deduced  that  whilst  the  line  AG  \^  bisected  in  a  point  /, 
its  complement  AMco  NG  is  bisected  at  a  point  1'  at  infinity 
(p.  274) ;  which  might  also  have  been  arrived  at  by  dividing  AG 
harmonically,  and  making  one  point  of  section  coalesce  with 
the  middle  point  oi  AG  (pp.  6,  344). 

If  ^  C  be  a  segment  of  an  infinite  right  line,  the  remainder 
Aco  G  may  be  regarded  as  its  '^  complementum  ad  quendam 
vdnti  infinitum  circulum"  (pp.  276,  280,  292,  297  &c.).  The 
hyperbola,  regarded  as  a  quasi-ellipse,  has  for  its  axis  Aco  A' 
the  complement  of  AA  (pp.  264,  276,  289,  292).  The  further 
developments  of  this  idea  already  given  [pp.  18,  22,  102,  153, 
311]  are  in  accordance  with  the  views  of  Boscovich;  but 
the  note  on  Art.  13  was  written,  and  a  Scholium  in  continua- 
tion planned  [p.  102],  before  his  dissertation  on  continuity 
had  been  consulted.f 

The  change  from  the  real  to  the  imaginary  state  is  con- 
tingent upon  the  transition  of  some  element  of  a  figure  through 
zero  or  infinity,  and  never  takes  place  jper  saUum  (p.  277). 
Examples  of  imaginaries  are  the  exterior  diameters  of  a 
hyperbola,  whose  squares  are  negative ;  for  the  so-called 
"secondary"  axis  and  diameters  have  no  real  analogy  to  the 
minor  axis  and  conjugate  diameters  in  the  ellipse,  although 
the  unwary  geometer  may  be  imposed  upon  by  the  conjugate 


*  Althongh  the  arc  ^rC  seems  to  lie  wholly  on  one  side  of  the  line  AB,  it  is  to  be 
lemembeied  that  oppotite  infinities  are  adjacent.  Thus  eyery  line-circle  passes  through 
all  points  at  infinity  in  its  plane. 

t  Without  reference  to  the  idea  of  an  infinite  line-circle,  I  had  used  the  term 
cosiPLEHBNT  of  a  Straight  line  several  years  before  I  was  acquainted  with  any  work 
of  Boscovich.    See  Oxf.  Camb,  DM,  Messenger  of  Mathematics  iv.  140  (1867). 
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hyperbola,  and  persuaded  to  think  that  there  can  be  a  curve 
of  the  second  order  which  a  straight  line  meets  in  four  points 
(pp.  311-317).  In  comparing  properties  related  to  diameters 
in  the  ellipse  and  in  the  hyperbola,  we  should  endeavour  to 
bring  in  the  squares  of  the  diameters,  the  signs  of  certain 
of  which  will  merely  have  to  be  changed  in  passing  from  the 
one  curve  to  the  other  (p.  320).  The  general  method  of 
procedure  in  dealing  with  a  geometrical  figure  one  or  more 
of  whose  elements  is  evanescent,  infinite  or  imaginary  is 
summed  up  in  eleven  Canons,  formally  stated  and  fully  illus* 
trated  (pp.  284-839).  The  5th  relates  to  negative  angles, 
and  the  llth  to  the  ratios  of  infinite  magnitudes.  He  might 
have  added  a  Canon  12  on  the  ratios  of  the  Newtonian  nascent 
or  evanescent  quantities,  but  promises  another  volume  when 
time  permits  (p.  348) ;  whilst  on  p.  353  he  refers  to  his 
former  dissertation  De  Natura  et  usu  injinitorum  et  infinite 
parvorum  (1741).  In  the  course  of  the  essay  now  under  con- 
sideration he  treats  of  curves  of  all  orders,  their  infinite  branches 
and  asymptotes,  their  curvature,  cusps,  points  of  inflexion, 
and  the  tangents  thereat  (pp.  245,  267,  270-3,  325). 

§  3.  The  general  solution  of  the  problem,  given  the  focus 
directrix  and  determining  ratio^  to  find  the  intersections  of  an 
arlitrary  line  with  the  conic^  completely  determines  by  im- 
plication the  nature  and  properties  of  the  curve  (p.  286).  His 
construction  is  as  follows.  Take  a  point  w  exterior  to  the 
given  line,  instead  of  a  point  0  upon  it  [p.  10] ;  draw  aZ 
parallel  to  PQ  meeting  the  directrix  in  Z,  and  let  the  parallel 
through  Z  to  8R  meet  the  eccentric  circle  of  w  in  p  and  j . 
Then  the  focal  radii  parallel  to  cop  and  a>q  meet  the  given 
line  at  its  intersections  with  the  conic  (p.  39).  This  construc- 
tion failing  (1)  when  FQ  is  parallel  to  the  directrix,  in  which 
case  the  line  Zpq'  is  indeterminate,  and  (2)  when  PQ  passes 
through  S,  in  which  case  the  parallels  through  S  to  a>p'  and 
(oq  coalesce  with  PQ,  instead  of  cutting  it  each  in  one  point ; 
he  shews  how  to  meet  the  difficulties  thus  arising.  The  former 
case  however  leads  only  to  a  simplification  when  the  centre 
of  the  circle  is  taken  upon  P(?,  as  in  the  present  work.     Con- 
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Bidering  the  second  case  in  relation  to  Art.  16  Cor.  1  [p.  29], 
let  a  fixed  chord  drawn  through  the  focus  8  be  intersected  in  2 
by  a  variable  chord  containing  a  given  angle  with  the  axis. 
Then  the  products  of  the  segments  of  the  two  chords  are  as 
the  squares  of  the  parallel  tangents,  however  near  2)  be  taken 
to  Sj  and  therefore  in  the  limit  the  products  of  the  segments 
of  any  two  focal  chorda  are  as  the  squares  of  the  parallel 
tangents. 

A  line  still  meets  a  conic  in  two  points,  even  though,  for 
example,  one  of  them  should  disappear  at  infinity.  In  the 
parabola,  any  two  chords  as  they  become  infinite  are  in  a  ratio 
of  equality.  In  the  hyperbola,  if  from  any  two  points  LL' 
parallels  be  drawn  meeting  the  curve  in  FP*  and  its  adjacent 
asymptote  in  hh'  respectively,  then  as  the  latter  points  recede 
to  infinity  the  intercepts  Pk  and  Ph'  remain  finite  [p.  146], 
and  the  ratios  of  LP  to  Lh  and  L'P'  to  L'h'  tend  to  equality 
as  their  limit.  The  infinite  segments  LP  and  L*P'  are  as  the 
distances  of  ii  and  L'  respectively  from  the  asymptote  hh!  (p.  347). 


§4.  It  is  remarkable  that  Boscovich  enters  upon  these 
abstruse  speculations  in  an  elementary  treatise  for  beginners, 
and  even  several  times  touches  upon  the  subject  of  the  appendix 
in  the  text  itself,  as  for  example  when  he  notices  that  the 
properties  of  chords  of  a  conic  may  be  transferred  to  one  of 
its  limiting  forms,  the  line-pair  (p.  100).  The  preface  to  the 
Tolume  contains  an  earnest  plea  for  the  introduction  of  the 
modem  ideas  into  the  schools.  He  had  taught  the  appendix 
viva  voce  to  his  own  tyros  with  the  happiest  results.  The 
mind  of  the  tyro  is  commonly  overwhelmed  with  a  multitude 
of  details  not  reduced  to  any  system ;  demonstrations  are  put 
before  him  in  an  unsuggestive  form  which  gives  no  play  to 
his  inventive  faculty;  and  thus  it  comes  to  pass  that  of  the 
many  students  so  few  turn  out  genuine  geometers.  Let  the 
learner  be  furnished  with  principles,  and  not  alone  with  fully 
explained  facts,  and  be  continually  stimulated  to  exertion  by 
the  intense  pleasure  of  finding  something  left  to  discover  for 
himself. 


Brianchon. 
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§5.  The  newly  founded  Ecole  Polytecknique  led  the  way 
in  the  geometrical  revival  of  the  nineteenth  centniy.  From  this 
source  issued  first  the  works  of  Camot  and  Monge,  which 
further  illustrated  the  principles  of  continuity  above  described. 
The  leading  conception  of  Camot's  GSomStrie  de  posttion  (Paris 
1803)  is  the  doctrine  of  quantities  ^^  dites  positives  et  negatives" 
(p.  ii),  to  which  he  recurs  in  his  Essai  sur  la  thiarie  des  Trans^ 
versaUa  &c.  p*  (96),  Paris  1806.  This  essay  is  in  great  measure 
based  upon  the  ancient  theorem  of  the  six  segments  [p.  l.J. 

Referring  to  the  Apergu  hiatorique  for  a  good  description 
of  the  works  of  Monge,  we  pass  from  the  master  to  one  of  his 
most  illustrious  scholars,  whose  short  incisive  essays  in  pur- 
suance of  the  ideas  of  Desargues,  Pascal  and  Newton  were  the 
prelude  to  their  fuller  development  by  Poncelet,  Steiner  and 
Chasles. 

§  6.  Second  in  importance  only  to  the  principle  of  Continuity 
is  the  principle  of  Duality^  of  which  Brianchon's  hexagram 
(1806)  occasioned  the  discovery  [p.  290].  Noticing  again  the 
important  article  of  Brianchon  and  Poncelet  on  the  Equilateral 
Hyperbola  [pp.  175,  282],  we  next  come  to  the  separate 
publications  :* 

(1)  Mimoire  aur  lea  Ugnea  du  Second  Ordre^faiaant  suite  aux 
rechercJiea  puhltSea  dana  lea  journaux  de  FJEcole  rayaU  jpolyteck" 
nique.  Par  G.  J.  Brianchon,  capitaine  d'artillerie,  ancien  el^ve 
de  PEcole  Polytechnique.    Paris  1817. 

(2)  Application  de  la  thSorie  dea  Tranaveraalea  (Brianchon. 
Paris  1818). 

The  latter  memoir  consisted  of  Legona  donnSea  h  VSoole 
d*artillerie  de  la  garde  rayale  en  mara  1818.  The  former,  which 
is  of  greater  interest,  must  be  described  in  detail.  A  line  of 
the  Second  Order  is  defined  as  the  section  of  any  circular  cone 
by  an  arbitrary  plane:  the  term  projection  is  introduced  in 
relation  to  perspective:  polea  saiipolara  are  defined:  as  also  Is 
the  expression  Oiomitrie  de  la  rkgle.  The  term  polar  had 
been  introduced  by  Gergonne  as  correlative  to  "  pole,"  an  old 

*  '  ^^^^^  '  ■        ■■  1    -  ■■■■■■  11  M "I  ■  i^^^.^i  ■  M-l        ,  mw^^^^m,  H^^^     HI     I.  ^^^»«^— ^^^^         ■■      ■   B 

*  It  would  be  worth  while  to  republish  Brianchon'a  articles  and  memoin  in 
one  volume. 
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expression  for  a  fixed  point,  which  was  beginning  to  be  used 
in  its  restricted  modem  sense  (Gergonne's  Annates  I.  337 ; 
III.  297). 

Pp.  7—10.  The  property  (afterwards  called  anharmonic)  of 
four  radiants  is  enunciated,  the  case  of  the  harmonic  pencil 
specially  noticed — the  term  faisceau  harmonique  being  intro- 
duced apparently  as  new — and  it  is  noticed  that  the  harmonic 
property  holds  "pour  toutes  les  projections  de  la  figure,"  a 
reference  being  given  to  Gregory  St.  Vincent's  Opus  Geome" 
tricum  p.  6,  prop.  10  (1647).  A  fourth  harmonic  to  three  given 
points  in  a  straight  line  is  found  "  avec  la  r^gle  seule"  by  the 
property  of  the  complete  quadrilateral,  and  a  reference  for  this 
is  given  to  De  la  Hire's  Sectionea  Conicce  p.  9,  prop.  20  (1685). 

Pp.  10—16.  Any  transversal  is  cut  in  involution  (1)  by  the 
sides  and  diagonals  of  a  quadrilateral,  regarded  as  the  projection 
of  a  parallelogram :  and  (2)  by  these  and  any  circumscribed 
conic  regarded  as  the  projection  of  a  circle.  The  latter  theorem 
(S  XI)  waa  due  to  Desargues  and  had  been  preserved  by  Pascal. 
The  case  in  which  a  conic  degenerates  into  a  line-pair  is  noticed. 
In  a  note  (p.  14)  he  refers,  on  the  theory  of  transversals,  to 
the  works  of  the  ancients — the  Almagest  for  example;  to  Fr. 
Maurolycus  Opuscula  Mathematica  p.  281, 1575 ;  and  to  Schubert 
in  the  Nova  Acta  Petropol.  tome  xii.  ann.  1794. 

Pp.  17 — 28.  Pascal's  theorem  is  proved  by  considering  the 
six  points  of  concourse  of  a  conic  with  any  triangle,  and  in  a 
note  is  added  the  property  of  triangles  in  homology.  The 
extension  of  the  theory  of  polars  to  quadrics  is  ascribed  to 
Monge  (p.  19),  although  in  reality  due  to  Desargues  [p.  329], 
who  would  however  have  thought  definitely  only  of  the  quadrics 
of  revolution.  The  theorem  that  the  joins  of  four  points  on  a 
conic  determine  a  self-polar  triangle  with  respect  to  it  [p.  Ixii] 
is  proved,  and  the  reciprocal  property  of  four  tangents  deduced. 
Hence  follows  "  une  propri^td  bien  remarquable  des  lignes  du 
second  ordre,"  viz.  that  the  intercepts  on  any  two  fixed  tangents 
l>y  the  diameter  MN  parallel  to  their  chord  of  contact  and  a 
variable  tangent  EI  have  their  product  EM.NI  constant  (§xxvill). 
He  does  not  seem  to  be  aware  that  this  is  one  of  JNewton's 
theorems  [p.  Ixviii]  although  be  refers  to  Newton  more  than 
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once  (pp.  38,  45),  has  a  general  acquaintance  with  lib.  I.  sect  5 
of  the  Principia  from  which  it  is  taken,  and  knows  the  third 
corollary  of  the  lemma  to  which  it  is  the  first  corollary. 

Pp.  28 — 53.  He  draws  conies  passing  through  n  points  (one 
or  more  of  which  may  be  at  infinity)  and  touching  5  —  n  lines 
(where  n  is  0,  1,  2,  3,  4  or  5),  referring  also  to  Newton's 
methods,  and  in  one  case  to  Maclaurin's -4?^eJra.  He  makes 
use  in  these  constructions  of  his  own  property  of  the  hexagram, 
the  reciprocal  of  Pascal's ;  and  from  the  two  together  deduces 
(p.  35),  that  the  six  summits  of  two  triangles  touching  a  conic 
lie  on  a  conic,  and  conversely. 

Pp.  53—60.  The  theorem  of  Desargues  (§xi)  "va  nous 
d^couvrir  de  nouvelles  propridt^s  des  coniques  k  branches 
infinies."  Take  four  points  UXYZ  on  a  conic,  of  which  XT 
are  at  infinity  and  U  variable,  then  any  fixed  chord  AB  is  met 
by  VX  and  UY  in  points  C  and  Fy  such  that  the  cross  ratio 

^ .  :?^  18  constant  (p.  54).  If  AXYZ  be  fixed  points  on  a 
AF '  BF 

parabola  or  hyperbola,  of  which  Z  only  is  at  infinity,  and  U  a 
variable  point  on  the  curve,  the  lines  UX  and  UY  meet  AZ 
at  distances  from  A  which  are  in  a  constant  ratio.  By  making 
U  coincide  with  each  of  the  points  -XT,  he  deduces  Ex.  429 
[p.  159]  and  its  analogue  for  the  parabola;  as  also  Ex.  427, 
that  the  arms  of  any  angle  in  a  fixed  segment  of  a  hyperbola 
intercept  a  constant  length  on  either  asymptote.  By  means  of 
these  results  he  shews  how  to  describe  a  hyperbola,  having 
given  an  asymptote,  and  in  addition  three  points  or  a  point 
and  two  tangents  or  two  points  and  one  tangent.  All  that 
remained  to  bring  the  anharmonic  point-property  of  conies  fully 
to  light  was  a  simple  application  of  the  method  of  projection, 
which  the  writer  had  already  used  with  such  effect.  Knowing 
so  well  the  importance  of  the  projective  property  of  the  an- 
harmonic pencil,  it  is  remarkable  that  he  should  have  left  it 
for  others  to  take  the  final  step. 

^'Toutes  les  proportions  contenues  dans  ce  Mdmoire  se 
rattachent  au  th^orfeme  xi"  (p.  61).  Thus  the  name  of 
Desargues  is  brought  effectually  into  notice.  He  also  refers 
to  Lambert  [Perspective  ed.  2,  1774j,  Blondel,  MuUer  &c. 
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Pp.  61 — 65.  He  deduces  from  Pascal's  hexagon  the  pro- 
perties of  similar  central  conies,  and  conclades  with  some  new 
properties  of  the  tangent  cones  to  quadrics.  If  a  conic  passes 
through  two  fixed  points  AB  and  touches  two  given  lines,  the 
chord  of  contact  passes  through  a  fixed  point  on  the  line  AB 
(p.  20).  Hence,  if  a  quadric  passes  through  two  fixed  points 
AB  and  has  a  given  enveloping  cone,  the  plane  of  contact 
passes  through  a  fixed  point  on  the  line  AB,  A  construction 
is  deduced  for  a  quadric  passing  through  four  given  points  and 
having  a  given  enveloping  cone, 

§  7.  To  Poncelet  as  a  geometer  belongs  the  double  honour  if^^^i. 
of  supplying  what  was  lacking  in  the  theory  of  Continuity  by 
his  discovery  of  the  focoids  [p.  311],^  and  bringing  to  light  the 
principle  of  Duality  by  his  method  of  reciprocal  polars  [p.  346]  ; 
whilst,  like  Desargues  and  Archimedes  before  him,  he  was  no 
less  a  master  of  the  principles  and  practice  of  mechanics.  Born 
at  Metz  on  the  first  of  July  1788,  he  was  allowed  to  grow  up 
almost  without  instruction  at  St.  Avoid,  until  in  his  seventeenth 
year,  at  the  end  of  1804,  he  entered  the  Lyc^e  imperial  de 
Metz.  Three  years  later  he  gained  his  admission  to  the  EcoU 
Poljftechniquej  was  employed  in  1811  upon  the  fortifications  of 
Bammekens  in  the  island  of  Walcheren,  marched  in  1812  with 
Napoleon  to  Moscow,  and  was  taken  prisoner  and  interned  at 
Saratov  on  the  Volga  until  the  general  peace  of  1814.  In  his 
captivity  he  set  to  work,  in  spite  of  all  hindrances,  to  reconstruct 
for  himself  a  course  of  mathematics,  and  entered  upon  those 
bold  speculations  which  are  the  characteristic  of  his  famous  works 
on  geometry.  For  a  full  list  of  his  scientific  publications  see 
Didion's  Notice  sur  la  Vie  et  lea  Ouvrages  du  Gen,  J.  V.  Poncelet 
(Paris  1869).  The  appearance  of  his  Cours  de  M4canique 
appliqtiie^  dating  in  part  from  1826,  Is  described  as  having 
'^  fait  sensation  dans  le  monde  de  la  science  et  de  V  Industrie^' 
(p.  33).  The  dominating  idea  of  his  geometrical  works  was  to 
increase  the  resources  of  pure  geometry,  to  generalise  its  con- 


*  Poncelet,  before  PlUcker,  spoke  of  a  conic  as  baring  fonr  foci  {Propriety 
Prqjectivtt  p.  271,  1822). 

/ 
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ceptioDB  and  language,  and  thus  to  raise  it  to  the  level  of 
analysis.  See  the  Introduction  to  his  Traiti  des  PropriitSs 
JPrqjectives  des  Figures  edit.  1  p.  xxxiii.  (1822) ;  edit.  2  tome  I 
p.  xxii  (1865—6).  At  the  end  of  the  year  following  he  died 
(Dec.  23  1867),  with  his  thoughts  turned  again  to  mechanics: 
"Mat^teest  bonne,  etj'espfere  bien  pouvoir  cot  hiver  pubher 
ma  Mecanique  (p.  45)." 

Btciner.  §8.  One  of  the  leading  contributors  to  the  further  syste- 
matisation  and  development  of  geometry  was  Jacob  Steiner, 
the  author  of  numerous  mathematical  articles  and  of  the  works : 

(a)    Systematische  Entwickelung  etc.  1832  [p.  262]. 

(J)  Die  geometrischen  Konstructionen^  auagefuhrt  mittelst  der 
geraden  Linie  und  etnes /eaten  Kreises  (Berlin  1833). 

The  work  (a)  was  a  first  instalment  of  a  treatise  in  five 
parts,  of  which  no  further  part  appeared  iu  the  author's  life- 
time; but  his  Vorlesungen  Hher  synthetiache  Oeometrie  were 
edited  posthumously  by  Geiser  and  Schrdter  (Leipzig  1867, 
1876).  Of  the  second  part  of  the  Vorlesungen^  containing  the 
projective  geometry  of  conies,  the  third  section  is  on  Kegd" 
schnitibiischel  and  Kegelschnittschaar. 

HiMien  §9.   Michel  Chasles,  the  most  famous  of  living*  geometers, 

is  perhaps  best  known  as  the  author  of  the  Apergu  historique 
sur  Vorigine  et  le  diveloppement  des  Mithodes  en  Oiom&trie  etc* 
(Paris  1837,  1875),  which  contains  an  invaluable  series  of  notes 
on  the  history  of  geometry  from  the  earliest  times,  followed 
by  a  MSmoire  de  Oeomkrie  (pp.  573—848)  devoted  to  the  ex- 
position of  the  two  general  principles  of  Duality  and  Homo- 
graphy.  Supplementary  to  the  Apergu  was  his  Rapport  sur  les 
progrls  de  la  Giomitrie  (1870),  forming  one  of  a  series  of 
official  reports  on  the  various  branches  of  literature  and  science. 
He  is  also  author  of  treatises  on  the  OeomStrie  Supirieure  (1852, 
1880),  Porismes  d^Euclide  (1860),  Sections  Coniques^  preimihre 
partie  (18G5),  and  of  a  multitude  of  separate  articles,  several  of 
which  relate  to   Maclaurin's  theorem  in   attractions  {Comptes 


*  These  pages  were  already  in  tvpe  when  the  death  of  Chasles  took  place,  on  the 
18th  December,  1880. 
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Rmdus  V.  842.  VI.  808-812,  902-915.  1837-8,  &c.).  At  this 
point  we  maj  fitly  offer  some  remarks  upon  the  history  of 
the  *^  anbarmonic''  properties  of  conies  and  the  general  principle 
of  ^^  homography,''  with  which  the  name  of  Chasles  is  so 
intimately  associated. 

(a)    The  anharmonio  point-property  of  conies. 

From  the  Collectio  of  Pappus  we  are  led  to  infer  that 
Euclid  was  acquainted  with  a  form  of  the  theorem  (1)  that  the 
cross  ratios  of  four  fixed  radiants  are  constant,  and  ApoUonius 
with  the  theorem  (2)  that  the  locus  a7  =  A.)8S  is  a  conic  From 
the  union  of  these  two  at  once  arises  the  well-known  "  Pro- 
pridl6  anharmonique  des  points  d'une  conique,*'  which  never- 
theless remained  unnoticed  for  upwards  of  2000  years  longer. 
Although  the  theorem  (1)  was  rediscovered  by  Desargues  and 
taken  as  his  fundamental  property  in  Perspective,  whilst  (2) 
was  brought  into  notice  by  Descartes  and  afterwards  proved 
synthetically  by  Newton,  the  combination  of  the  two  was  not 
yet  thought  of.*  The  third  and  last  stage  in  their  history  was 
inaugurated  by  Brianchon,  who  proved  that,  if  AB  he  a  fixed 
chord  of  a  conic  and  XY  its  points  at  infinity^  the  chords  from  a 
variable  point  on  the  curve  to  ABXY  cut  AB  in  constant  cross 
ratios.  Chasles  shewed,  in  course  of  an  account  of  his  "  Trans- 
formation Parabolique,"  that  the  same  is  true  when  X  and  Y 
are  any  two  fixed  points  on  the  conic;  and  he  deduced  that 
the  locus  of  the  point  at  which  four  given  points  subtend  a 
harmonic  pencil  is  a  conic  through  the  four  points.  See 
Qaetelet's  Corre^ondance  Math,  et  Physique  tome  V.  293—4, 
301  (1829):  Chasles  Rapport  etc.  p.  268.  All  that  was  still 
wanting  was  a  familiarity  with  the  '^  thdorie  compile  des 
rapports  anharmoniques,''t  which  might  have  been  found  in  the 
Barycentrische  Calcul  of  Mobius  (1827).  The  property  of 
conies  now  under  consideration  is  fully  stated,  and  its  impor- 

*  Although  it  is  conTenient  to  deduce  Newton's  description  of  a  conic  by  angles 
from  the  four-point  property  [p.  264],  we  ought,  historically  speaking,  rather  to 
xevcrse  the  process,  and  say  that  the  anharmonic  property  is  evidently  contained  in 
his  Deacriptio  Organica. 

t  See  the  Preface  to  Cremona's  Giometrie  Projective  p.  xv  (Paris  1875).  In  this 
work,  originally  written  in  Italian,  the  reader  will  find  references  to  many  of  the 
leading  treatises  and  historical  facts  of  geometry. 
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tance  pointed  oat  in  the  Apergu  histortque  (pp.  80,  334—341), 
which  was  presented  to  the  Brussels  Academy  in  a  rudimentary 
form  in  1829,  and  ultimately  published  in  1837:  it  is  also 
found  in  Steiner's  Systematische  EntwicJcelung^  published  in 
1832  [p.  262]. 

(J).    The  anharmonic  tangent-property  of  conies. 

It  was  shewn  by  Newton  that,  if  IM  and  IK  be  certain  fixed 

segments  of  two  given  tangents  to  a  conic,  any  third  tangent 

cuts   them   in   points   E  and    Q  respectively   such   that   the 

rectangle  (Z4f  —  IE)  {IK—  IQ)  is  of  constant  magnitude ;  and 

the   same  theorem   was    reproduced    by    Brianchon    in    1817 

[p.  Ixxix].    Poncelet,  who  refers  to  Brianchon's  Mimoire^  proves* 

that,  if  the  opposite  sides  AB  and  CD  of  a  fixed  quadrilateral 

circumscribed  to  a  given  conic  be  met  by  any  fifth  tangent  in 

L  and  N  respectively,  and  if  BC^  DA  be  met  by  any  sixth 

tangent  in  M  and  P,  then 

DP    BM_BL    DN 

AP'  CM"  AL'  CN' 

and  by  fixing  the  tangent  MP  he  deduces  that  the  cross-ratio 

BL     CN 

-jj  :  -jrr^  of  the  segments  of  AB  and  CD  by  any  fifth  tangent 

is  constant^  In  the  case  of  the  parabola  this  cross  ratio  is  equal 
to  unity  [p.  295] — a  theorem  which  he  believes  to  be  due  to 
Halley  (p.  118)4  Chasles  gave  a  second  proof  of  Poncelet's 
generalisation,  regarding  the  tangents  to  a  conic  as  projections 
of  the  generators  of  a  ruled  hyperboloid,  and  shewed  how  to 
pass  from  it  to  Newton's  theorem,  which  however  he  ascribed 
only  to  Brianchon  (Quetelet's  Correspondance  IV.  364-70.  Cf. 
Chasles  Rapport  p.  239).  He  afterwards  proved  it  again  in 
the  form,  that  the  ratio  of  the  products  of  the  distances  of  the 
fifth  tangent  from  -4,  C  and  jB,  D  respectively  is  constant 
(ibid.  V.  289,  1 829) ;  and  also  shewed  that  the  envelope  of  a 

*  Proprietes profectives  p.  115  (1822)  j  vol.  I.  p.  Ill  (1866). 

t  This  is  obvious  from  Newton's  figuie  p.  [Ixvii]  for  the  case  of  two  pairs  of 
parallel  tangents :  it  then  follows  by  projection  for  any  two  pairs  of  tangents,  the 
"  cross-ratio"  having  different  but  constant  values  for  different  planes.  See  Art.  133 
(ii)  [p.  312]. 

X  ApoUonii  Perg»i  De  Seciione  Rationis  ^e,  lib.  I.  pp.  64—5,  ed.  Halley 
(Oxon.  1706). 
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line  cat  harmonically  by  four  fixed  lines  is  a  conic  touching 
them  (p.  294).  The  property  of  which  this  last  is  a  special 
case  was  at  length  completely  stated,  simultaneously  with  its 
reciprocal  (a),  by  Steiner  and  Chasles.  It  might  have  been 
deduced  at  once  by  projection  from  Lambert's  solution  of 
Sir  Christopher  Wren's  problem  [p.  296]. 

(c).    A  conic  regarded  as  the  projection  of  a  circle. 

Chasles,  in  his  Sections  Coniques  (at  the  suggestion  of 
M.  J.  Delbalat),  defines  a  conic  as  the  projection  of  a  circle 
(p.  7),  deduces  its  anharmonic  properties,  and  founds  his  treatise 
upon  them.  The  effectiveness  of  this  method  and  the  ability 
with  which  he  applies  it  are  known  to  all.  Nevertheless, 
however  excellent  in  a  supplementary  course  of  geometry, 
it  is  less  suited  for  beginners,  owing  to  the  difficulty  of  proving 
conversely  that  every  conic — secondarily  defined  by  the  an- 
harmonic properties— can  be  placed  in  perspective  with  a  circle. 
The  problem  is  indeed  solved  concisely  on  p.  5,  but  not  without 
references  to  a  later  paragraph  and  a  separate  work  for  further 
reasoning  in  justification  of  the  construction.  It  naturally 
presents  some  difficulty  to  the  tyro,  being  in  fact  a  form  of  a 
problem  which  no  geometer  was  able  to  solve  generally  before 
Desargues. 

[d)   nomographic  figures  in  two  and  in  three  dimensions. 

The  general  principle  of  "  homographie" — as  it  was  named 
by  Chasles — is  somewhat  obscurely  set  forth  in  the  works  of 
Desargues,  who  regarded  figures  in  homology  as  special  cases 
of  figures  in  perspective  in  space,  at  the  same  time  taking  for 
his  Proposition  Fondamentale  de  la  pratique  de  la  Perspective 
a  form  of  the  property  of  the  anharmonic  pencil.*  The  idea  of 
transforming  solid  figures  also  is  briefly  hinted  at  by  Desargues 
[p.  329].  Poncelet  studied  the  relations  of  figures  in  "  homology'* 
(to  use  his  own  expression],  and  devoted  a  supplement  of  his 
Traits  des  Propr.  Projectives  pp.  369-416  (1822)  to  the  pro- 
jective properties  of  figures  in  space.  Not  the  least  valuable 
part  of  the  Apergu  historique  is  the  full  exposition   of  the 

*  Poudra  (Euvrtt  de  Buarguet  I.  425. 
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principle  of  Homographie^  as   applied  to  plane   and  to   solid 
figures,  with  which  it  conclades. 

§10.  The  following  works  may  be  mentioned  as  having 
advanced  the  knowledge  of  the  new  geometry  in  this  country. 
The  essay  on  Transversals  in  the  12th  edition  of  Hutton's 
Course  of  Mathematics,  by  T.  S.  Davies,  also  an  editor  of  the 
journal  the  Mathematician]  Salmon's  compendious  works  on 
the  various  geometrical  and  other  methods,  to  which  we  have 
so  often  referred ;  Gaskin's  Oeometrical  Construction  of  a  Conic 
Section;  Mulcahy*8  Principles  of  Modem  Geometry ;  and 
Townsend's  two  volumes  on  the  Modern  Oeometry  of  the 
Pointy  Line  and  Circle^  which  within  their  prescribed  limits  are 
as  complete  an  exposition  of  the  principles  of  the  subject  as 
could  be  desired.  We  must  not  omit  to  notice  also  Prof. 
H.  J.  S.  Smith's  article  on  the  Focal  Properties  of  nomographic 
Figures  in  vol.  II.  196 — 248  of  the  Proceedings  of  the  London 
Mathematical  Society,  some  of  the  results  of  which  are  given 
below,  with  especial  reference  to  the  case  of  reverse  figures. 

Properties       §11-  ^^  MPN  bc  any  angle  which  is  equal  to  its  reverse 

°fl^^r  '^P^i  ^*  ™^8*  ^^  ®q"^l  *^  ^(^^  [P-  323].  Hence  (1)  for  a 
given  position  of  P  there  are  an  infinity  of  angles  MPN^  each 
of  which  reverses  into  an  equal  (or  supplementary)  angle ;  and 
the  arms  of  such  a  system  of  angles  constitute  a  pencil  in 
involution,  since  the  points  MN  always  lie  on  a  circle  of  the 
coaxal  system  through  0  and  P.  (2)  If  0'  and  to  be  the 
points  such  that  the  base-line  bisects  00'  and  wco  orthogonally, 
every  angle  subtended  at  0  or  0'  reverses  into  an  equal 
angle  subtended  at  to  or  o)'.  (3)  Every  conic  which  has  0  or 
O  for  a  focus  reverses  into  a  conic  having  o)  or  w'  for  a  focus 
[p.  317  (i)].  (4)  An  ellipse  (or  hyperbola)  having  0  and  0'  for 
foci  reverses  into  a  hyperbola  (or  ellipse)  having  q>  and  q>'  for 
foci;  their  normals  at  reverse  points  Pp  correspond — being 
fourth  harmonics  to  the  focal  distances  and  tangents  at  P  and 
p  respectively;  and  therefore  their  centres  of  curvature  and  their 
evolutes  correspond,  (5)  The  coaxal  circles  of  which  00'  are 
the  limiting  points  reverse  into  those  of  which  moD'  are   the 
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limiting  points.  (6)  The  parallels  through  o>  and  tfs!  to  the 
base-line  are  such  that  every  segment  of  either  reverses  into 
an  equal  segments  And  (7)  on  any  two  reverse  lines  MP  and 
mp  there  are  two  sets  of  equal  corresponding  segments,  which 
determine  two  pairs  of  involutions  having  their  centres  on  the 
base-line — as  may  readily  be  deduced  from  the  constancy  of 
the  product  MP.mp  [p.  328]  for  given  positions  of  the  two 
lines.  These  results  apply  mutatis  mutandis  to  homographic 
plane  figures  in  general,  however  placed. 

§12.  The  organic  description  of  curves  has  within  the  last  uniuges. 
few  years  received  developments  of  the  greatest  theoretical 
interest  and  practical  importance,  consequent  upon  the  dis- 
covery (1864)  by  Peaucellier,  an  officer  of  engineers  in  the 
French  army,  of  an  apparatus  for  the  Inversion  of  circular 
into  rectilinear  motion.  Let  A  OB  be  an  angle  of  equal  arms, 
and  A  GBP  a  rhombus  whose  sides  are  less  than  the  arms 
of  the  angle.  Then  OCP  is  a  straight  line,  and  the  product 
OC.OPy  being  equal  to  OA^  —  AC^^  will  be  constant  if  the 
sides  of  the  rhombus  and  of  the  angle  be  constant.  Let  these 
be  now  replaced  by  bars  or  "  links"  jointed  at  the  five  points 
OABCPj  then  the  whole  linkage  is  called  a  Peaucellier  cell. 

If  this  linkage  be  moved  about  a  fixed  pivot  at  0  in  any 
possible  manner  in  one  plane,  then  whatever  be  the  locus 
of  G  the  point  P  will  trace  its  inverse  with  respect  to  0,  on 
account  of  the  constancy  of  the  product  OG.OP.  To  make 
P  describe  a  straight  line  we  must  make  G  describe  a  circle 
through  0]  which  is  at  once  efiected  by  joining  G  to  an 
"  extra  link"  GQ^  whose  end  Q  works  about  a  fixed  point 
at  a  distance  equal  to  its  own  length  from  0.  This  apparatus 
may  evidently  be  applied  also  to  produce  Parallel  Motion ;  and 
we  may  make  P  describe  an  arc  of  a  circle  of  as  great  a  radius 
as  we  please  by  making  the  distance  OQ  sufficiently  nearly 
equal  to  the  length  of  the  "extra  link."  The  principle  of 
linkages  is  well  explained  by  Mr.  A.  B.  Kempe  in  his  concise 
work  How  to  draw  a  Straight  Line^  a  lecture  on  Linkages 
(London  1877),  and  references  are  given  in  it  to  the  chief 
articles  that  had  been  written  upon  the  subject.     To  conclude, 
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in  the  words  of  Sylvester,*  to  whom  Peaucellier's  method  of 
linkages  owes  so  much  of  its  further  development:  ^^It  is 
possibUy  by  means  of  an  apparatus  consisting  exclusively  of  rigid 
rodsy  compass  joints^  and  pivots^  to  convert  circular  into  linear^ 
hyperbolic^  elliptic^  and  parabolic  motion;  and^  in  general^  to 
describe  any  curve  of  the  form  x<j>  (a;*,  y*)  +  ^  (aj*,  y* )  =  0,  where 
^,  -^  are  homogeneous  forms  of  functions  of  any  degree  respeo- 
tively  in  aj*,  y*." 


*  Educational  Times  Reprint  toL  xxi.  58  (1874).    Later  infonnatioQ  is  to  be 
Bought  in  the  same  and  other  sdentific  periodicalfl. 


NOTE. 

In  continuation  of  Note  ^  p.  hex. 

The  order  of  the  surface  is  thus  determined  hy  Professor 
Townsend.  For  a  given  position  of  OA,  the  plane  OBC  envelopes 
a  quadrio  cone,  2n  of  whose  tangent  planes  pass  each  through, 
a  generator  of  the  director  scroll.  These  generators  give  2n 
positions  of  the  plane  wBC  and  2n  of  the  point  A ;  and  when  OA 
coincides  with  Ota  all  the  A*a  coalesce  at  «i»,  which  is  therefore 
a  2»-fold  point  on  the  locus.  Again,  every  line  through  ta  meets 
the  scroll  in  n  points,  through  each  of  which  passes  a  generator ; 
and  these  generators  severally  determine  n  conies,  cutting  the 
line  through  w  in  2n  points,  all  of  which,  when  the  line  is  oiO, 
coalesce  a);  0.  Thus  0  also  is  a  2n-fold  point ;  and  every  line 
through  0  or  01  passes  through  2n  other  points  on  the  locus,  which 
is  accordingly  of  the  order  4n. 
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DEFINITION'S. 

A  Ck)Kic  Section^  or,  briefly,  a  Gbntc,  is  a  caive  traced  by 
a  point  which  moves  in  a  plane  containing  a  fixed  point  and 
a  fixed  straight  line  in  snch  a  way  that  its  distance  from  the 
fixed  point  is  in  a  constant  ratio  to  its  perpendicular  distance 
from  the  fixed  straight  line.  The  Conic  Sections  were  so  named 
frx>in  the  circnmstance  that  they  are,  and  were  originally  defined 
as,  the  plane  sections  of  a  cone. 

The  fixed  point  is  called  the  Focus  ^  the  fixed  straight  line 
the  Directrix]  and  the  constant  ratio  the  Eccentricityj  or  th^ 
Determining  Batio. 

A  Conic  is  called  an  Ellipse^  a  Parabola^  or  a  Hyperbola,^ 
acoorcUng  as  its  eccentricity  is  less  than,  eqaal  to,  or  greater 
than  nnity. 

Similar  Conies  are  snch  as  have  the  same  eceentricity. 

The  Axis  is  the  straight  line  through  the  focus  at  right 
angles  to  the  directrix,  and  the  point  between  the  focus  and 
the  directrix  in  which  it  cuts  the  conic  is  called  the  Vertex. 

When  the  eccentricity  is  either  greater  or  less  than  unity, 
the  conic  cuts  its  axis  in  a  second  point,  which  is  also  called 
a  vertex.  In  such  cases  the  term  Axis  may  denote  the  Jlnite 
straight  line  which  joins  the  vertices.  Its  middle  point  is  called 
the  Centre  of  the  conic,  and  the  conic  is  called  a  Central  Conic. 

The  Lattis  Bectum^  or,  as  it  is  sometimes  called,  the  Paraf 
meter ^  is  the  chord  through  the  focus  at  right  angles  to  the  axis 
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Other  uses  of  these  terms  will  be  noticed  in  the  conrse  of  the 
work. 

A  Diameter  is  the  locus  of  the  middle  points  of  a  system  of 
parallel  chords.  It  will  be  shewn  that  the  diameters  of  conies 
are  straight  lines.  The  points  in  which  diameters  and  chords 
meet  the  curve  are  called  their  ends  or  Exiremitiea.  The 
extremities  of  diameters  which  do  not  meet  the  curve  will  be 
defined  in  the  chapter  on  Central  Conies.  The  diameter  at 
right  angles  to  the  axis  of  a  central  conic  is  called  the  Mtnar^ 
or  Ccnjugate^  Axis. 

Two  diameters  are  said  to  be  Conjugate  when  each  bisects 
the  chords  parallel  to  the  other;  and  two  chords  are  said  to 
be  conjugate  when  they  are  parallel  to  conjugate  diameters. 

Supplemental  Chorda  are  such  as  join  the  extremities  of  a 
diameter  to  a  point  on  the  curve. 

A  Tangent  to  a  conic  is  the  limiting  position  of  a  secant^ 
whose  two  points  of  intersection  with  the  curve  have  become 
coincident.  Thus,  if  P,  Q  be  adjacent  points  on  the  curve, 
and  if  the  chord  joining  them  be  turned  about  P  until  its 
further  extremity  Q  coincides  with  P,  the  chord  in  its  limitiog 
position  will  have  become  the  tangent  at  P.  Hence  a  tangent 
is  said  to  be  a  straight  line  which  passes  through  two  consecutive 
or  coincident  points  on  the  curve. 

If  the  point  of  contact  of  a  tangent  to  a  hyperbola  be 
removed  to  infinity  the  tangent  will  coalesce  with  one  of  two 
straight  lines  through  the  centre,  which  are  called  Asymptotes. 

The  Normal  at  any  point  of  the  curve  is  the  straight  line 
drawn  through  that  point  at  right  angles  to  the  tangent.  • 

The  perpendicular  upon  the  axis  from  any  point  is  called 
absolutely  the  Ordinate  of  that  point ;  but  the  ordinates  of  a 
specified  diameter  are  the  segments  of  the  chords  which  that 
diameter  bisects.    The  term  Abscissa  will  be  defined  later. 

The  portion  of  the  axis  intercepted  between  the  tangent  at 
any  point  of  the  curve  and  the  ordinate  of  that  point  is  called 
the  Subtangent 

The  portion  of  the  axis  intercepted  between  the  normal  at 
any  point  of  the  curve  and  the  ordinate  of  that  point  is  called 
the  Subnormal. 
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A  straight  line  is  said  to  be  divided  harnumically  at  four 
points  P,  iS,  Qj  5,  when  PQ^  and  FQ  produced,  are  cut  in  the 
same  ratio  by  S  and  jS,  so  that 

since,  when  this  is  the  case,  the  lengths  BPj  B8j  ^Q  are  in 
harmonical  progression,  the  extremes  being  to  one  another  as 
their  differences  from  the  mean.  In  the  case  in  which  8  is  the 
middle  point  of  PQ^  the  point  fi  is  at  infinity,  or  P8Q  oo  is 
^vided  harmonically. 

The  locus  of  intersection  of  the  tangents  at  the  extremities 
of  a  chord  which  passes  through  a  fixed  point,  or  Pole^  is  called 
the  Polar  of  the  point.  It  will  be  shewn  that  the  polar  of  any 
point  with  respect  to  a  conic  is  a  straight  line;  and  that  the 
polar  of  an  external  point  coincides  with  the  chord  of  contact 
of  the  tangents  to  the  conic  from  that  point. 

If  about  any  point  in  the  plane  of  a  conic,  other  than  the 
centre  of  the  conic,  a  circle  be  described,  such  that  the  ratio 
of  its  radius  to  the  perpendicular  distance  of  its  centre  from 
the  directrix  is  equal  to  the  Eccentricity^  the  circle  may  be 
called  the  Eccentric  Circle  of  the  Conic  toith  respect  to  that 
pointj  or,  briefly,  the  Eccentric  Circle^  of  the  point.  It  is  evident 
that  the  circle  will  cut,  touch,  or  fall  short  of  the  directrix, 
according  as  the  conic  is  a  hyperbola,  a  parabola,  or  an  ellipse. 

The  circle  which  is  described  according  to  the  same  law 
of  magnitude  about  the  centre  of  an  ellipse  or  hyperbola  is  called 
the  Auxiliary  Circle  of  the  curve.  This  latter  is  commonly 
define4  as  the  circle  described  upon  the  axis  as  diameter,  but 
it  will  be  seen  that  the  two  definitions  are  coincident.  The 
circle  described  upon  the  Minor  Axis  as  diameter  is  called  the 
Minor  Attxiliary  Circle. 

In  a  central  conic,  the  locus  of  intersection  of  tangents  at 
right  angles  to  one  another  is  a  circle,  which  is  called  the 


*  The  piupertiefl  of  this  dicle  f onn  the  groundwork  of  the  treatiBe  of  Bosooyioh, 
Sediontan  Coniearum  JBlemetUa  fwva  quadam  methodo  eondnncUa,  contained  in  hia 
Ekmemta  Universa  McUheaeoSf  TBHETiiSy  1757.  BosooTich  gaye  no  name  to  his  circle, 
bat  some  later  writeiB  have  called  it  the  Generating  Circle^  since  it  affords  a  readj 
means  of  tracing  a  conic  whose  elements  are  glTen. 
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IHredior  Oirde.    Ilie  corresponding  locos  in  the  paxabok  is 
the  directrix. 

The  Ord&Ty  or  Degree^  of  a  cmre  is  detemuned  by  the 
number  of  points  in  which  it  can  be  met  by  a  straight  line ; 
and  the  CIom  of  a  corye  by  the  nnmber  of  tangents  which  can 
be  drawn  to  it  from  a  point.  Thus,  a  carve  of  the  second 
ordcTi  or  degreci  is  one  which  a  straight  Une  meets  generally 
in  twO|  and  never  in  more  than  two,  points;  and  a  corre  of 
the  second  dass  is  one  to  which  generally  two,  and  never  more 
than  twO|  tangents  can  be  drawn  from  a  point. 


(    6    ) 


CHAPTER    I. 

DE80KEPTI0N  OF  THB  OUBYE. 
1.    To  trace  a  oontb  whote  fooutf  direetriXf  and  eooentrtm^ 

Ijet  iS  be  the  fociui^*  JOT  the  directriZ)  and  X  the  point 
in  which  the  aziB  meets  the  directrix.    In  BX  take  a  point  A 


snch  that  the  ratio  of  SA  to  AX  may  be  eqnal  to  the  eccen- 
tricitj.    Then  ^  is  the  Tertez« 

Let  a  stnught  line  cut  the  axb  at  right  angles  in  N.    About 
8  as  centre,  with  radius  BP^  such  that 

BPzNX^BAiAX, 

describe  a  circle  cutting  the  straight  line  in  P,  P'.    From  these 

points  draw  perpendiculars  PM^  P'M'  to  the  directrix.    Then 

evidently 

SPiPM^BAzAXj 


*  Tilt  planete  deicribe  ^yprozimatelj  eDipflM  about  the  tnn  in  one  toatm.  For 
ibis  xMBOD  the  fint  letter  of  SoL  !■  here  need,  ae  by  KewtoOt  to  denote  the  Fonu,  or 
ee  he  calM  it»  the  UmHiiciu. 
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or  P  is  a  point  on  the  carve.  And  In  like  manner  P'  is  a 
point  on  the  curve. 

If  now  we  suppose  the  straight  line  PNP'  to  move  parallel 
to  itself,  the  points  P,  P'  upon  it  will  trace  out  the  entire  curve. 
From  this  construction  it  is  evident  that  the  curve  is  symme- 
trical with  respect  to  its  axis,  since  its  points  are  always 
determined  in  pairs,  as  P,  P',  which  are  symmetrically  situated 
with  respect  to  the  axis.  It  appears  also  that  the  tangent 
at  the  vertex  is  at  right  angles  to  the  axU,  since  when  the  point 
N  coincides  with  the  vertex,  8P=  8A  =  8P' ;  that  is  to  say, 
the  points  P,  P'  coalesce  at  A^i  and .  the  chord  joining  them, 
which  is  always  at  right  angles  to  the  axis,  becomes  the  tangent 
at  -4. 

In  order  that  pairs  of  real  points  may  be  determined  by 
the  above  construction,  it  is  necessary  and  sufficient  that  8N 
should  be  less  than  8P^  and  therefore 

8NiNX<8AiAX, 

a  condition  which  enables  us  to  discriminate  between  the  three 
species  of  conies  as  follows: 

(i)    TheParcMa. 

If  the  eccentricity  be  equal  to  unity,  we  must  have  8N<  NXj 
a  condition  which  is  satisfied  by  taking  N  anywhere  in  XA 
produced.  The  point  N  therefore  may  be  supposed  to  start 
from  Aj  and  to  move  in  the  direction  A8  to  infinity,  so  that 
the  extremities  of  the  chord  PP'  trace  out  a  single  infinite 
"branch. 

:      (ii)    The  Ellipse. 

If  the  eccentricity  be  less  than  unity,  the  curve  will  have 

a  second  vertex  A'  in  XA  produced,  and  in  order  that  the 

condition 

8N:NX<8A:AX 

may  be  satisfied,  it  may  be  shewn  that  the  point  N  must  be 
taken  between  Ay  A'.  Hence  the  ellipse  consists  of  one  oval 
branch,  as  in  the  figure  of  Art.  3. 

(iii)    The  Hyperbola, 

If  the  eccentricity  be  greater  than  unity,  the  curve  will 
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lutTQ  ft;  second  vertex  A*^  lying  in  AX  produced  beyond  the 
directrix ;  an^d  the  point  N  may  lie  anywhere  in  AA*  produced 
^either  way,  but  not  between  A^  A\  Hence,  the  hyperbola 
conaists  of  two  infinite  branches  situated  on  opposite  sides  of 
the  directrix. 

A  point  is  said  to  lie  within  a  conic  when  it  lies  between 
the  extremities  of  a  chord  perpendicular  to  the  axis;  and  all 
other  points  in  the  plane  of  the  conic,  with  the  exception  of 
those  which  are  upon  the  curve  itself,  are  said  to  lie  without 
the  conic. 

Let  O^be  the  ordinate  of  an  internal  point  0,  and  let  NO 
,be  produced  to  meet  the  conic  in  P,  then  evidently 

80iNX<SPiNX^ 

<  8A  :  AX 

Next  let  0  be  an  external  point.  Then  if  ^,  the  foot  of 
its  ordinate,  fall  within  the  curve,  it  may  be  shewn  in  like 
manner  that 

SO:NX>aA:AX. 

r  ' 

.   But  if  ^  fall  without  the  curve,  then 

8N:NX>SA:AXj 

and  a  fortiori  80  :  NX>  8A  :  AX. 

Hence,  in  every  case,  a  point  toill  lie  within  or  wifJiout  a 
conic   according  as  the  ratio  of  its  focal  distance  to  its  per^ 
pendicular  distance  from  the  directrix  is  less  or  greater  than 
'the  eccentricity. 

SCHOLIUM. 

Thx  Cibglb  is  the  limiting  form  of  an  ellipse  whose  eccentricity 
is  indefinitely  diminished,  and  whose  directrix  is  removed  to  an 
infinite  distimce  from  the  focus.  For  if,  in  the  next  figure, 
PMf  P'Jf '  be  perpendiculars  on  the  directrix  from  any  two  points 
P,  jP  on  a  conic,  and  if  the  distance  of  the  directrix  from  S  be 
'increased  indefinitely  whilst  8P,  SF^  remain  finite,  then  (i)  the  ratio 
8P I  PM  is  diminished  indefinitely;  and  (ii)  the  ratio  P2£\  PM' 
tends  to  equality.    But 

aPi  SP^PMiPM. 

Therefore  ultimately  8P  :  8P  is  a  ratio  of  equality,  and  the  conio 
becomes  a  circle  about  S  as  centre. 
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3.   The  focal  distance  of  aU  points  on  a  conh  are  id  one 
another  as  their  parallel  distances  Jrom  the  directrix. 

Let  S  be  the  focoB;  P,  P  any  two  points  on  the  curve; 


Mj  M  their  projectionB  npon  the  directrix.    Then  frank  die 
definition 

From  P,  P  draw  a  pair  of  parallels  meeting  the  direetriz 
in  JS,  En    Then  by  similar  triangles, 

PMxFIL^FU'xFE. 

Therefore  BPiPB^  BF  :  FB. 

Hence  the  focal  radii  8P^  BF  are  to  one  another  as  the 
parallels  Pfi,  FE ;  and,  whatever  be  the  portion  of  the  point 
P  on  the  curve,  the  ratio  of  8P  to  Pfi  will  be  constant  \i 
PB  be  drawn  to  meet  the  directrix  at  a  constant  angle. 

3.  A  conic  is  a  curve  of  the  second  order* 

For  if  P,  Q  be  any  two  points  on  a  conic,  as  in  the  figure 

of  Art*  4,  and  if  the  straight  line  joining  them  meet  the  directrix 

in  B^  then,  drawing  perpendiculars  PM^  QN  to  the  directrizi 

we  have 

BPxBQ^PMiQN 

^PBi  QB. 

Hence  BB  makes  equal  angles  with  BP^  BQi  and,  con- 
Tersely,  if  P  be  a  point  on  the  curve,  and  BQ  be  drawn 
meeting  BP^  and  equally  inclined  with  BP  to  £fi,  then  Q  will 
be  a  point  on  the  curve. 

It  is  evident  from  this  construction  that  no  third  point  can 
be  found  on  the  conic  in  the  same  straight  line  with  P,  Q. 
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Hence  a  straight  line  which  meets  a  conic  will  in  general  meet 
it  in  two  pointS|  and  no  straight  line  can  meet  a  conic  in  more 
points  than  two.  It  is  for  this  reason  that  conies  are  called 
Carres  of  the  second  order,  or  of  the  second  degree. 

Let  a  straight  line  parallel  to  the  axis  meet  the  directrix 
in  M  and  the  coire  in  P.  Make  the  angle  MSB  equal  to 
M8Py  and  let  B8  meet  i£P  in  Q;  then,  fix>m  above,  the 
point  Q  lies  on  the  cnrre.     In  tiie  case  of  the  ellipse  the 


points  P,  Q  will  lie  on  the  same  mde  of  the  directrix;  fbr, 
unoe  8P  is  less  than  PMj  the  angle  BMP  is  less  than  MSPj 
and  therefore  the  alternate  angle  M8X  is  less  than  MSP  or 
MSB.  Hence  the  straight  line  SB  falls  without  the  angle 
MSXj  and  meets  MP  on  the  same  side  of  the  directrix  with  P. 
By  similar  reasoning  it  may  be  shewn  that  a  straight  line 
parallel  to  the  axis  of  a  hyperbola  intersects  the  curve  in  two 
points  on  opposite  sides  of  the  directrix.  In  the  case  of  the 
parabola^  SB  coincides  with  the  axis,  to  which  MP  is  paraUeL 
Hence  a  straight  line  parallel  to  the  axis  of  a  parabola  meets 
the  curve  in  one  point  only. 


4.  To  describe  a  conic  qf  given  foeus^  directrix^  and  ecoeii* 
tricity  by  means  of  the  eccentric  circle  of  any  given  point 

Describe  the  eccentric  circle  of  any  point  0  in  the  plane 
of  the  conic,  and  let  a  straight  line  through  S  meet  the  drcle 
in  p  and  the  directrix  in  B.  Let  BO  meet  the  focal  radius 
parallel  XopO'mP^  and  let  0J9,  PM  be  the  perpendiculars  from 
0,  P  to  the  directrix* 


10 


DESGBIPTION  OF  THE  CUBTB. 


Then  hj  paralleU, 

8Pi  Op  ^PR  :  OR 

^PMxOD, 

or  SPxPM^OpiOD 

s=tlie  eccentricity. 

Hence,  z&p  moves  round  the  circle^  P  traces  the  conic  which 
was  to  be  described. 

In  the  case  of  the  hyperbola*  it  may  be  seen  that  the 
directrix  divides  the  circle  into  two  parts,  each  of  which  cor- 
responds to  one  branch  of  the  curve. 

5.  To  determine  the  pointa  in  which  a  given  straight  line 
intersects  a  conic  o/ given  focus^  directrix^  and  eccentricity. 

Let  the  given  straight  line  meet  the  directrix  in  R.  Describe 

the  eccentric  circle  of  any  point  0  on  the  straight  line,  and 

'let  it  cut  8R  in  pj  q.    Let  the  focal  radii  parallel  to  pOj  qO 


*  Since  the  Iocob  of  p  is  a  oontinnouB  cnrre,  the  oomc,  which  is  the  locos  of  P, 
is  also  to  be  regarded  aa  in  all  caseB  a  continuoas  cnire.  In  the  case  of  the  hypeibolay 
as  the  point  j!»  crosses  the  directziz,  the  point  P  passes  from  infinity  on  one  side  of  the 
axis  to  infinity  on  the  other  side  of  the  axis.  Hence  the  two  branches  of  Um 
hyperbola  may  be  conoeiTed  of  as  connected  diaffonalfy  at  infinity. 
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ineet  the  strught  line  in  P,  Q.    Then,  as  ahove,  if  OD^  PM 
he  perpendiculars  on  the  directrix, 

BP:PM=Op:  OD 

=  the  eccentricity, 

or  P  is  a  point  on  the  conic. 

Similarly  it  may  be  shewn  that  Q  is  a  point  on  the  conic. 

From  this  construction  it  follows  that  a  conic  is  a  curve 
of  the  same  order  as  the  circle;  that  is  to  say,  it  is  a  curve 
of  the  second  order,  as  was  shewn  in  Art.  3. 

6.   A  conic  is  a  curve  of  the  second  class. 

If  the  points^,  q  become  coincident,  the  points  P,  Q  likewise 
become  comcident,  since  Op,  Oq  are  always  parallel  to  /SP,  8Q 
respectively;  that  is  to  say,  if  SB  touches  the  circle,  BO 
touches  the  conic 


Hence  the  problem  of  drawing  tangents  to  a  conic  from 
a  point  0  is  reduced  to  that  of  drawing  tangents  from  8  to 
the  eccentric  circle  of  0]  for  if  the  tangents  from  8  to  the 
circle  meet  the  directrix  in  Bj  jB",  then  jSO,  RO  will  be  the 
reqmred  tangents  to  the  conic. 


IS  DBSCBIFTIOK  OF  THB  CUBV1L 

Since  tbe  same  iiiimber  of  tangents  ean  be  drswn  from  0 
to  the  conic  as  from  S  to  the  drde,  it  follows  tbat  a  oenie 
is  a  carre  of  the  same  class  as  the  dicle;  that  is  to  saj,  it 
IB  a  cmre  of  the  second  class. 

In  order  that  two  real  tangents  to  the  conic  may  be  deter- 
mined hj  the  above  constradion,  it  is  necessary  and  sofficient 
that  S  should  lie  without  the  circle.  The  point  0  must  therefore 
be  so  ntuated  that  80  may  be  greater  than  the  radios  of  the 
cirdei  and  therefore 

SO:  OD>OpxOD 

>  the  eccentricityi 

where  D  is  the  projection  of  0  upon  the  directrix* 

When  0  is  on  the  curve  the  circle  passes  through  8^  and 

the  two  tangents  coalesce. 

No  tangent  can  be  drawn  to  a  conic  from  any  point  between 

the  curve  and  its  axis,  since  at  evezy  such  point 

80 :  OD  <  the  eccentricity. 

Hence  no  tangent  can  pass  between  the  curve  and  its  axis,* 
and  the  curve  is  therefore  concave  at  all  points  to  its  aas. 


EXAMPLES. 

t.  If  an  ellipsei  a  parabolay  and  a  hyperbola  have  the 
same  focus  and  directrix,  the  ellipse  will  lie  wholly  within  the 
parabola,  and  the  parabola  wholly  within  the  hyperbola;  and 
no  two  conies  which  have  the  same  focus  and  directrix  can 
intersect  one  another. 

2.  If  parallels  from  the  focus  and  any  point  P  on  a  conic 
meet  the  directrix  in  i>,  B^  and  if  2/  be  equal  to  half  the 
latus  rectum,  then 

8PiPB^Lx8D. 


*  In  pardcukr  it  is  to  be  noticed  that  no  tangent  can  be  diawn  to  either  bnuich 
of  a  hyperbola  from  any  point  within  the  other  branch. 
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3*  If  tbe  fociu  and  two  points  of  a  conic  be  gtveni  the 
directrix  will  pass  through  one  of  two  fixed  points. 

4«  If  FN  be  the  ordinate  of  any  point  P  on  a  ooniC|  then 

8Pi  L :  iSW-the  eccentricity. 
Henoe  shew  that  i£P8P  be  any  focal  chord,  then 

5.  Determine  the  condition  that  the  chord  of  a  conic  may 
be  greater  than,  eqnal  to,  or  less  than  the  diameter  of  the 
eccentric  circle  of  its  middle  point. 

6.  In  the  fignre  of  Art  4,  if  CJpiSP  be  a  quadrilateral  fonned 
by  drawing  through  0^  B  b,  pair  of  parallelsi  and  a  pair  of 
straight  lines  which  intersect  on  the  directrix,  then  p  will  lie 
without  or  within  the  eccentric  drde  of  0,  according  as  the 
ratio  ef  8P  to  PM  is  greater  or  less  than  the  eccentricity. 
Prove  also  by  means  of  this  construction  that  a  tangent  at 
any  point  to  a  conic  cannot  meet  the  curve  in  any  other  point 

7.  If  p  be  made  to  describe  a  series  of  circles  about  0  at 
centre,  P  will  describe  a  series  of  conies  having  a  common  focus 
and  directrix;  and  the  eccentricities  of  the  conies  will  be  to  one 
another  as  the  radii  of  the  circles. 

8.  If  p  be  made  to  describe  a  curve  of  any  degree,  P  will 
describe  a  curve  of  the  same  degree;  and  the  corresponding 
arcs  of  the  two  curves  will  subtend  equal  angles  at  the  points 
0,  B  respectively. 

9.  If  pm  be  the  perpendicular  firom  p  to  the  directrix,  then 
PM.pm  =s  OD.  8X.  Hence  shew  that  the  sum  of  the  reciprocals 
of  the  segments  of  a  focal  chord  of  a  conic  is  constant,  and  any 
focal  chord  is  divided  hannonically  by  the  focus  and  the  direc- 
trix. Shew  also  that  if  OP^OQ^  then  Bql^  is  divided 
hannonically. 

10.  Shew  from  the  construction  of  Art.  6  that  the  tangents 
OP^  OP  subtend  equal  angles,  and  that  JBP,  BJ?  subtend  right 
ai^leS)  at  the  focus. 


(  1*  ) 


CHAPTEtt  II. 

THE   OBNEBAIi   OONIO. 

In  thiB  chapter  we  shall  prove  some  of  the  prindpal 
properties  which  are  common  to  the  Parabola,  the  EUipae, 
and  the  Hyperbola,  reserying  for  fnture  consideration  the 
properties  which  are  distinctiye  of  the  three  species  of  conies. 

PBOPEETIES  OF  TANGENTS. 

PROPOSITION   I. 

7.  The  tangents  to  a  conic  from  any  point  on  the  directrix 
subtend  right  angles  at  die  focus.  • 

Let  Pj  Q  be  adjacent  points  on  the  ccunre,  and  let  PQ 
produced  meet  the  directrix  in  B.    Then,  as  in  Art  3^ 

SPiSQ^PEiQB, 


and  8B  bisects  the  angle  which  8Q  makes  with  P8  produced; 

Let  P8  produced  meet  the  conic  in  0.  Then  i^oe  the 
Angles  B8Q,  B80  are  always  equal,  therefore  in  the  limit, 
when  8Q  coincides  with  8Pj  each  of  thes^  angles. becomes  ^ 
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light  angle,  and  BPj  which  becomes  iixt  tangent  at  Pj  Bubtenda 
a  right  angle  at  A 

Hence,  (i)  to  draw  the  tangent  to  a  conic  at  a  given  point 
P  on  the  ciq-ve,  make  P8B  a  right  angle,  and  draw  PB  to 
the  point  in  which  8B  meets  the  directrix;  and  (ii)  to  draw 
tangents  to  a  conic  from  a  given  point  B  on  the  directrix,  draw 
the  focal  ckordjOSP  at  right  angles  to  8B^  and  join  £P,  BO. 

Corollary. 

Hence  it  appears  that  the  tangents  at  the  extremities  of 
any  focal  chord  PO  meet  at  a  point  B  on  the  directrix ;  and 
converselj,  if  tangents  be  drawn  from  any  point  B  on  the 
directrix  their  chord  of  contact  PO  will  pass  throagh  the  focns. 

The  Directrix  is  therefore  the  Polar  of  the  Focus. 

PROPOSITION  n. 

8.  If  from  any  point  T  on  the  tangent  at  P  perpendiculars 
Thy  TN  he  dravm  to  SP  and  the  directrix  respectively^  then 
BL  :  TN^  the  eccentricity^^ 

(i)  For  if  the  tangent  at  P  meet  the  directrix  in  ii,  and 


if  PM  be  a  perpendicular  to  the  directrix,  then,  since  8B  is 
at  right  angles  to  8P^  and  is  therefore  parallel  to  TX,  we  have 

8L:8P  =  TB:  PB 

^TNxPM. 


^  It  wHl  be  shewn  at  the  end  of  the  chapter  that  this  theoiem,  which,  with  its 
applications  as  in  the  tezt,  was  disooyered  by  Pzof.  Adams^  is  the  geometiical 
aoalogne  of  the  polar  equation  between  ^r  and  its  incUiuktion  to  th»  aa^ 
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TherefoN  SLiTN^SPtPM 

where  ^  is  the  Tertez,  and  X  the  foot  of  the  ^Urectrir. 

(ii)  It  appears  from  the  above  proof,  that  this  proportion 
maj  be  regarded  as  a  ccwoUaxy  from  the  preoeding;  but  the 
two  may  be  prored  at  onoe,  as  follows,  if  we  oonslder  the 
tangent  to  be  defined  mutatis  mutandis  after  the  manner  of 
Euclid. 

LetPbe  apolnt  on  the  cmre^and  B  a  point  on  the  directsriz, 
snch  that  PB  subtends  at  right  angle  at  8.  Take  any  point  T 
in  the  same  stndght  Une  with  P,  B^  and  let  fall  the  perpen- 
dicolars  PJIi^  IN  on  the  diroctriX|  and  the  perpendicular  TL 
on  8P*    Theni  as  before, 

SL:  TN^BAiAX. 

Hence  BT :  TN>  8 A :  AX, 

and  the  point  2*  lies  without  the  curve  in  every  case  except  that 
in  which  it  coincides  with  P.  The  straight  line  FB  is  therefore 
the  tangent  at  P. 

CaroUartf. 

It  is  evident  that  if  X,  j^T  be  the  projections  of  a  point  T 
upon  a  fixed  focal  chord  and  the  directrix  respectivdji  and  if 

8LiTN=8A:AXj 

the  point  T  will  lie  on  the  tangent  at  one  or  other  of  the 
extremities  of  the  fixed  focal  chord. 

Hence,  a  second  construction  analogous  to  that  of  Art  6, 
for  drawing  tangents  to  a  conic  from  a  given  point  T.  About 
8  describe  a  circle  equal  to  the  eccentric  circle  of  jT,  and 
draw  TL,  TM  toudiing  the  drde  at  £,  Jf ;  then  8L,  8M 
will  pass  through  the  points  of  contact  of  the  two  tangents 
which  can  be  drawn  to  the  conic  from  T.  There  is  an  apparent 
ambiguity  in  this  construction,  since  each  of  the  focal  chords 
through  2/,  Jf  meets  the  conic  in  two  points;  but  to  determine 
the  actual  tangents,  draw  8B  at  right  angles  to  8L  to  meet 
the  directrix,  and  join  BT\  and  draw  8E  at  right  angles 
to  8Mio  meet  the  directrix,  and  join  S!T^ 
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PBOPOSITION  III. 


9.  The  two  tangents  tohich  can  he  drawn  to  a  conic  from 
any  external  point  subtend  equal  or  supplementary  angles  at 
the  focus. 


For  if  TP,  TQ  be  the  two  tangents,  and  TX,  TM^  TN  be 
perpendiculars  npon  /SP,  BQj  and  the  directrix  respectively, 
then  since  T  lies  on  the  tangent  at  P, 

8L:TN^8A:AX. 

In  like  manner 

8M:  TN^SAiAX, 

Bmce  Tlies  on  the  tangent  at  Q.  Therefore  in  the  right-angled 
triangles  8TL^  8TM^  the  sides  8L^  8M  are  equal ;  and  the 
hypotenuse  8T  is  common  to  the  two  triangles ;  therefore 

lT8L^T8M. 

Now  (i)  if  TP,  TQ  touch  the  same  branch  of  the  conic,  the 
angles  which  they  subtend  at  8  will  be  either  equal  to  T8L 
and  T8M^  as  in  the  above  figure,  or  supplementary  to  TSL 
and  T8M.  In  either  case  TP,  TQ  will  subtend  equal  angles 
at  A 

Bat  (ii)  if  rP,  TQ  touch  opposite  branches  of  a  hyper- 
bola, 80  that  one,  and  one  only,  of  the  radii   SL^   8M  has 
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to  be  produced  backwards  to  P  or  Q^  then  the  angles  TSL, 
T8M  heiDg  equal  as  before,  the  tangents  7T,  TQ  will  subtend 
SUPPLEMENTARY  angles  at  8.^ 

Corollary  1. 

If  the  chord  of  contact  PQ  of  a  pair  of  tangents  2!P,  TQ  meet 
the  directrix  in  jB,  then  ST^  SB  bisect  supplementary  angles 


at  8^  and  are  therefore  at  right  angles  to  one  another.  And 
the  chord  of  contact  PQ  is  divided  internally  and  externally  in 
the  same  ratio  BP:  8Q^  that  is  to  say,  it  is  divided  harmonically, 
at  the  points  at  which  it  meets  8T  and  the  directrix.  Since 
the  straight  line  8T  is  evidently  the  polar  of  i?,  it  follows 
that  the  chord  PQ  is  cut  harmonically  by  the  point  B^  and 
the  polar  of  B. 


*  But  in  this  case  also,  we  maj  saj  that  they  subtend  kqual  angles,  U,  in 
accordance  with  the  principle  of  the  Note  on  Prop.  yii|  we  xegaid  TQ  aa  subtending 
at  S,  not  the  angle  TSQ,  but  its  supplement. 
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Corollary  2. 

If  O  be  any  point  on  PQ,  or  PQ  produced,  and  M  the 
projection  of  0  upon  the  directrix,  and  if  the  perpendicular 
from  O  to  8T  meet  >SP,  or  SQ^  in  i  y  then,  since  this  perpen- 
dicular is  parallel  to  SB^  it  follows,  precisely  as  in  Prop.  I£.| 
that 

SL  :  OJf  =  the  eccentricity. 

THE  NORMAL. 

PROPOSITION  IV. 

10.  If  the  normal  at  P  meet  the  axis  in  O^  then  80 :  SP^  the 
eccentricity. 

For  if  the  tangent  at  Pmeet  the  directrix  in  jB,  the  circle  on 
PR  as  diameter  will  pass  through  8^  since  the  angle  P8R  is 
a  right  angle;  and  likewise  through  Jf,  the  projection  of  P 
npon  the  directrix ;  and  P(7,  which  is  at  right  angles  to  PJB, 
will  touch  the  circle. 


Therefore  L  8PG  ==  8MP^  in  the  alternate  segment. 

Also  L  P8G  =  8PM,  by  parallels. 

Hence  the  triangles  80P^  P^Jf  are  similar,  and 

8G  :  flfP=  8P:  PM^ 8A :  AX. 

Conversely,  if  in  -4fi^  produced  a  point  G  be  taken  such  that 

8G  :  8P-^  8A  :  AX^ 

then  will  PG  be  the  normal  at  P. 

This  suggests  an  obvious  method  of  drawing  a  normal  to  a 
conic  at  a  given  point  on  the  curve,  or  from  a  given  point 
on  the  axis. 

C2 
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PROPOSITION    V. 

11.  The  periyendicular  let  fall  upon  the  focal  radius  to  any 
point  of  a  conic  from  the  foot  of  the  normal  at  that  point  meets 
the  focal  radius  at  a  distance  equal  to  half  the  latus  rectum  from 
its  extremity. 

Let  O  be  the  foot  of  the  normal  at  a  point  P  whose  ordinate 
is  PNy  and  let  a  perpendicular  GK  be  drawn  to  fiP.     Then 


X 


s 


M 


a 


by  similar  right-angled  triangles 

8K:80=8N:  8R 
Therefore  by  the  preceding  proposition 

8K:8A  =  8N:AX. 
But,  from  the  definition  of  the  curve, 

8P\8A^NX:AX. 

Therefore     /SP-  SKi  8A^8X\  AX. 

Therefore  8P'-^  8Kj  or  Pff",  is  constant,  and  equal  to  half 
the  latus  rectum. 


ANGLE  PROPERTIES  OF  SEGMENTS. 

PROPOSITION   VI. 

12.  The  cJiords  containing  the  angles  in  a  focal  segment  of 
a  conic  intercept  on  the  directrix  lengths  which  subtend  right 
angles  at  the  focus. 

Let  P8p  be  a  focal  chord,  and  PQp  an  angle  which  it 
subtends  at  the  circumference.  Let  PQ^  Qp  meet  the  directrix 
in  -fi,  r  respectively.    Produce  Q8  to  q. 

Then  since  8P:  8Q^  PR  :  QR, 

and  8p  :  8Q  =  pr  :  (?/•, 
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therefore  SB  and  Sr  bisect  the  supplementary  angles  which  Sp 
makes  with  Qq^  and  consequently  the  angle  RSr  is  a  right 
angle,  or  Br  subtends  a  right  angle  at  8. 

Corollary, 

The  opposite  sides  of  a  quadrilateral  whose  vertices  are  at 
the  ends  of  a  pair  of  focal  chords  PSp^  Q8q  intersect  upon  the 
directrix,  and  the  portion  of  the  directrix  which  they  intercept 
subtends  a  right  angle  at  the  focus.  For,  proceeding  as  above, 
we  see  that  each  of  the  straight  lines  PQ^  qp  meets  the  directrix 
on  the  bisector  of  the  angle  p8Q\  and  each  of  the  straight 
lines  Pj,  Qp  meets  the  directrix  on  the  bisector  of  the  sup- 
plementary angle  ^iS^;  that  is  to  say,  the  two  pairs  of  opposite 
sides  of  the  quadrilateral  intersect  upon  the  directrix  at  points 
B^  r,  such  that  Br  subtends  a  right  angle  at  8, 


PROPOSITION  VII. 

13.  The  chorda  containing  the  angles  in  a  fixed  segment  of  a 
conic  intercept  on  the  directrix  lengths  which  subtend  constant 
angles  at  the  focus^  the  constant  angles  being  eqical  or  supple- 
mentary to  half  the  angle  which  the  chord  of  the  segment  subtends 
at  the  focus. 

Let  PQ  be  a  fixed  arc  of  a  conic,  and  PBQ  a  variable  angle 
at  the  circumference.  Let  PB,  QB  meet  the  directrix  in  p,  q 
respectively. 

Then  since  8P:  SB  =  Pp  :  Bp^ 
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the  straight  line  Sp  bisects  the  angle  R8P^  and  likewise  the 
straight  line  8q  bisects  the  angle  B8Q^  externally  or  internally. 


Hence,  by  addition  or  subtraction,  as  the  case  may  be,  the 
angle  jp/%  is  equal  or  supplementary*  to  \PSQ.  For  example, 
in  the  figure  drawn, 

L  RSq  =  4  supplement  of  ItSQj 

and  I  B8p  =  ^  supplement  of  B8P; 

whence,  by  subtraction, 

/.jp8q  =  lP8Q. 

Corollary, 

In  like  manner  it  may  be  shewn,  by  successive  applications 
of  Prop.  III.,  that  if  the  tangents  at  P,  Q  meet  the  tangent 
at  B  in  p  and  q\  the  angle  p8q*  will  be  equal  or  supplemen- 
tai7  to  p8q^  or  ^PSQ. 

sonouuM  A. 

The  Anq'le  Pbofebties  of  conies  comprise  some  simple  gene- 
ralisations of  fundamental  theorems  in  the  geometry  of  the  circle, 
as  may  be  seen  by  removing  the  directrix  to  infinity,  when,  as  has 
been  already  shewn,  the  conic  becomes  a  circle  about  S  as  centre. 

(i)  Removing  the  directrix  to  infinity,  we  have,  referring  to  the 
figure  of  Art.  8,  the  tangent  PJR  parallel  to  8B,  and  therefore  at 
right  angles  to  SP.  That  is  to  say,  at  any  point  P  on  a  circle  the 
tangent  is  at  right  angles  to  the  radius. 

*  The  theorem  appears  to  foil  when  P,  (2  are  on  opposite  branches  of  a  hjperbola, 
in  which  case  Z.  pSq  =  complement  of  ^PSQ,  Bat  in  this  case  the  chord  of 
the  segment  is  not  the  finite  straight  line  PQf  which  lies  without  the  conic,  bat  the 
portion  of  the  unlimited  straight  Une  throagh  Pj  Q  whioh  falls  within  the  conic.  The 
angle  subtended  at  5  by  the  chord  of  the  segment  is  therefore  not  PSQf  but  the 
supplement  of  PSQ* 
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(ii)  Bemoving  the  directrix  to  infinity  in  Art.  12,  we  have  PQ 
parallel  to  SJty  since  jR  is  at  infinity ;  and  Qp  parallel  to  Sr^  since 
r  is  at  infinity.  Therefore  FQ,  Qp  contain  an  angle  equal  to  ItSr, 
or  the  angle  in  a  semicircle  is  a  right  angle. 

(iii)  Proceeding  similarly  with  reference  to  Art.  13,  we  have 
Pi2  parallel  to  8py  since  p  is  at  infinity;  and  QR  parallel  to  Sq, 
since  q  is  at  infinity.  Therefore  the  angle  FJ^Q^  or  its  supplement, 
is  equal  to  ^FSQ,  Hence,  by  varying  the  positions  of  the  points 
upon  the  circumference,  we  come  to  the  properties  of  the  circle, 
that  the  angle  at  the  centre  is  double  of  the  angle  subtended  by 
the  same  arc  at  the  circumference ;  that  angles  in  the  same  segment 
are  equal  to  one  another ;  and  that  the  opposite  angles  of  an 
inscribed  quadrilateral  are  together  equal  to  two  right  angles. 
Lastly,  by  making  R  coalesce  with  P,  we  deduce  that  the  tangent 
at  F  makes  with  a  chord  FQ  an  angle  equal  to  FEQ  in  the  alter- 
nate segment. 


DIAMETERS. 

PROPOSITION  VIII. 

14.  The  locus  of  the  middle  points  of  any  system  of  paralld 
chords  of  a  conic  is  a  straight  line  which  meets  the  directrix 
on  the  straight  line  through  the  focus  at  right  angles  to  the  chords. 

Let  PQ  be  any  one  of  a  system  of  parallel  chords,  and  F  the 
point  in  which  the  focal  perpendicular  upon  them  meets  the 
directrix.    Let  PQ  meet  8Vm  Y^  and  the  directrix  in  R. 


A   S 

Then  Since  8P\PB^8Q\  QB; 

therefore        SP'^^'SQ' :  PB"^  QE^^8P*i  PB', 
or,  subtracting  SF"  from  each  of  the  magnitudes  8P*  and  8^j 
Py"-  QY^ :  PB"^  QB^^8P^ :  FB". 
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But,  if  0  be  the  middle  point  of  PQ^  the  sum  of  PFand  Q  Y 
will  be  equal  to  2 OF,  and  their  difference  to  PQ^  or  vice  versa. 

Therefore  PF"  -  ^  F"  =  2  0  F.  P^, 

and  in  like  manner     PJS'-^QE'  =20B. PQ. 

Therefore  OY:  OR^SP^ :  PP?, 

which,  by  Art,  2,  Ib  a  constant  ratio  for  all  parallel  chords. 
Hence  the  locus  of  0  is  a  straight  line  through  F.» 

Corollary  1. 

The  tangents  at  the  extremities  of  diameters  are  parallel  to  the 
ordinates  of  those  diameters,  since  a  bisected  chord  as  PQ  may 
be  supposed  to  move  parallel  to  itself  until  its  segments  vanish 
together,  and  its  extremities  coalesce,  viz.  at  the  end  of 
its  diameter.  Hence  the  diameter  through  the  point  of  contact 
of  anj  tangent  meets  the  directrix  at  a  point  V  such  that  8V  is 
perpendicular  to  the  tangent.  If  a  diameter  meets  the  curve  in 
two  points,  the  tangents  at  those  points  are  parallel  to  one 
another,  and  to  the  ordinates  of  that  diameter.  Conversely, 
the  chord  of  contact  of  any  two  parallel  tangents  is  a  diameter. 

Corollary  2. 

If  POQy  poq  be  double  ordinates  of  a  given  diameter  Oe?, 
then  since  PQy  pq  are  both  bisected  by  the  same  diameter, 


•  Thifl  may  also  be  prored  by  means  of  the  eccentric  circle  of  0,    For  in  Art.  16, 
if  OP  be  made  equal  to  OQj  then  Sp-:8q  =  pR  i  qR^  or  Rp8q  is  divided  harmonically  j 
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the  directions  of  i^,  Qq  will  intersect  at  some  point  T  on  that 
diameter.  Hence,  making  pq  coalesce  with  PQ,  so  that  PT^ 
QT  become  the  tangents  at  P,  Qj  we  see  that  the  tangents  at 
the  extremitiea  of  any  chord  meet  upon  the  diameter  which  bisects 
the  chord;  and  conversely,  that  the  diameter  through  an  external 
point  bisects  the  chord  of  contact  of  the  tangents  from  that 
point. 

Corollary  3. 

If  the  chord  PQ  be  parallel  to  the  axis,  so  that  8Y  the 
focal  perpendicular  upon  it  is  parallel  to  the  directrix,  then, 
proceeding  as  before,  and  supposing  PQ  to  meet  the  directrix 
in  Mf  we  have 

OY:OM=SP*:PiPi 

and,  the  ratio  of  OY  to  OM  being  thus  constant,  the  locus  of 
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0  is  a  straight  line  perpendicular  to  the  axis.  Let  it  meet  the 
axis  in  C,  which  (Def.  p.  1)  is  the  Centre  of  the  conic.  Then, 
evidently,  CO  divides  the  curve  symmetrically,  since  it  bisects 
every  chord  PQ  to  which  it  is  at  right  angles ;  and  the  conic 
has  therefore  a  second  focus  JET,  and  directrix  NW^  which  are 
the  exact  counterparts  of  the  original  focus  and  directrix  with 
reference  to  which  the  curve  was  considered  to  be  described. 

From  the  symmetry  of  the  curve,  it  is  manifest  that  every 
chord  through  the  centre  is  bisected  at  that  point,  and  hence 
that  all  diameters  pass  through  the  centre.*     Other  immediate 


and  therefore  the  focal  perpendicular  S7  is  the  polar  of  R  with  respect  to  the  circle, 
and  OY.  OR,  being  equal  to  the  square  of  the  radius,  is  in  a  constant  ratio  to  OR'f 
if  the  inclination  of  PC2  to  the  directrix  be  invariable.  Therefore  OY :  OR  is  a 
constant  ratio,  and  the  locus  of  (?  is  a  straight  line  through  V, 

*  A  diameter  is  sometimes  defined  as  a  straight  line  through  the  centre. 
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consequences  of  the  twofold  symmetry  of  Bifocal  Comes  will 
be  assumed  as  self-evident  in  the  course  of  the  work. 

In  the  case  of  the  parabola,  since  8P^ :  PM*  is  a  ratio 
of  equality,  OY:  OM  and  C8 :  CX  are  likewise  ratios  of 
equality.  Hence  the  parabola  may  be  regarded  as  a  conic 
whose  centre  is  at  infinity.  Its  diameters  are  straight  lines 
parallel  to  the  axis,  since  they  all  co-intersect  at  the  infinitely 
distant  point  C  on  the  axis;  and  conyersely,  every  straight 
line  parallel  to  the  axis  is  a  diameter. 

Corollary  4. 

In  a  central  conic,  if  one  diameter  bisect  chords  parallel  to  a 
second,  the  second  will  bisect  chords  parallel  to  the  former. 
For  if  the  two  diameters  meet  the  directrix  in  F,  F',  and  if 
SVhe  perpendicular  to  GV;  then,  OS  being  perpendicular  to 
VV'y  the  focus  is  the  orthocentre  of  the  triangle  CVV'^  or  SV 
is  perpendicular  to  CV.  That  is  to  say,  it  CV  bisects  chords 
parallel  to  C7F',  then  CV  bisects  chords  parallel  to  CV, 

J£  CV^  (7F'  be  thus  related,  it  is  easily  seen  that 

vx.rx=ox.8x. 


THE  SEGMENTS  OF  CHORDS. 

PROPOSITION  IX. 

15.  The  semi-latus  rectum  is  a  harmonic  mean  between  the 
segments  of  any  focal  chord. 

Let  a  focal  chord  F8Q  meet  the  directrix  in  £,  and  let 
PJf,  /SX,  QN  be  perpendiculars  to  the  directrix. 
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Then  SPi  SQ^PMxQN 

or  PQ  is  divided  harmonicallj  at  8  and  R. 

But  by  parallels,  and  from  the  definition  of  the  curve,  if  L 
be  the  semi-latas  rectum, 

PRi  SR:  QR^PMiSX:  QN 

=  /gP  :    L  :  8Q. 

And,  from  above,  Pfi,  £jS,  QR  are  in  harmonical  progression. 
Therefore  also  SP^  X,  SQ  are  in  harmonical  progression. 

CoroHartf. 
This  result  may  also  be  written  in  the  forms 

JL      _L  -^ 

8P'^  SQ^  L' 

and  L.PQ=^L{8P-¥8Q)^28P.8Q. 

Hence,  if  PQ^  pq  be  any  two  focal  chords, 

PQ:pq^8P.8Q:  Sp.Sq^ 

or  focal  chords  are  to  one  another  as  the  rectangles  contained  by 
their  segments, 

PROPOSITION  X. 

16.  A  chord  of  a  conic  being  divided  at  any  pointy  to  determine 
the  magnitude  of  the  rectangle  contained  by  its  segments. 

Let  O  be  any  point  on  a  chord  PQ  of  a  conic,  or  on  the 
chord  produced ;  it  is  required  to  determine  the  magnitude  of 
the  rectangle  OP,OQ, 

Let  the  chord,  produced  if  necessary,  meet  the  directrix 
in  jB,  and  let  OD  be  a  perpendicular  to  the  directrix.  Describe 
the  eccentric  circle  of  (7,  and  let  it  cut  8R  mp  and  q.  Then,  as 
in  Art.  5,  the  radii  Op^  Oq  are  parallel  to  P8^  Q8  respectively. 

Therefore  OPiSp^ORi  Rp^ 

and  OQ:  8q=0R:Rq. 

Hence       OP.OQ  :  8p.8q=^  OR^  :  Rp.Rq, 

=  OR' :  Re, 
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if  Bt  be  a  tangent  from  R  to  the  circle ;  or  (Euclid  ill.,  35) 
if  it  be  a  semi-chord  at  right  angles  to  the  diameter  through 
-B,  in  the  case  in  which  R  falls  within  the  circle.* 

In  this  result  it  is  to  be  noticed  (i)  that  the  magnitude 
Sp.Sq  depends  only  upon  the  position  of  0,  since  when  0  is 
given,  its  eccentric  circle  being  given,  Sp.Sq  is  constant;  and 
(ii)  that  the  ratio  0J2* :  Rt*  depends  only  upon  the  direction^  of 
PQ^  since  when  the  angle  ORD  is  given,  OIP  varies  as  Oi>', 
and  therefore  as  0«*,  and  therefore  as  OB^  ^  Of^  or  RP. 

Corollary  1. 

If  through  any  other  point  O'  there  be  drawn  a  chord  P'Q 
parallel  to  PQ^  and  ifp',  ^  be  the  points  corresponding  to^,  j, 
viz.  on  the  eccentric  circle  of  0\  then,  the  ratio  OB?  :  Rt^  being 
the  same  for  any  two  parallel  chords,  it  follows  that, 

OP.OQ  :  Sp.Sq^O'P.O'Q  :  Sp\S^, 

where  the  consequents  depend  only  upon  the  positions  of  0,  0'. 
If  therefore  any  second  pair  of  parallel  chords  be  drawn  through 
the  same  points  0,  0\  we  have  the  general  theorem  that : 

♦  Thifl  happens  when  P,  C2  are  on  opposite  branches  of  a  hyperbola,  since  />,  q 
then  lie  on  opposite  sides  of  the  directrix. 

t  This  follows  most  readily  in  the  case  of  the  parabola,  since  then  the  circle 
tonches  the  directrix  in  X>,  aiid  the  ratio  in  question  becomes  that  of  RO*  to  Rlfl^ 
which  is  constant  for  a  given  inclination  of  the  chord. 
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The  ratio  of  the  rectangles  contained  hy  the  segments  of  any 
two  intersecting  chords  of  a  conic  is  equal  to  that  of  the  rect- 
angles contained  hy  the  segments  of  any  other  two  chords  parallel 
to  Oic  former y  each  to  each. 

Taking  special  cases,  we  see  that  this  ratio  is  equal  to 
that  of  the  parallel  focal  chords  (Prop.  IX.,  Cor.) ;  and  to 
that  of  the  squares  of  any  pair  of  tangents  parallel  to  the 
chords ;  and,  in  a  central  conic,  to  the  ratio  of  the  squares  of 
the  semi- diameters  parallel  to  the  chords. 

Hei^ce  also,  any  two  intersecting  tangents  are  to  one  another 
in  the  subduplicate  ratio  of  the  parallel  focal  chords ;  and,  in  a 
central  conic,  they  are  in  the  ratio  of  the  semi-diameters  to  which 
they  are  parallel. 

Lastly,  to  take  a  case  which  will  be  made  use  of  in  Prop,  xii., 
M  OTO  touch  a  conic  in  T,  and  if  OFQ^  OFQ  be  a  pair 
of  parallel  chords,  then 

OT  :  OT^OROQ  :  O'F.O'Q'. 

Corollary  2. 

If  a  circle  and  a  conic  intersect  in  four  points,  their  common 
chords  will  be  equally  inclined,  two  and  two,  to  the  axis  of 
the  conic*  For  if  POQ,  pOq  be  one  of  the  three  pairs  of 
common  chords  of  a  circle  and  a  conic,  the  rectangles  FO.  OQ 
and  pO.Oq  will  be  as  the  focal  chords  parallel  to  PQ^pq] 
and  the  same  rectangles  will  be  equal  to  one  another,  by  a 
property  of  the  circle.  Therefore  the  focal  chords  will  be  equal, 
and  therefore  equally  inclined  to  the  axis. 

Corollary  3. 

Let  the  conic  be  a  parabola,t  so  that  the  eccentric  circle 

touches  the  directrix  in  D ;  and  let  8D  meet  the  circle  again 

in  Z.     Then,  for  a  given  inclination  of  the  chord,  the  rectangle 

OP.OQ  varies  as  8D.8Z.    Let   F  be  the  extremity  of  the 


*  That  la  to  aajj  each  pair  of  chords  will  form  an  iaosoeles  triangle  with  the  axis  ; 
but  they  will  not  be  parallel  to  one  another,  except  when  they  are  parallel  or  perpen- 
dicnlar  to  the  axis. 

t  Another  proof  will  be  given  in  the  chapter  on  the  Parabola. 
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diameter  through  D.     Then,  since  OZ  is  eqaal  to   OD  and 
parallel  to  VS^  it  is  easily  seen  that 

OF:  8Z^ri):SD^8D:28X. 

Hence  OP.OQ  varies  as  28X.0V^  and  is  equal  to  jP.OF, 
where  -Fis  the  focal  chord  parallel  to  PQ. 

This  may  also  be  deduced  as  a  special  case  from  Cor.  I, 
by  regarding  any  two  diameters  as  chords  Foo  and  F'  oo ,  whose 
further  extremities  are  at  infinity;  for,  if  the  parallel  chords 
PQy  P'Q  meet  the  two  diameters  in  0  and  C,  then 

OP.OQ :  ap\oq^  or.Ocx>:OT.a^  =of:  av\ 

since  it  may  be  shewn  that  Ooo  :  O^oo  is  a  ratio  of  equality; 
and  therefore  OP.OQ  varies  as  OF. 

POLAE  PROPERTIES.* 


PROPOSITION  XI. 

17.  If  a  chord  of  a  conic  pass  through  a  fixed  pointy  die 

tangents  at  its  extremities   vnU  intersect  on  a  fixed  straight 

line;  and  conversely j  if  pairs  of  tangents  be  dravm  to  a  conic 

from  points  on  a  fixed  straight  line^  their  chords    of  contact 

vnll  pass  through  a  fixed  point. 

If  0  be  any  point  on  the  chord  of  contact  of  the  tangents 
from  T  to  a  conic,  and  if  TL  be  a  perpendicular  to  80^  and 


*  The  theoiy  of  Polars,  although  the  name  is  of  later  origin,  was  known  to 
Deaargues.    See  Poudra'a  (Euvre$  de  Desarffuetj  vol.  I.,  p.  263,  (Farxb^  1864). 
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OM^  TN  be  perpendiculars  to  the  directrix,  then  will  the 
rectangle  SO.  SL  be  in  a  constant  ratio  to  OM.  TN. 

Draw  SP  to  one  of  the  points  in  which  the  chord  meets 
the  conic,  and  let  TL'  be  a  perpendicular  to  SF,*  Upon  8T  let 
fall  the  perpendicular  OK^  and  produce  it  to  meet  8P  in  L", 
Then,  since  each  of  the  ratios  SL  :  TN^  and  SL"  :  OM 
(Prop.  III.,  Cor.  2),  is  equal  to  the  eccentricity,  the  rectangle 
SL.  SL'  is  in  a  constant  ratio  to  OM.  TN. 

And  because  the  angles  at  JT,  Z,  L  are  right  angles,  the 

points  £*,  Ty  X,  0,  and  the  points  JT,  7,  £',  L\  are  concyclic. 

Therefore 

SO.SL^  8K.  ST^  SL.  SL\ 

which  has  been  shewn  to  vary  as  OM,  TN.  Hence,  if  0  he  a 
fxed  pointy  SL  varies  as  7W,  and  the  locus  of  T  becomes  a 
straight  line,t  which  meets  the  directrix  at  a  point  jR,  such  that 
OSB  is  A  BIGHT  ANGLE.  Conversely,  if  T  be  taken  on  the 
fixed  straight  line  jTS,  the  chords  of  contact  will  co-intersect 
at  O. 

When  the  Pole  0  lies  without  the  conic,  its  Polab,  the 
locus  of  jT,  is  the  chord  of  contact  of  the  tangents  from  0,  since 
these  points  of  contact  are  evidently  points  on  the  locus. 

Corollary  1. 

From  the  above  investigation  it  is  evident  that,  if  a  point  T 
lies  on  the  polar  of  0,  then  0  lies  on  the  polar  of  T.  Take 
any  two  straight  lines  Aj  Bj  and  let  a,  b  denote  their  poles. 
Then  the  polar  of  any  point  on  A  passes  through  a,  and  the 
polar  of  any  point  on  B  passes  through  by  and  therefore  the 
polar  of  the  intersection  of  Aj  B  passes  through  both  a  and  b. 
That  is  to  say,  the  intersection  of  any  two  straight  lines  is  the 
Pole  of  the  straight  line  which  Joins  their  two  Poles. 

Corollary  2. 

Since  every  point  at  infinity  in  the  plane  of  a  central  conic 
is  the  point  of  intersection  of  a  pair  of  tangents  whose  chord  of 


♦  See  the  lithographed  figure,  No.  1. 
t  See  Scholium  B. 
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contact,  being  a  diameter  (Prop.  Ylli,  Cor.  1),  passes  throogh 
the  centre,  all  such  points  at  infinity  are  on  the  polar  of  the 
centre,  and  may  therefore  be  regarded  as  lying  on  a  straight 
line,  which  is  called  the  Straight  Line  at  Infinity. 

Corollary  3. 

Since  when  0  is  a  fixed  point  8L  varies  as  TN^  the  straight 
line  which  is  the  locus  of  T  is  a  tangent  (Art.  8),  viz.  at  the 
point  in  which  it  meets -iSO,  to  a  conic  having  the  same  focus 
and  directrix,  and  whose  determining  ratio  is  that  of  8L  to  ZlAT; 
and  further,  it  will  be  a  tangent  to  the  same  conic  if  0  be 
no  longer  fixed,  but  subject  only  to  the  condition  that  the  ratio 
of  80  to  OMis  constant.  Hence,  if  a  point  0  lie  on  a  conic, 
the  envelope  of  its  polar  with'  respect  to  a  conic  having  the 
same  focus  and  directrix  will  be  a  third  conic  having  the  same 
focus  and  directrix,  and  conversely ;  and  the  eccentricities  of  the 
three  conies  will  be  proportionab. 

PROPOSITION  XII. 

18.  All  chords  dravm  through  any  point  to  a  conic  care 
cut  harmonically  by  that  pointy  and  its  polar  with  respect  to 
the  conic. 

Let  HTy  HT'  be  a  pair  of  tangents  to  a  conic,  and  PF' 
a  chord  which  passes  through  Hj  and  cuts  the  chord  of  contact 
TT  in  K]  so  that  H  is  on  the  polar  of  JT,  and  K  on  the  polar 
of  H.  Through  P,  P'  draw  parallels  to  TT\  and  let  them 
meet  the  curve  in  Q^  Q\  and  the  two  tangents  in  0,  0'  and 
iZ,  R'  respectively. 
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Then  BiDce  the  straight  line  which  bisects  TT*  and  passes 
through  ^bisects  also  OB.  and  OB! \  and  since,  by  Prop,  viil., 
Cor.  2,  the  same  straight  line  is  the  diameter  which  bisects 
the  chords  FQ^  B'Q'',  therefore  the  intercepts  OQ^  PR  are 
equal,  and  likewise  the  intercepts  0'Q\  P'R\ 

Hence,  and  by  Prop,  x.,  Cor.  1, 

Or» :  (7?"=  OP.OQ  :  O'P'.O'Q 

^OP.PRiaP'.FE 

=  OH*       :  aH% 

by  similar  triangles.    That  is  to  say,  HO  TO  is  cut  harmo- 
nically, and  therefore  HPKP'  is  cut  harmonically. 

Corollary^ 

The  diameter  through  H  is  divided  harmonically  at  that 
point,  and  the  point  in  whii^h  it  meets  the  double  ordinate  TT. 
Let  it  meet  the  latter  in  F,  and  the  curve  in  I)  and  I/.  Then, 
if  C  be  the  centre  of  the  conic,  and  therefore  the  middle  point 
of  Djy^  it  follows  from  the  nature  of  harmonic  section  that 
CV,CH=  Ciy.  But  in  the  case  of  the  parabola,  if  D  and  oo  be 
the  extremities  of  the  diameter  through  H^  then  HV  is  divided 
harmonically  at  2>  and  oo ,  and  therefore  HVis  bisected  at  V. 

SOHOLnTH  B. 

Ik  Prop.  XI,  having  shewn  that  8L,  the  projection  of  ST  on  a 
fixed  straight  line  SO,  varies  as  the  perpendicular  distance  of  T 
fin)m  another  fixed  straight  line,  the  directrix,  we  inferred  that  the 
locus  of  T  was  a  straight  line ;  and  that  it  met  the  directrix  at  a 
point  B,  such  that  Z.  OSR  «  a  right  angle.  *This  is  virtually  proved 
in  Art.  8,  where,  leaving  the  curve  out  of  consideration,  we  may 
regard  the  eccentricity  as  any  constant  ratio.  In  Prop.  xi.  there  is 
the  same  ambiguity  as  in  Prop,  n,  Cor.,  the  locus  of  T  apparently 
consisting  of  two  straight  lines  through  B,  This  arises  from  the 
circumstance  that  when  the  magnitude  only  of  the  ratio  SO  :  O^is 
given,  the  point  0  is  not  completely  determined,  but  the  choice 
lies  between  two  points  0,  O"  collinear  with  the  focus,  each  oC 
which  has  its  own  polar.  If,  however,  the  actual  position  of  0  b/^ 
given,  as  in  the  proposition,  then  taking  into  consideration  the 
9i^n  of  the  ratio  SZ  :  TN  as  well  as  its  magnitude,  let  the  direction 
iSO  be  regarded  as  positive,  and  that  of  OS  negative ;  and  let 
perpendiculars  to  the  directrix  from  its  /S'-side  be  positive,  and 
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tiiose  from  the  further  side  negative.  Then,  SL^  TN  being 
poeitiye  or  negative  together,  the  locus  of  7*  is  seen  to  be  &e  single 
straight  line  TR, 

The  polar  of  0  is  the  straight  line  through  R  paralM  io  the 
9riinai$»  of  the  diameter  through  0  ;  for  if  oo  be  the  pole  of  that  dia- 
meter, and  V  its  point  of  oonoourse  with  the  direotriz,  then 
(Prop.  III.,  Oor«  I)  Sco  is  at  right  angles  to  8V,  and  is  therefore 
(Prop.  YUi.)  parallel  to  the  ordinates  of  the  diameter  OK  In 
the  case  of  central  conies  this  follows  at  once  £com  Prop,  vm., 
Oor.  1. 

If  e  denote  the  eccentricity,  then,  referring  to  the  proof  of 
Ptop.  XI.,  we  see  that 

SO.SZ^^.OM.TIf. 

Hence  (i)  if  SO  be  less  than  e.  OM,  then  will  8L^  and  0  fortiori  ST, 
be  ffreater  than  e .  TN';  but  (ii)  if  /SO  be  greater  than  e,  OM,  then 
will  iSZ  be  less  than  e.  TN,  and  ST,  which  may  have  any  magnitude 
not  less  than  SZ,  may  be  either  less  or  greater  than  e .  TN.  It 
follows  that  the  polar  of  0  will  cut  ornot  cut  the  conic  according  tu 
0  Uet  without  or  within  the  conic. 

SCHOUITM  0. 

The  Polar  EauATioN  of  a  conio  referred  to  its  focus  and  axis 
may  be  seen,  from  Example  4,  to  be  of  the  form 

-  « 1  +  ^  cosO, 

where  r  denotes  SP;  d  the  angle  ASP;  and  e,  I  denote  the  eccen- 
tricity and  the  semi-latus  rectum.  The  corresponding  equations  of 
the  Tangent,  the  Normal,  of  any  Qhord,  and  of  the  Polar  of  any 
point,  may  be  deduced,  as  below,  from  geometrical  theorems  which 
we  haye  already  proved. 

[1)   The  Tangent. 

In  Ptop.  II.,  let  r,  B  be  the  coordinates  of  Tf  and  let  a  be  the 
angular  coordinate  of  the  point  of  contact  P. 

Then  SZ  =  STcosTSZ^r  cos (6-  a), 

and  e .  T^N^  e  {SX-  ST  oos  AST)  ^l-e.r  cosd. 

Hence  -  -» ^  cosfl  +  cos  (6  -  a). 

(ii)   The  Normal 

In  Prop,  iv.,  let  a  parallel  to  the  axis  cut  SP  in  Z,  and  PG  in 
Q.    Denote  Z  ASP  by  a,  and  let  r,  0  be  the  coordinates  Q. 

Then  ZQ^e.ZPm${SP- SZ), 

or  e.SP'^ZQ  +  e.SZ; 
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,  i^Q    gin(0»a)      SZ    sing 

r  aina  r      Bina 

Hence  -Biii(e-a) +«  sm6; 

einoe  iSP,  a  are  fhe  ooordinates  of  a  point  on  the  onrre. 

(iii)  Any  Chard. 

From  Flrop.  lu.,  Cknr.  2,  it  is  eai^  to  dedaoe  the  equation 

-taeOOBd-k-BBOfi  006(6 -a), 

xepreBenting  the  ohord  whioih  cute  the  oonic  at  the  points  whose 
angnlar  coordinates  are  a  ±  j3  respeotiYelj. 

(iv)   The  Polar  of  my  PoirU. 

In  Prop,  zi.y  let  r,  0  be  the  ooordinates  of  2*,  and  p,  a  those  of 
0.    Then  it  is  easily  seen  that 

tf.^!y«/-d.r  cos6;  «.Oif«/-#.p  cosa;  /SJT.flfT-p  oos(e-a).r. 

Hoiee,  equating  SK'.  ST  to  A  OJf .  rJV;  we  dedaoe  that 

^-dcosoj  (--*oos6J-cos(0-a), 
which  is  the  equation  of  the  polar  of  the  point  (p,  a). 

EXAMPLES. 

1 1.  Determine  the  pole  of  the  latns  rectum  of  a  conic. 

1 2.  Every  tangent  is  the  polar  of  its  point  of  contact. 

13.  The  segments  of  any  focal  chord  subtend  equal  angles 
at  the  point  in  which  the  directrix  meets  the  axis. 

14.  If  two  conies  have  a  common  focus,  their  common  chord 
or  diords  will  pass  through  the  intersection  of  their  directrices. 

15.  The  tangents  at  the  ends  of  a  focal  chord  meet  the 
latus  rectum  at  points  equidistant  from  the  focus. 

1 6.  The  focal  distance  of  any  point  on  a  conic  is  equal  to 
the  ordinate  at  that  point  produced  to  meet  the  tangent  at  an 
extremity  of  the  latus  rectum. 

d2 
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17.  The  directions  of  any  two  tangents  to  a  circle  «re 
equally  inclined  to  the  diameter  through  their  point  of  mter- 
section.     State  this  theorem  in  a  form  applicable  to  all  conies. 

18.  Given  the  focus  of  a  eonic  and  a  focal  chord,  the  locos 
of  the  extremities  of  the  latus  rectum  is  a  circle. 

19.  Given  the  focus,  the  length  of  the  latus  rectum,  a 
tangent,  and  its  point  of  contact,  shew  how  to  construct  the 
conic 

20.  When  the  focus  and  three  points  of  a  conic  are  given, 
shew  how  to  construct  the  curve. 

21.  Given  the  focus  of  a  conic  inscribed  in  a  triangle, 
determine  the  points  of  contact. 

22.  Given  a  chord  of  a  conic  and  the  angle  which  it 
subtends  at  the  focus,  shew  that  the  focal  radius  to  the  pole 
of  the  chord  passes  through  a  fixed  point. 

23.  With  given  focus  and  eccentricity  construct  a  conie 
which  shall  pass  through  two  given  points. 

24.  Determine  in  what  cases  a  chord  of  a  conic  will  be  a 
maximum  or  a  minimum. 

25.  The  portion  of  any  tangent  intercepted  between  the 
tangents  at  the  ends  of  the  parallel  focal  chord  is  divided  at 
its  point  of  contact  into  segments  whereof  each  is  equal  to  the 
focal  distance  of  that  point. 

26.  If  the  tangent  at  any  point  of  a  conic  meet  the  directrix 
in  2>,  and  the  latua  rectum  in  Z,  then 

8L'.8D^8A\AX. 

27.  If  PM^  QN  be  the  ordinates  of  the  extremities  of  a 
focal  chord  PQ,  and  if  the  direction  of  the  chord  meet  the 
directrix  in  i2,  then  will  RN  meet  MP  at  a  distance  from  the 
axis  equal  to  2PM. 

28.  If  Jf  be  the  projection  upon  the  directrix  of  any  point 
Pon  a  conic,  then  will  /Silf  meet  the  tangent  at  the  vertex  upon 
the  bisector  of  the  angle  SPM.    If  a  focal  chord  of  central 
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conic  meet  the  tangents  at  the  vertices  in  Fj  V\  give  a  cod- 
atraction  for  determining  the  points  in  which  the  circle  on  W' 
as  diameter  meets  the  conic. 

29.  Prove  the  following  construction  for  drawing  tangents 
to  a  conic  from  a  given  point  T,    Divide  8T  in  t^  so  that 

StiST^AXi  TN, 

where  TN  is  a  perpendicular  to  the  directrix;  about  8  as 
centre  describe  a  circle  touching  the  conic,  and  from  t  draw 
tangents  to  the  circle,  and  let  them  meet  the  tangent  at  the 
vertex  in  F,  F';  draw  TF,  TV\  which  will  be  the  tangente 
required. 

30.  If  a  chord  of  a  conic  subtend  a  constant  angle  at  the 
focus,  the  locus  of  its  pole  will  be  a  conic  having  the  same  focus 
and  directrix.  Shew  also  that  the  envelope  of  the  chord  will 
be  another  conic  having  the  same  focus  and  directrix,  and  that 
the  eccentricities  of  the  three  conies  will  be  proportionals. 

31.  The  vertex  of  a  triangle  which  circumscribes  a  conic, 
and  whose  base  subtends  a  constant  angle  at  the  focus,  lies  on  a 
conic. 

32.  Two  sides  of  a  triangle  being  given  in  position,  if  the 
third  subtends  a  constant  angle  at  a  fixed  point,  determine 
its  envelope. 

33.  If  a  fixed  straight  line  intersect  a  series  of  conies  which 
have  the  same  focus  and  directrix,  the  envelope  of  the  tangents 
to  the  conies  at  the  points  of  section  will  be  a  conic,  have  the 
same  focus,  and  touching  both  the  fixed  straight  line  and  the 
directrix  of  the  series  of  conies. 

34.  The  focal  perpendicular  upon  any  tangent  to  a  conic  is 
a  mean  proportional  to  the  segments  into  which  it  divides  the 
portion  of  that  tangent  intercepted  between  the  tangents  at  the 
extremities  of  any  focal  chord. 

35.  If  /8F  be  the  focal  perpendicular  on  the  tangent  at  any 
point  P  to  a  conic,  and  X  the  point  in  which  the  axis  meets 
the  directrix,  then 

8TiYX^8AxAX. 
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Determine  the  locos  of  Y^  and  shew  that  it  ifl  tiie  envdope 
of  the  circle  on  SP, 

36.  K  PN  be  the  perpendicular  from  any  point  P  on  a 
conic  to  the  latos  rectum,  the  straight  line  connecting  N  witb 
the  point  in  which  the  axis  meets  the  directrix  will  pass  throagb 
the  foot  of  the  perpendicular  let  fall  from  the  focus  upon  the 
tangent  at  P. 

37.  If  the  diameter  at  a  point  P  on  a  conic  bisects  the 
chord  normal  at  Q,  the  diameter  at  Q  bisects  the  chord  normal 
at  P. 

38.  In  Art.  10,  shew  that  the  normal  PG  becomes  equal 
to  the  semi-latus  rectum  when  P  coincides  with  the  vertex 
of  the  conic. 

39.  The  perpendicular  from  O  on  iSP  varies  as  the  ornate 
of  P;  and  the  foot  of  this  perpendicular  lies  upon  the  straight 
line  which  passes  through  the  foot  of  the  ordinate  of  P,  and 
is  parallel  to  SM. 

40.  If  Q  be  an  J  point  on  the  normal  at  P,  and  L  and  if  be 
its  projections  on  SP  and  the  ordinate  of  Py  shew  that 

QLiPM^SAiAX. 

41.  The  perpendicular  upon  a  focal  chord  from  the  int^!^ 
section  of  the  normals  at  its  extremities  meets  the  chord  at 
a  distance  from  one  extremity  which  is  equal  to  the  focal 
distance  of  the  other;  the  locus  of  the  foot  of  this  perpen- 
dicular is  a  conic ;  and  the  straight  line  drawn  parallel  to  the 
axis  through  the  intersection  of  the  normals  passes  through 
the  middle  point  of  the  chord. 

42.  If  P  be  the  pole  of  a  normal  chord  which  meets  the 
directrix  in  Qj  shew  that  the  circle  8PQ  passes  through  an 
extremity  of  the  chord. 

43.  If  a  circle  touch  a  conic  on  opposite  sides  of  its  axis^ 
it  will  intercept  a  constant  length  upon  the  focal  chords  through 
the  points  of  contact.  •  When  the  circle  passes  through  the 
focus,  determine  the  focal  radii  to  the  points  "of  contact. 
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44.  The  rectangle  contained  bj  the  focal  perpendicular  upon 
the  tangent  at  any  point  to  a  conic  and  the  portion  of  the 
normal  intercepted  between  the  curve  and  its  axis  is  equal 
to  the  rectangle  contained  bj  the  semi-latus  rectum  and  the 
focal  distance  of  the  point. 

45.  If  QQ'  be  a  focal  chord  of  a  conic,  and  if  the  normal  at 
P  be  at  right  angles  to  the  chord  and  meet  the  axis  in  (7,  then 

46.  Shew  also  that,  if  a  parallel  to  the  chord  be  drawn 
through  O  and  meet  the  direction  of  PS  in  Z7,  then  P{7b  \QQf. 

47.  If  the  normal  to  a  conic  at  P  meet  the  axis  in  O^  and 
if  BY  the  focal  perpendicular  upon  the  tangent  meet  the 
directrix  in  F,  shew  that 

PQiSY^^SViVY. 

48.  The  ratio  of  the  normals,  terminated  by  the  axb,  at  any 
two  points  of  a  conic  is  equal  to  that  of  the  tangents  at  those 
points. 

49.  Given  an  arc  of  a  conic,  shew  how  to  construct  the 
curve* 

50.  The  parallel  diameters  of  two  similar  and  similarly 
situated  conies  bisect  the  same  systems  of  parallel  chords.  If 
the  two  conies  be  concentric  ellipses  or  hyperbolas,  or  equal 
parabolas  whose  axes  are  coincident,  shew  that  any  chord  of 
the  exterior  conic  is  divided  into  pairs  of  equal  segments  by 
the  interior,  and  that  any  chord  of  the  former  which  touches 
the  latter  is  bisected  at  the  point  of  contact. 

51.  The  angle  between  any  two  chords  of  a  conic  is  equal 
to  the  angle  subtended  at  the  focus  by  the  portion  of  the 
directrix  intercepted  by  the  diameters  which  bisect  the  chords. 

52.  The  arms  of  the  angle  which  a  focal  chord  of  a  conic 
subtends  at  any  point  on  the  circumference  meet  the  directrix 
upon  diameters  through  the  points  of  contact  of  tangents  at 
right  angles. 

53.  The  polar  of  any  point  with  respect  to  a  conic  meets 
the  directrix  on  the  diameter  which  bisects  the  focal  chord 
through  that  point* 
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54.  The  diameter  through  any  point,  and  the  polar  of  that 
point,  meet  the  directrix  and  the  axis  respectively  on  a  stnught 
line  parallel  to  the  focal  distance  of  the  point.  Hence  shew 
that  the  foot  of  the  ordinate  of  any  point  in  the  plane  of  a 
central  conic  is  at  a  distance  from  the  centre  which  varies 
inversely  as  the  distance  therefrom  of  the  intersection  of  the 
polar  of  the  point  with  the  axis. 

55.  From  the  preceding  example  deduce  a  construction  for 
drawing  tangents  to  a  conic  from  a  given  point. 

56.  The  triangle  whose  angular  points  are  the  focus  of  a 
conic  and  the  intersections  of  the  tangent  and  the  diameter  at 
any  point  with  the  axis  and  the  directrix  respectively  has  its 
orthocentre  at  the  point  in  which  the  tangent  meets  the  directiix* 

57.  Given  the  focus  and  the  directrix  of  a  conic,  shew  that 
the  polar  of  a  given  point  with  respect  to  it  passes  through  a 
fixed  point. 

58.  If  the  polar  of  a  point  0  with  respect  to  a  conic  intersect 
a  conic  having  the  same  focus  and  directrix  in  P,  and  if  SQ  be 
drawn  at  right  angles  to  8P  to  meet  the  directrix  in  Q^  the 
locus  of  the  intersection  o(  QO  and  jSlP  will  be  a  conic. 

59.  Deduce  from  Art.  16  that  the  square  of  the  ordinate  at 
any  point  of  a  conic  varies  either  as  the  distance  of  the  foot 
of  the  ordinate  from  the  vertex,  or  as  the  rectangle  contained 
by  the  segments  into  which  it  divides  the  axis. 

60.  A  focal  chord  of  a  conic  and  the  diameter  which  bisects 
it  meet  any  fixed  straight  line  perpendicular  to  the  axis  at 
points  whose  ordinates  contain  a  constant  rectangle;  and  the 
square  of  the  ordinate  of  the  middle  point  of  the  chord  varies 
either  as  the  distance  of  the  foot  of  the  ordinate  from  the  focus, 
or  as  the  rectangle  contained  by  its  distances  from  the  focus 
and  the  centre  of  the  conic. 

61.  If  a  chord  of  a  conic  passes  through  a  fixed  point  in  the 
axis,  determine  the  locus  of  its  middle  point,  and  in  the  case 
of  a  central  conic,  the  locus  of  its  intersection  with  another 
chord  which  passes  through  a  fixed  point  in  the  axis  and  is 
parallel  to  the  diameter  which  bisects  the  former. 
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62.  Ka  tangent  be  drawn  parallel  to  any  chord  of  a  conic, 
the  portion  of  it  terminated  by  the  tangents  at  the  ends  of  the 
chord  is  bisected  at  its  point  of  contact. 

63.  Two  tangents  being  applied  to  a  line  of  the  second 
order,  if  from  any  point  in  one  of  them  a  straight  line  be  drawn 
parallel  to  the  other,  the  portion  of  it  intercepted  by  the  chord 
joining  the  points  of  contact  will  be  a  mean  proportional  to 
its  segments  made  by  the  curve.  Examine  the  case  in  which 
the  secant  becomes  a  tangent. 

64.  In  Art.  16,  investigate  the  case  in  which  0  coincides 
with  iS,  and  shew  that  8X  is  then  a  mean  proportional  to  the 
distances  of  P  and  p  from  the  directrix. 

65.  Shew  also  that,  if  SZ  be  drawn  parallel  to  PQOIt  to 
meet  the  directrix,  then 

OP.OQ  :  Sp.Si^SZ* :  SZ^-U, 

where  L  denotes  the  semi-latus  rectum. 

66.  If  a  chord  of  a  conic  subtends  equal  angles  at  the 
extremities  of  another  chord,  it  likewise  subtends  equal  angles 
at  the  extremities  of  any  chord  parallel  to  the  latter. 

67.  If  ABG  be  a  triangle  whose  sides  touch  a  conic  at  the 

points  a,  &,  c,  then 

Ah,Bc.Ga^Ac.Ba.Cb. 

68.  If  any  conic  be  drawn  through  four  given  points,  and 
if  a  fixed  straight  line  meet  the  conic  in  P,  Q,  and  one  of  the 
pairs  of  straight  lines  joining  the  four  points  in  A^  j?,  then  will 
the  ratio  of  the  rectangle  PA.AQ  to  the  rectangle  PB.BQ 
be  constant. 

69.  Any  tangent  to  a  conic  is  divided  harmonically  by  its 
point  of  contact  and  the  three  points  in  which  it  meets  any  two 
other  tangents  and  their  chord  of  contact.  Examine  the  cases 
in  which  two  of  these  four  straight  lines  become  parallel. 

70.  If  from  any  point  on  a  conic  parallels  be  drawn  to  two 
adjacent  sides  of  a  given  inscribed  quadrilateral  figure,  the 
rectangles  under  the  segments  intercepted  by  those  adjacent 
and  by  the  other  two  opposite  sides  will  have  a  given  ratio. 
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71.  It  ABO  be  a  triangle  inscribed  in  a  conic,  and  if  from 
any  point  0  on  the  carve  there  be  drawn  a  parallel  to  J3A 
meeting  BO  and  the  tangent  at  ^  in  P,  Qj  and  a  parallel  to 
BO  meeting  AB^  AC  in  P,  Qf;  then  will  OP.OQ  be  to 
O'P.OQ  in  a  constant  ratio,  viz.  that  of  the  focal  chorda 
parallel  to  BA  and  BO  respectiyelj. 

72.  If  from  any  point  on  a  conic  pwB  of  perpendicolaiB 
be  drawn  to  the  opposite  sides  of  a  given  inscribed  quadrilateral^ 
the  rectangle  contained  by  the  one  pair  of  perpendicnUn  will 
be  in  a  constant  ratio  to  the  rectangle  contained  by  the  other 
pair. 

73.  The  perpendicular  from  any  point  on  a  conic  to  a  fixed 
chord  is  a  mean  proportional  to  the  perpendiculars  from  that 
point  to  the  tangents  at  the  extremities  of  the  chord. 

74.  If  from  any  point  on  a  conic  straight  lines  be  drawn 
at  given  angles  to  two  adjacent  sides  of  a  given  inscribed 
quadrilateral  figure,  the  rectangle  under  the  segments  inter- 
cepted by  those  adjacent  and  by  the  other  two  opposite  sides 
will  have  a  given  ratio. 

75.  Hence  shew  that,  if  from  a  given  point  M  there  be 
drawn  two  fixed  straight  lines  meeting  a  conic  m  A^B  and 
(7,  D ;  and  likewise  a  variable  straight  line  meeting  the  curve 
in  E^  E^  and  the  straight  lines  A  Oj  BD  mK^L]  then 

EiP :  EM^^LE.EKi  LE'.EK; 

and  investigate  the  form  which  this  relation  assumes  when  the 
fixed  straight  lines  become  tangents  to  the  conic. 

76.  Deduce  from  the  preceding  example  that,  if  A^  B^  C7,  D 
be  any  four  points  on  a  conic,  the  three  straight  lines  joining 
the  intersections  of  AB^  OD ;  BC^  DA ;  and  CL4,  BD^  are  cut 
harmonically  by  the  curve,  and  that  each  of  these  points  is  the 
pole  of  the  straight  line  which  joins  the  other  two. 

77.  Hence  shew  how  to  draw  tangents  to  a  conic  from  any 
external  point  with  the  help  of  the  ruler  only. 

78.  If  PVP'  and  QVQ  be  any  two  intersecting  chords  of  a 
conic,  and  if  the  curcle  through  Q^  P,  Q  meet  PP'  in  B^  then 
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wm  the  ratio  of  VP' to  VR  he  equal  to  that  of  the  focal  chords 
parallel  to  PP'  and  QQ^.  Examine  the  cases  in  which  two  or 
all  of  the  points  Pj  Q,  Q  coalesce. 

79.  If  PQ  be  any  chord  of  a  conicy  and  ^the  parallel  focal 

chord|  and  if  the  direction  of  F  meet  the  tangent  at  P  in  jT, 

then 

PQ.ST^F.BP. 

80.  If  there  be  a  quadrilateral  figure  inscribed  in  a  conic 
sectioDy  and  if  from  one  of  its  angular  points  there  be  drawn 
parallels  to  the  sides  about  the  opposite  angle ;  and  if  from  the 
two  remaining  angles  there  be  drawn  straight  lines  to  anjr  point 
in  the  curve  to  meet  the  parallels;  the  intercepted  portions 
of  the  parallels,  estimated  from  their  common  point,  will  have 
a  given  ratio,  wherever  in  the  curve  the  fifth  point  be  taken. 
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CHAPTER   III. 

THE  PAEABOLA. 

19.  The  parabola  being  a  conic  whose  determining  ratio 
is  one  of  equality,  some  of  its  properties  may  be  at  once 
deduced  by  equating  SA  :  AX  to  unity  from  properties  of  the 
general  conic  already  proved;  thus  8L  becomes  equal  to  TN 
in  Art.  8,  and  80  equal  to  8P  in  Art.  10.  The  semi-latas 
rectum  of  the  parabola  is  equal  to  8X]  that  is,  to  SA  +  AX^ 
or  28A. 

Other  properties  of  the  parabola  may  be  derived  from  those 
of  central  conies  by  regarding  it  as  a  conic  whose  centre*  and 
second  focus  are  at  infinity,  and  the  further  extremities  of  whose 
diametersf  are  likewise 'at  infinity;  but  in  the  present  chapter 
we  shall  give  independent  proofs  of  such  properties,  commencing 
with  the  original  definition  of  the  parabola. 

The  portion  of  any  diameter  intercepted  between  the  curve 
and  the  ordinate  of  any  point  with  respect  to  that  diameter  is 
called  the  Abscissa  or  Absciss  of  the  point ;  and  any  focal  chord 
of  a  parabola  is  called  the  Parameter  of  the  diameter  which 
bisects  it. 

CHORD  PROPERTIES.* 

PROPOSITION  I. 

20.  The  ordinate  of  any  point  on  the  parabola  is  a  mean 
proportional  to  the  abscissa  and  the  latus  rectum. 


*  See  Art.  14,  Oor.  8. 

t  See  Art.  16,  Cot.  3. 

X  Under  this  head  are  inclnded  such  propositionB  only  as  can  be  proved  ante- 
cedently to  the  definition  of  a  tangent;  but  the  restriction  does  not  apply  to  the 
Corollanes  from  those  Propositions, 
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Xiet  AN  be  the  abscissa  of  any  point  P  on  the  carve,  and  X 
the  point  in  which  the  directrix  meets  the  axis.  Then,  bj 
Suclid  I.  47,  and  from  the  definition  of  the  parabola. 


Hence         PUP  +  [AN'^  AS)*^  [AN+  ASf. 

Therefore  PIP^AAS.ANy  or  PN  is  a  mean  proportional 
to  AN  and  ^Sj  which  latter,  bj  Art.  19,  is  equal  to  the 
latus  rectam. 

Conversely,  if  the  square  of  the  ordinate  of  any  point  P 
vary  as  its  abscisfta,  the  locus  of  the  point  will  be  a  parabola. 

The  above  proposition  suggests  an  obvious  method  of  tracing 
the  curve,  since  for  any  assumed  magnitude  of  AN  the 
magnitude  of  PN  and  the  position  of  P  are  determined. 

Corollary. 

Hence,  to  find  two  mean  proportionals  between  a  given  pair 
of  straight  lines,*  with  latera  recta  equal  to  the  given  lines 
describe  two  parabolas,  having  a  common  vertex,  and  their 
axes  at  right  angles ;  then  will  the  ordinates  of  either  of  their 
points  of  intersection  be  mean  proportionals  to  their  latera  recta, 
as  required ;  for  it  is  evident  that  the  ordinate  in  either  parabola 
will  be  a  mean  proportional  to  its  own  latus  rectum  and  the 
ordinate  in  the  other. 


*  This  problem,  which  is  of  great  hiBtorical  interest,  was  solved  as  above  by 
HensBchmus,  according  to  the  statement  of  Eutokius.  Compare  Bretschneider's, 
Dm  Gecvttirie  und  die  Geometer  wtr  Euklidet,  p.  160  (LsiPZia,  1870). 
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PROPOSITION  11. 

21.  The  locus  of  the  middle  points  of  any  system  of  pcaroiDd 
chords  of  a  parabola  is  a  straight  line  parallel  to  the  axis  /  and 
the  bisecting  line  meets  the  directrix  on  the  straight  line  through 
the  focus  at  right  angles  to  the  common  direction  of  the  chords* 

Take  QQ^  any  one  of  a  system  of  parallel  chords,  and  let 
Jtf  and  M  be  the  projections  of  its  extremities  upon  the  directrix. 

Let  the  focal  perpendicular  npon  the  chords  meet  QQ*  in  1^ 
and  the  directrix  in  0 ;  and  through  0  draw  a  parallel  to  the 
axis  meeting  QQ  m  V.     Then  will  V  be  the  middle  point 

For  OiT-  0C»-  qW^  Oqt-  BQ" 

and  OM^  may  be  shewn  to  have  the  same  value. 

Therefore  OM^  OM'  being  equal,  the  straight  line  through 


0  parallel  to  the  axis  bisects  QQ ;  that  is  to  say,  it  bisects 
erery  chord  which  is  at  right  angles  to  08. 

Hence  it  is  evident  that  every  straight  line  parallel  to  the 
axis  of  a  parabola  is  a  diameter  of  the  curve,  and  that  all 
diameters  are  parallel  to  the  axis  and  to  one  another. 

Corollary. 

It  follows,  as  a  particular  case  of  the  above  proposition,  that 
the  direction  of  the  focal  perpendicular  8Y  on  the  tangent  at  P 
to  a  parabola  meets  the  directrix  at  a  point  M  such  that  PM 
is  parallel  to  the  axis. 
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Hence  it  appears  that  the  tangent  at  P  bisects  the  angle 
SPMj  as  will  be  otherwise  proved  in  Art.  25 ;  and  it  may  idso 
be  deduced,  independently  of  Art.  7,  that  the  intercept  on  the 
tangent  made  by  the  curve  and  the  directrix  subtends  a  right 
angle  at  8. 


PROPOSITION  III. 


22.    To  find  ihe  length  of  any  focal  chord  of  a  parabola. 
Let  QQ  he  any  focal  chord;  M  and  JT  the  projections 
of  its  extremities  upon  the  directrix ;  and  0  the  point  in  which 


the  focal  perpendicular  upon  the  chord  meets  the  directrix. 
Let  a  parallel  through  0  to  the  axis  meet  QQ  in  v^  which, 
by  Prop.  II,  will  be  the  middle  point  of  the  chord. 
Hence,  and  from  the  definition  of  the  curve. 

And  because  08v  is  a  right  angle,  and  8P=  PO ;  therefore 
Pif^SP^  PO^  and  therefore  v 0  =  2/gP- 
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Hence  Q^  =  4&P,  or  the  parameter  of  any  diameter  of  a 
parabola  is  equal  to  four  times  the  focal  distance  of  the  ex- 
tremity of  that  diameter.  In  particular,  as  we  have  already 
seen,  the  latus  rectum  is  equal  to  i^SA. 


PBOPOSITION  IV. 


23.  The  ordinate  of  any  point  on  a  parabola  with  respect 
to  any  diameter  ia  a  mean  proportional  to  its  parameter  and 
the  ahsciasa  of  the  point. 

Let  QVejii  PFbe  the  ordinate  and  abscissa  of  any  point  Q 
on  the  curve ;  let  VF  meet  the  directrix  In  0,  and  the  focal 


chord  parallel  to  QVinv,  and  let  08^  which  {Prop,  ii.)  is  at 
right  angles  to  8v  and  QV^  meet  the  latter  In  Y. 

Then,  as  In  Art.  21,  If  D  and  M  be  the  projections  of  Q  on 
the  diameter  PF,  and  on  the  directrix, 

And  since,  by  similar  triangles,  the  lengths  QD^  OY^  8Y 
are  proportional  to  QV^  OF,  vF,  therefore,  from  above, 

(2F"=0F»-vF«. 

And  since  Pv^SP^PO^  as  in  Art.  22,  the  sum  of  OF  and 
tzFis  equal  to  2PF,  and  their  difference  to  2SjP,  or  vice  versa] 
and  therefore,  iu  either  case,  the  difference  of  their  squares 
isequalto2SP.2PF. 
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Therefore  QV*=^l8P.  PF",  or  the  ordinate  QVis  a  mean  pro- 
portional to  the  parameter  4SP  (Prop,  m),  and  the  absciflsa  FV. 

Corollary  1. 

It  may  be  shewn  that  QD*^AA8.PV]  and  further,  that 
if  a  straight  line  QD'  be  drawn  in  any  direction  from  Q  to  the 
diameter  PF,  it  will  be  a  mean  proportional  to  the  parallel 
focal  chord  and  the  abscissa  FV.  This  follows  most  readily 
with  the  help  of  the  theorem  (Art.  30,  Cor.  1),  that  if  the  base 
of  a  triangle  be  parallel  to  the  axis  of  a  parabola  the  squares 
of  its  remaining  sides  will  be  as  the  parallel  focal  chords.* 

Corollary  2. 

If  the  tangent  at  P  meet  QM  in  5,  then  the  figure  FVQB 
being  a  parallelogram,  it  follows  that  BF^  =  ^SF.BQ.  Hence, 
if  B  be  any  point  on  the  tangent  at  a  given  point  P  to  a 
parabola,  and  if  the  diameter  through  B  meet  the  curve  in  Q^ 
then  will  BF^  vary  as  BQ. 

Corollary  3. 

On  the  tangent  at  a  given  point  P  to  a  parabola  take  any 
two  points  T  and  B ;  and  let  the  diameters  through  them  meet 
in  curve  in  E  and  Q,  and  let  the  former  diameter  meet  FQ 
in  F.     Then,  by  Cor.  2,  and  by  similar  triangles, 

TE :  BQ=  TF* :  BF*^  TF* :  B(^. 

Hence  TE:  TF  =  TF  :  BQ  =FF  :  P^, 

or,  the  portion  of  any  diameter  intercepted  by  any  chord  and  the 
tangent  at  either  extremity  of  the  chord  is  divided  at  the  curve  in 
the  same  ratio  as  that  in  which  it  divides  the  chord. 

PKOPOSITION   V. 

24.  A  chord  of  a  parabola  being  divided  at  any  pointy  to 
determine  the  magnititde  of  the  rectangle  contained  by  its  segments. 

Let  any  chord  QB  be  divided  internally  or  externally  at  the 
point    0 ;  and  let  the  diameters  through    0  and  the  middle 

*  This  maj  be  deduced  withont  the  help  of  tangent-properties  from  the  second 
note  on  p.  28,  or  from  Art.  22,  where  QQ^  yaries  as  8Q.8Q%  that  is  to  saj,  as  SO^j 
the  angle  QOQf  being  a  right  angle.  It  follows  that  the  focal  chords  of  a  parabola 
Tary  inyeiBely  aa  the  squares  of  the  sines  of  their  inclinations  to  the  axis. 
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point  V  of  the  chord  meet  the  parabola  in  M  and  P.  Then 
by  Prop.  lYy  and  bj  Euclid  ii.  5,  Cor.,  if  MU  be  the  ordinate 
of  jif  with  respect  to  the  latter  diameteri 

=  A8P[PV^PV) 
^4.8P.MO, 

or  the  rectsj^gle  whereof  the  magnitude  waa  to  be  found  Taries 
as  MO  J  which  depends  onlj  upon  the  position  of  the  point  0 ; 
and  as  the  parameter  4/SP,  which  depends  only  upon  the 
direction  of  the  chord  QB. 

GoroUary. 

Hence,  if  QE  be  any  second  chord  through  0^  and  4iSP' 
the  corresponding  parameter| 

QO.OB:  QO.OB;^4.8Pi4.8P\ 
or  these  rectangles  are  proportional  to  the  focal  chords  parallel 
to  QR^   QR^  AS  ^^^  proved  also  for  the  general  conic  in 
Art.  16.     Hence   also,  the  squares  of  any  two  intersecting 
tangents  are  as  the  focal  distances  of  their  points  of  contact. 

TANGENT  PROPERTIES* 

PBOPOSITION  VI. 

25.  The  tangent  to  a  parabola  at  any  point  is  the  hisedcr 
of  the  angle  which  the  focal  radius  makes  wiiJi  the  diameter 
produced. 

*  See  also  the  CoroUftiies  in  Articles  21,  23,  24. 
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(I)  Let  the  tangent  at  anj  point  P  meet  the  directriz  in  JS, 
and  let  the  diameter  produced  beyond  the  curve  meet  the 
directriz  in  M. 


^en  since  PR  subtends  a  right  angle  at  S^  and  since 
SP^PMj  and  PR  is  common  to  the  right-angled  triangles 
SPRj  MPR^  therefore  their  angles  at  P  are  equal,  or  the 
tangent  PR  bisects  the  angle  SPM. 

It  is  likewise  evident  that  8P  and  MP  make  equal  angles 
with  RP  produced  towards  t^  as  in  the  figure  of  Art.  21,  Gor.; 
and  that  if  PR^  or  PR  produced,  meet  the  axis  in  T,  the 
angles  at  P  and  T  in  the  triangle  SPT^  and  therefore  also 
the  sides  8P  and  BT^  will  be  equal  to  one  another. 

(ii)  Or  we  may  proceed  as  follows,  taking  Euclid's 
definition  of  a  tangent. 

Draw  the  straight  line  bisecting  the  angle  SPM^  and  take 
any  point  upon  it.  The  distance  of  any  such  point  from  8  is 
equal  to  its  distance  from  if,  and  therefore  greater  than  its 
distance  from  the  directrix,  except  when  the  point  coincides 
with  P.  Hence  every  point  except  P  on  the  bisector  of  the 
angle  8PM  lies  without  the  curve,  and  the  bisector  of  8PM 
is  therefore  the  tangent  at  P. 

Corollary  1. 

It  is  evident  from  the  above  that  the  tangent  at  P  bisects 
the  angle  8RM  between  the  directrix  and  the  focal  distance  of 
the  point  R  in  which  it  meets  the  directrix;  and,  in  like 
manner,  that  the  second  tangent  RQ   from  R   bisects   the 

£2 
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snpplementary  angle  SEN  between  SB  and  tbe  directrix. 
Hence  the  two  tangents  to  a  parabola  from  any  point  on  its 
directrix,  or  at  the  extremities  of  any  focal  chord,  are  at  right 
angles ;  and  conversely,  the  directrix  of  a  parabola  is  the  locos 
of  the  intersection  of  tangents  at  right  angles. 

Corollary  2. 

« 

To  draw  tangents  to  a  parabola  from  any  external  point  E^ 
with  centre  E  and  radius  ES  describe  a  circle  cutting  the 
directrix  in  M  and  Nj  and  let  the  diameters  through  those 
points  meet  the  curve  in  P  and  Q,  which  will  be  the  points 
of  contact  of  the  tangents  required ;  since,  as  readily  appearS| 
JSP  bisects  the  angle  /SPif  and  EQ  bisects  the  angle  SQK 

Corollary  3. 

The  subtangent  at  any  point  is  double  of  the  abscissa ;  since, 
in  the  next  figure,  ST^  SP=^NX=AN-\-A8^  and  therefore 
AN=^  ST-  AS^AT^  or  NT  the  subtangent  is  equal  to  2AN. 

PKOPOSITION  VII. 

26.    The  normal  at  any  point  of  a  parabola  bisects  the  interior 
anglt  between  the  diameter  and  the  focal  distance  of  the  point 
If  the  normal  at  P  meet  the  axis  in  (?,  then,  by  Art.  19| 


SG^SP]  and  therefore  PO  makes  equal  angles  with  fiPand 
the  axis,  and  bisects  the  angle  which  SP  makes  with  the 
diameter  through  P. 

The  same  might  have  been  deduced  as  a  corollary  from  the 
preceding  proposition. 


THE  PABABOLA.  ^ 

Corollary. 

H  ANhe^  the  abscLasa  of  P,  than  since  8Q=^SP=:NXy 
therefore  NO  =  NX—  8N=  8X=i28A^  or  the  sabnormal  is 
equal  to  the  semi-latus  rectum. 

PROPOSITION  Till. 

27.  The  tangent  at  the  vertex  of  a  parabola  is  the  locus  of  the 
foot  of  the  focal  perpendicular  upon  the  tangent  at  any  point ; 
and  the  focal  perpendicular  ia  a  mean  proportional  to  the  focal 
dtstancee  of  the  vertex  and  of  the  point  of  contact  of  the  variable 
tangent, 

(i)  Let  the  diameter  at  any  point  P  of  a  parabola  be  pro- 
dnced  to  meet  the  directrix  in  Mj  and  let  the  tangent  at  A 
meet  8M  in.  Y. 

Then,  8Y  being  evidently  equal  to  MYj  and  SP  being 
equal  to  PMj  and  PY  common  to  the  triangles  8PYj  MPY\ 
therefore  PFis  at  right  angles  to  8M^  and  it  bisects  the  angle 
SPM,  and  is  therefore  the  tangent  at  P. 

Hence  Y^  which  bj  construction  lies  on  the  tangent  at  A^ 
is  the  foot  of  the  focal  perpendicular  upon  the  tangent  at  P; 
and  conversely,  the  locus  of  the  foot  of  the  focal  perpendicular 
on  the  tangent  at  P  is  the  tangent  at  A. 

This  suggests  an  obvious  method  of  drawing  a  second  tangent 
to  a  parabola  from  a  given  point  on  the  tangent  at  its  vertex. 

(ii)  Again,  since  the  two  tangents  from  Y  to  the  parabola 
subtend  equal  angles  at  8^  the  right-angled  triangles  8AY^ 
8YP  are  similar,  so  that 

8A:8Y^8Y:8P, 

or  8Y*^8A.8R 

Corollary. 

Since  (Art.  24,  Cor.)  any  two  intersecting  tangents  to  a 
parabola  are  in  the  subduplicate  ratio  of  the  focal  distances  of 
their  points  of  contact,  they  are  in  the  same  ratio  as  the  fodd 
perpendiculars  upon  them. 
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PROPOSITION  IX. 

28.  The  exterior  cmgle  between  any  two  intereeoting  tangent» 
to  a  parabola  ia  equal  to  the  angle  which  either  of  them  subtends 
at  the  focus ;  and  the  inclination  of  either  tangent  to  the  axis  ia 
equal  to  thai  of  the  other  to  the  focal  distance  of  their  common 
point. 

(i)  Let  the  tangents  at  P  and  Q  intersect  in  B^  and  meet 
the  axis  in  Tand  U]  and  let  0  be  a  point  in  A8  produced. 


Then  the  exterior  vertex  angle  P80  of  the  isosceles  triangle 
P8T  being  double  of  the  interior  base  angle  8TP^  and  the 
angle  Q80  in  like  manner  being  double  of  8UQ^  therefore  by 
subtraction,  in  the  figure  drawn, 

lP,8Q^2TRU. 

Therefore,  since  the  two  tangents  subtend  equal  angles  at 
8^  the  angle  subtended  bj  either  is  equal  to  the  exterior  angle 
TB  U  between  them. 

Hence  I  TBTI  will  be  acute  or  obtuse  according  as  the 
focus  lies  without  or  within  the  segment  of  the  curve  cut  off 
by  PQ.  In  either  case  it  will  be  seen  that  the  acute  angle 
between  the  tangents  is  equal  to  half  the  angle  which  their 
chord  of  contact  subtends  at  the  focus. 

(ii)   Since  the  angle  TBUva  equal  to  P8By  therefore 

i8BU^P8B^PB8^8PT 

^8TPi 

or  the  angles  which  QB  makes  with  SB  are  equal  to  those 
which  TB  makes  with  the  axis. 
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Hence  also,  subtracting  the  angle  TRU^ 

L  iSBP=  BTP^  TBU^  aUQ 

Corollary  1. 

If  from  any  point  B  on  the  tangent  at  a  fixed  point  P  the 
second  tangent  RQ  h^  drawn,  the  angle  BRQ  will  be  constant^ 
since  the  equal  angle  8PR  is  fixed.  If  one  of  the  tangents 
be  the  tangent  at  the  vertex,  BR  will  be  the  focal  perpendicular 
upon  the  other. 

Corollary  2. 

The  triangles  BPR^  BRQ  are  similar,  having  their  angles  at 
8  equal,  and  likewise  those  opposite  to  8P  and  8R  respectively. 
Hence  BR?  =  8P.  SQj  or  the  focal  distance  of  the  intersection  of 
any  two  tangents  to  a  parabola  is  a  mean  proportional  to  the 
focal  distances  of  their  points  of  contact;  and  each  tangent 
is  to  the  other  as  BR  to  the  focal  distance  of  the  point  of 
contact  of  the  latter. 

Corollary  3. 

If  two  fixed  tangents  be  cut  by  any  third  in  points  P 
and  Q,  as  in  the  next  figure,  the  triangle  BPQ  will  have 
its  angles  constant,  since,  by  Cor.  1,  its  angle  at  Pis  constant, 
and  likewise  its  angle  at  Q.  Again,  in  the  same  figure,  if 
the  three  tangents  be  fixed,  and  if  any  fourth  cut  them  in  points 
Lj  if,  Nj  then,  the  angles  of  the  triangles  BLNj  BMNj 
being  constant  by  the  former  case,  the  ratio  of  LN  to  MN 
18  constant.  Conversely,  the  envelope  of  a  straight  line  which 
is  cut  in  a  constant  ratio  by  three  fixed  straight  lines  is  a 
parabola  touching  the  three  fixed  lines. 

PEOPOSITION  X. 

29.  The  drcumscribed  circle  of  any  triangle  whose  three  sides 
touch  a  parabola  passes  through  the  focus. 

Let  PQR  be  any  triangle  whose  three  sides  touch  a  parabola, 
and  let  PR  meet  the  axis  in  T.    Then,  by  Art.  28, 

lBRQ^STP^BPQ. 
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Therefore  the  points  8^  P,  £,  Q  are  concycllc ;  that  is  to  saj, 

the  focus  S  lies  on  the  circomscribed  circle  of  the  triangle 

FQB. 

Corollary  1. 

Let  p,  J,  r*  be  the  points  of  contact  of  the  tangents  QR^ 
JBP,  PQy  and  let  FQ  meet  the  directrix  in  2),  so  that  z  rSD 
is  a  right  angle.  Let  the  perpendicular  drawn  from  R  to  PQ 
meet  the  directrix  in  (?,  and  8D  in  N.  Then  the  angles  PQ£ 
and  Q8r  are  equal  bj  Prop,  ix.,  and  therefore  their  com- 
plements are  equal,  so  that 

lQRN^Q8N, 
or  j^  lies  on  the  circle  QR8^  which  also  circumscribes  the 
triangle  PQR.  Moreover,  PQ  bisects  the  angle  ODN^Axi.  25), 
and  therefore  also  the  line  ON^  to  which  it  is  at  right 
angles.  Hence  0  is  the  orthocentre  of  the  triangle  PQR^  or 
if  any  parabola  be  inscribed  in  a  triangle^  its  directrix  wUl  pass 
through  the  orthocentre. 

Corollary  2. 

If  four  tangents  to  a  parabola  be  given,  its  focus  is  de- 
termined by  the  intersection  of  the  circumscribed  circles  of  any 
two  of  the  triangles  formed  by  the  four  tangents,  and  its 
directrix  is  the  straight  line  joining  the  orthocentres  of  any  two 
of  them.  Hence  it  appears  that  one  parabola  can  in  general 
be  described  touching  four  given  straight  lines. 


*  See  the  lithographed  figure,  No,  2. 
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CoroUary  3. 

Since  (Art  13,  Cor.)  RQ  and  Pq  subtend  eqnal  angles  at  8\ 
and  since,  in  the  circle,  L  8Pq  =  8QB ;  therefore  the  triangles 
SPqj  8QB  are  similar,  so  that 

QB:Pq=8B:  8q. 

Hence,  and  by  Art.  28,  Cor.  2, 

QB  :  Pq^Bp  :  Bq^  Qp  :  PB; 

or,  if  two  tangents  to  a  parabola  be  cut  by  any  third,  their 
alternate  segments  will  have  the  same  ratio,  and  this  ratio 
will  be  coTntant  if  the  two  tangents  be  fixed. 

soHOLnrM. 

The  above  proposition,  with  several  deductions  therefrom,  is 
found  in  Section  I.  §§  15 — 24  of  I.  H.  Lambebt'b  Insigniores  Orhita 
CofMtarum  Proprietatei  (Augustro  Yindelieorum,  1761).  The  pro- 
position itself,  together  with  Cor.  1,  may  be  applied  to  prove 
eertain  properties  of  the  straight  line  and  circle,  as  below. 

(i)  In  any  given  triangle,  and  with  any  point  on  its  circum- 
scribed circle  as  focus,  suppose  a  parabola  to  be  inscribed.  Then, 
since  the  sides  of  the  triangle  are  tangents  to  the  parabola,  the 
feet  of  the  three  focal  perpendiculars  upon  them  must  lie  on  the 
tangent  at  the  vertex.  Hence,  if  from  any  point  on  the  circum- 
scribed circle  of  a  triangle  perpendiculars  be  let  fall  upon  its  three 
sides,  the  feet  of  the  three  perpendiculars  will  be  collinear. 

(ii)  Supposing  a  parabola  to  be  described  touching  four  given 
straight  lines,  its  focus  must  lie  on  the  circumscribed  circle  of  the 
triangle  formed  by  any  three  of  the  said  lines.  Hence  the  circum- 
scribed circles  of  the  four  triangles  formed  by  any  four  straight 
lines  meet  in  a  point. 

(iii)  The  directrix  of  the  parabola  touching  four  given  straight 
lines  passes  through  the  orthocentres  of  the  four  triangles  formed 
by  those  lines.  Hence  the  orthocentres  of  the  four  triangles  formed 
by  any  four  straight  lines  are  collinear. 

Por  the  proof  of  Cor.  1  given  above  I  am  indebted  to  Mr. 
Bawdon  Levett,  of  St.  John's  College,  Cambridge.  Another 
elementary  proof,  based  upon  the  property  that  the  feet  of  the 
focal  perpendiculars  on  the  three  tangents  are  collinear,  was  given 
in  No.  160,  p.  63,  of  the  Lady*9  and  Omtleman^B  Diary  (1863). 
The  theorem  in  question,  which  is  in  reality  a  particular  case 
of  Brianchon's  theorem  (Salmon's  Conio  Sections^  Art.  268),  was 
propounded  by  J.  Steineb  in  Crelle's  Journal  filr  die  reine  und 
angewandU  Mathematik,  vol.  ii.  p.   191   (Berlin,    1827),  and  was 
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demonstrated  by  him  in  Gergonne's  Annates  de  MatUmaUquBB  purst 
et  appliqfUeSy  vol.  xix.  p.  59  (Fafis,  1828),  with  the  help  of  Pascal's 
theorem,  as  follows.  If  8  be  any  point  on  a  conic,  PQR  an  in- 
scribed triangle,  and  PP\  QQ  chords  through  any  point  0\  then 
in  the  hexagon  PP'SQQR  the  points  (P'^S,  QH)  and  {8Q,  RJP) 
will  lie  on  a  straight  line  through  0.  If  the  conic  be  a  eirelef  and 
0  the  crthocentre  of  the  triangle,  the  straight  line  through  0  will 
evidently  meet  the  continuations  of  the  perpendiculars  from  8  to 
the  sides  of  the  triangle  at  distemces  from  8  which  are  respeotiyely 
double  of  those  perpendiculars,  and  will  therefore  be  the  directrix 
of  the  parabola  drawn  with  8  as  focus  to  touch  the  sides.  Steiner 
himself  likewise  applied  his  theorem  as  in  §iii.  (Grelle,  n.  97; 
Gergonne,  xix.  59). 

PROPOSITION  XI. 

80.  The  portion  of  any  diameter  interested  by  any  tangent 
and  the  ordinate  of  its  point  of  contact  with  respect  to  that 
diameter  is  bisected  at  the  curve.^ 

'Let  the  diameter  at  P  be  met  by  the  tangent  at  Q  in  Tj 
and  by  the  ordinate  of  Q  in  F;  and  let  the  tangent  at  P  meet 
that  at  Q  in  B. 

Complete  the  parallelogram  QRPO  by  drawbg  PO  parallel 


to  RQ.    Then  the  diagonal  RO  bisects  the  diagonal  PQ^  which 

is  also  the  chord  of  coiitact  of  the  tangents  RP^  R  Q.    Therefore 

RO  is  a  diameter  of  the  parabola,  and  hence,  all  diameters 

being  parallel, 

PV^^RO^PT, 

or  FT  is  bisected  at  P. 

*  ThisuindiutodinArt.  28,Oor.8.    See  also  Art.  18,  Gor^  and  Art.  25,  Gor.  8. 
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Corollary  1. 

Any  triangle  whose  base  is  parallel  to  the  axis  of  a  parabola 

has  its  remaining  sides  in  the  ratio  of  the  parallel  tangents; 

for  supposing  those  sides  parallel  to  the  tangents  in  the  figure, 

their  ratio  will  be  that  of  RP  to  RT^  whereof  the  latter  is  equal 

\oBQ. 

Corollary  2. 

If  from  any  external  point  R  there  be  drawn  a  tangent 
meeting  the  curve  in  P,  and  a  chord  meeting  the  curve  in 
M^  Nj  and  the  diameter  through  P  in  F,  then  by  Cor.  1,  and 
by  Art  16,  Cor.  1,  it  is  easily  shewn  that  RV^^RM.RN. 

Corollary  Z. 

It  may  be  deduced  from  the  proposition  that  the  intercepts 
upon  any  diameter  made  by  any  two  tangents  and  the  ordinates 
of  their  points  of  contact  are  equal ;  and  hence,  that  the  area 
between  the  two  tangents  and  the  diameter  is  equal  to  half  the 
area  between  their  chord  of  contact,  the  ordinates  of  its  ex- 
tremities, and  the  diameter ;  and  hence,  that  the  triangle  made 
by  any  three  tangents  is  equal  to  half  the  triangle  formed  by 
joining  their  points  of  contact. 

QUADRATURE. 

PROPOSITION  XII. 

82.  The  area  of  the  parabolic  segment  upon  any  chord  as 
hose  IS  equal  to  once  and  one-'thtrd  of  a  triangle  having  iJie  same 
base  and  altitude.* 

Take  RS  as  the  base  of  the  segment,  and  suppose  it  parallel 
to  the  tangent  at  P. 

Let  the  diameters  through  R  and  through  an  adjacent 
point  Q  on  the  curve  meet  the  tangent  at  P  in  Jf  and  0; 
and  let  the  diameter  through  P  meet  RQ  in  T^  and  RR  in  U] 

*  Tbis  theorem,  one  of  the  great  discoyeries  of  AROHiMEDBSy  was  the  first 
example  of  the  exact  quadrature  hy  infinitesimals  of  a  oontinnons  cnryilinear  area. 
It  forms  the  twenty-fourth  and  last  proposition  in  his  special  treatise  on  the  Quad- 
ntoze  of  the  Parabola.    Bee  the  Oxford  edition  of  hjis  works,  p.  88  (1792). 
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and  let  PV  be  the  abscissa  of  Q.  Complete  the  parallelogram 
UTLR  by  drawing  TL  parallel  to  the  base  of  the  segment 
to  meet  RM  produced. 

Let  Q  coalesce  with  5,  so  that  the  chord  QR  becomes  a 
tangent,  and  P  becomes  the  middle  point  of  VT^  and  therefore 
PM  bisects  the  parallelogram  QL. 


Hence,  and  by  Eaclid  i.  43, 

the  parallelogram  QU^^  QL^2QM. 

Through  any  number  of  points  on  the  arc  PR  draw  parallels 
to  RR  and  PUj  so  as  to  form  with  PU  two  series  of  paral- 
lelograms, the  one  corresponding  to  QU  and  the  other 
to  QMj  and  let  the  number  of  the  points  be  increased  and 
their  successive  distances  diminished  indefinitely. 

Then,  as  above,  the  several  parallelograms  in  the  former 
series  become  double  of  those  in  the  latter,  and  the  sum  of 
the  former,  which  is  ultimately  the  parabolic  area  RPU,  becomes 
double  that  of  the  latter,  or  of  the  parabolic  area  RPM. 

Hence  the  semi-segment  RPU  is  equal  to  two-thirds  of  the 
parallelogram  MU^  or  to  four-thirds  of  the  triangle  RPU]  and 
the  whole  segment  RPR  is  equal  to  four-thirds  of  the  triangle 
RPR! J  which  has  the  same  base  and  altitude. 

Corollary. 

Let  the  tangents  at  Ry  E  meet  in  T.  Then  the  area  of 
the  segment  is  equal  to  two-thirds  of  the  triangle  formed  by 
these  tangents  and  its  base,  or  the  portion  of  the  triangle  on  the 
concave  side  of  the  arc  is  double  of  that  on  its  convex  side. 
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This  might  have  been  proved  bj  connecting  the  points  B^  S  by 
an  infinity  of  consecutive  chords,  drawing  the  tangents  at  their 
extremities,  and  shewing,  after  the  manner  of  Prop,  xi.,  Cor.  3, 
that  the  area  between  the  successive  chords  and  BR  is  double 
of  that  between  the  corresponding  tangents  and  the  tangents 
at  Bj  B. 

EXAMPLES. 

8i.  The  radius  of  the  circle  through  the  vertex  and  the 
extremities  of  the  latus  rectum  of  a  parabola  is  equal  to  fiv&- 
eighths  of  the  latus  rectum. 

82.  A  point  on  a  parabola  being  given,  if  the  focus  also 
be  given  the  envelope  of  the  directrix  will  be  a  circle;  or  if 
the  directrix  be  given  the  locus  of  the  focus  will  be  a  circle. 

S^.  If  two  parabolas  have  a  common  focus  their  common 
chord  passes  through  the  intersection  of  their  directrices  and 
bisects  the  angle  between  them. 

84.  The  common  chord  of  two  parabolas  which  have  a 
common  directrix  bisects  the  straight  line  joining  their  foci 
at  right  angles. 

85.  Deduce  from  Prop.  I.  that  the  ordinate  of  the  middle 
point  of  a  chord  whose  direction  is  given  is  of  constant  magni- 
tude. 

86.  The  perpendicular  to  a  chord  of  a  parabola  from  its 
middle  point  and  the  ordinate  of  that  point  intercept  on  the 
axis  a  length  equal  to  the  semi-latus  rectum.  Hence  shew 
that  the  locus  of  the  middle  point  of  a  focal  chord,  or  of  any 
chord  which  meets  the  axis  in  a  fixed  point,  is  another  parabola. 

87.  Prove  the  following  construction.  Let  AN  be  tKe 
abscissa  of  any  point  P  on  a  parabola,  and  let  MP  be  equal 
and  parallel  thereto.  Divide  NP  into  any  number  of  equal 
parts  and  through  the  points  of  section' draw  parallels ^7^,  p^^p^.* 
to  the  axis,  and  divide  MP  into  the  same  number  of  equal  parts 
in  points  1,  2,  3....  Then  will  the  lines  Pu  p^j  Pt*»»  meet 
jll,  -42,  -43...  respectively  on  the  parabola. 
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88.  If  PQ  be  a  focal  chord  of  a  parabola,  SA.PQ^  BP. 8Q. 

89.  If  the  ordinates  or  the  focal  distances  of  all  points  on 
a  parabola  be  cut  in  a  given  ratio  the  locus  of  the  points  of 
section  will  in  either  case  be  a  parabola^ 

90.  Circles  whose  radii  are  in  arithmetical  progression  tondi 
a  given  straight  line  on  the  same  side  at  a  given  point.  If  to 
each  circle  a  tangent  parallel  to  the  given  line  be  drawn  it 
will  cut  the  circle  next  larger  in  points  lying  on  a  parabola. 

91.  Find  the  Iocub  of  the  centre  of  a  circle  which  pasaea 
through  a  given  point  and  touches  a  given  str^ght  line;  or 
which  touches  a  given  circle  and  a  given  straight  line. 

92.  If  a  parabola  be  made  to  roll  upon  an  equal  parabola, 
their  vertices  being  initially  coincident,  the  locus  of  the  focos  of 
the  former  will  be  the  directrix  of  the  latter. 

93.  Find  the  locus  of  a  point  which  moves  so  that  its 
shortest  distance  from  a  given  circle  is  equal  to  its  perpendicukr 
distance  from  a  given  diameter  of  that  circle. 

94.  The  circle  described  on  any  focal  chord  of  a  parabola 
as  diameter  touches  the  directrix ;  and  the  circle  on  any  focal 
radius  touches  the  tangent  at  the  vertex. 

95.  Given  the  focus,  or  the  directrix,  and  two  points  of  a 
parabola,  shew  how  to  construct  the  curve,  and  state  the  number 
of  solutions  in  each  case. 

96.  The  diameters  through  the  extremities  of  any  focal 
chord  of  a  parabola  meet  the  chords  joining  them  to  the  vertex 
upon  the  directrix  and  intercept  upon  it  a  length  which  subtends 
a  right  angle  at  the  focus. 

97.  Two  circles  whose  centres  are  on  the  axis  of  a  parabola 
touch  the  parabola  and  one  another.  Prove  that  the  difference 
of  their  radii  is  equal  to  the  latus  rectum. 

98.  Semicircles  being  described  upon  the  segments  of  a 
focal  chord,  shew  that  the  squares  of  their  common  tangents 
vary  as  the  length  of  the  chord. 
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99.  The  arms  of  any  angle  in  a  focal  segment  of  a  parabola 
meet  the  directrix  at  distances  from  the  axis  to  which  the  semi* 
latuB  rectum  is  a  mean  proportional. 

100.  Shew  how  to  place  in  a  giyen  parabola  a  focal  chord  of 
given  length. 

loi.  A  parabola  being  given,  find  its  axb,  focns,  vertex, 
and  directrix. 

102.  If  a  chord  be  drawn  to  a  parabola  from  the  foot  of 
its  directrix,  the  rectangle  contained  by  its  segments  will  be 
equal  to  the  rectangle  contained  by  the  segments  of  the  parallel 
focal  chord. 

103.  If  AQ  be  a  chord  drawn  from  the  vertex  ^  of  a 
parabola,  and  QB  be  a  perpendicular  to  it  at  its  extremity 
Q  meetbg  the  axis  in  £,  then  will  AB  be  equal  to  the  focal 
chord  parallel  to  ^Q. 

104.  1{  PQ  be  a  focal  chord  of  a  parabola,  and  B  any  point 

Pfl* 
on  the  diameter  through  Q,  then  will  -^  be  equal  to  the  focal 

chord  parallel  to  PB* 

loj.  Find  the  locus  of  the  points  which  divide  parallel 
chords  of  a  parabola  into  segments  contaimng  a  constant 
rectangle. 

106.  The  latus  rectum  is  a  mean  proportional  to  the  ordi- 
nates  of  the  extremities  of  any  chord  which  passes  through  the 
focus  or  through  the  foot  of  the  directrix ;  and  the  rectangle 
contained  by  the  abscisses  of  the  extremities  of  the  chord  is 
equal  to  the  square  of  the  focal  distance  of  the  vertex. 

107.  If  a  chord  subtends  a  right  angle  at  the  vertex,  shew 
that  it  passes  through  a  fixed  point  on  the  axis,  and  that 
the  latus  rectum  is  a  mean  proportional  to  the  ordinates,  and 
likewise  to  the  absdsses,  of  its  extremities. 

108.  Shew  that  the  absciss  cut  off  by  any  chord  from  any 
diameter  is  a  mean  proportional  to  the  abscisses  of  its  ex- 
tremities with  respect  to  that  diameter,  and  that  the  corre- 
sponding ordinates  are  proportionals. 
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109.  The  distances  from  the  focus  at  which  the  stndght 
lines  joining  the  ends  of  a  focal  chord  to  the  vertex  meet 
the  latus  rectum  are  alternatelj  equal  to  the  ordinates  of 
the  ends  of  the  chord, 

1 10.  In  a  given  parabola  inscribe,  and  about  it  circumscribe, 
a  triangle  whose  sides  shall  be  parallel  to  three  given  stndght 
lines. 

111.  A  chord  of  a  parabola  and  the  chord  joining  the  two 
points  on  the  curve  at  which  it  subtends  right  angles  intercept 
on  the  axis  a  length  equal  the  latus  rectum. 

112.  Deduce  from  Ex.  54  that  the  intercept  on  the  axis 
made  by  any  polar  and  the  ordinate  of  its  pole  is  bisected 
at  the  vertex. 

113.  The  intercepts  upon  any  diameter  by  any  two  polars 
and  the  ordinates  of  their  poles  with  respect  to  that  diameter 
are  equal. 

114.  On  a  chord  through  a  fixed  point  0  a  mean  pro- 
portional OM  is  taken  to  the  segments  of  the  chord.  Shew 
that  the  locus  of  if  is  a  diameter. 

115.  A  circle  being  described  on  a  chord  of  a  parabola 
which  is  parallel  to  a  given  line,  shew  that  its  centre  is  at  a 
constant  distance  from  the  middle  point  of  its  opposite  chord 
of  intersection  with  the  parabola. 

116.  If  a  circle  cut  a  parabola  in  four  points  the  ordinates 
of  the  points  of  section  on  one  side  of  the  axis  will  be  together 
equal  to  the  ordinate  or  ordinates  of  the  point  or  points  of 
section  on  the  other  side. 

117.  If  three  of  the  points  of  section  coalesce  their  common 
ordinate  will  be  equal  to  one-third  of  the  ordinate  of  the  fourth 
point;  and  the  common  chord  of  the  circle  and  the  parabola 
will  be  equal  to  four  times  their  common  tangent  measured 
from  its  point  of  contact  to  the  axis. 

1 1 8.  Three  chords  of  a  parabola  drawn  at  right  angles  to 
a  focal  chord  through  its  extremities  and  the  focus  are  pro« 
portionals. 
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1x9.  If  from  the  vertex  of  a  parabola  a  pair  of  chords  be 
drawn  at  right  angles,  find  the  locas  of  the  farther  vertex  of 
the  rectangle  of  which  thej  are  adjacent  sides. 

120.  If  a  chord  perpendicular  to  the  axis  be  produced  to 
meet  the  tangent  at  an  extremity  of  the  latus  rectum^  the 
rectangle  contained  by  its  segments  will  be  equal  to  the  square 
of  its  distance  from  the  focus. 

121.  A  chord  of  a  parabola  drawn  from  a  given  point  on 
the  curve  is  intersected  by  any  ordinate  of  the  diameter  through 
that  pomt  and  by  the  diameter  through  the  extremity  of  the 
ordinate.  Shew  that  the  chord  is  a  third  proportional  to  its 
segments  estimated  from  the  given  point  to  the  ordinate  and 
the  diameter  through  its  extremity  respectively. 

122.  The  ordinate  of  a  point  Q  on  the  curve  being  inter- 
sected by  its  diameter  in  F,  by  any  other  diameter  in  H^  and 
by  the  straight  line  joining  the  vertices  of  those  diameters  in  Rj 

shew  that 

QV'^VB.VR. 

123.  The  straight  lines  joining  any  point  on  a  parabola 
to  the  extremities  of  a  given  chord  meet  any  diameter  at 
distances  from  its  extremity  which  have  the  same  ratio  as 
the  segments  into  which  it  divides  the  chord. 

124.  If  from  the  point  of  contact  of  any  tangent  straight 
lines  be  drawn  to  two  points  on  the  curve,  each  to  intersect 
the  diameteir  through  the  other  point,  the  two  points  of  inter- 
section will  lie  on  a  parallel  to  the  tangent. 

125.  If  the  diameter  through  any  point  P  of  a  parabola 
meet  a  given  chord  in  a,  and  the  tangents  at  its  extremities 
in  hj  c,  shew  that  Pa^^Fb.Pc^  and  deduce  the  theorem  of 
£x.  73*  for  the  case  of  the  parabola. 

126.  Three  fixed  points  and  a  variable  point  being  taken  on 
a  parabola,  shew  that  the  chords  joining  the  latter  to  two  of 
the  fixed  points  cut  off  abscisses  from  the  diameter  through  the 
remaining  fixed  point  which  are  in  a  constant  ratio. 


*  In Uie  example  lefened  to,  for  "is"  read  varies  oa 
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127.  Shew  that  the  preceding  theorem  is  a  special  case  of 
£x.  80. 

128.  If  a  parabola  which  bisects  the  sides  of  a  triaDgle 
ABC  meet  its  sides  again  in  a,  by  Cj  then  will  Aa^  Bh^  Cc  be 
parallels. 

129.  Through  a  giren  point  within  a  parabola  draw  a  chord 
which  shall  be  divided  in  a  given  ratio  at  that  point. 

130.  Describe  a  parabola  through  four  given  points;  or 
through  three  given  points,  and  having  its  axis  in  a  given 
direction ;  and  shew  that  the  latter  is  a  particolar  case  of  the 
former. 

131.  Shew  that  a  circle  can  be  described  touching  any  two 
diameters  of  a  parabola  and  the  focal  radii  to  their  extremities ; 
and  hence,  that  any  two  intersecting  tangents  to  a  parabola 
subtend  equal  angles  at  the  focus. 

132.  The  four  points  of  intersection  of  two  parabolas  whose 
axes  are  at  right  angles  lie  on  a  circle,  and  the  sums  of  the 
ordinates  of  their  points  of  intersection  on  opposite  sides  of  the 
axis  of  either  are  equaL 

133.  1{  ACPhe  a  sector  of  a  circle  of  which  CA  is  a  fixed 
radius,  and  if  a  circle  be  drawn  to  touch  CA^  CP  and  the  arc 
APy  the  locus  of  its  centre  will  be  a  parabola. 

134.  If  a  circle  and  a  parabola  touch  at  one  point  and 
intersect  in  two  others,  the  diameters  of  the  parabola  at  the 
latter  points  will  meet  the  circle  again  on  a  parallel  to  the 
tangent  at  the  former. 

135.  If  a  straight  line  be  drawn  from  a  fixed  point  on 
a  circle  to  bisect  any  chord  parallel  to  the  diameter  through 
that  point,  find  the  locus  of  its  interseetion  with  the  diameter 
through  an  extremity  of  the  variable  chord. 

136.  If  the  two  tangents  from  any  point  on  the  axis  of 
a  parabola  be  cut  by  any  third  tangent,  their  alternate  segments 
will  be  equal. 
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137.  If  0P<^  OQ  be  the  tangents  at  P  and  Q  to  a  parabola, 
and  Pp^  Qq  chorda  parallel  thereto,  the  distances  of  0  from 
pq  and  PQ  will  be  in  the  ratio  of  five  to  one. 

138.  If  there  be  three  tangents  to  a  parabola,  whereof  one 
is  parallel  to  the  chord  of  contact  of  the  other  two,  shew  that 
the  three  tangents  contain  an  area  equal  to  half  the  area  of 
the  triangle  whose  vertices  are  at  their  points  of  contact,  and 
apply  this  result  to  prove  Prop.  xii. 

139.  The  locus  of  the  vertex  of  a  parabola  which  has  a 
given  focus  and  a  given  tangent  is  a  circle. 

140.  If  the  tangents  at  P  and  Q  intersect  in  R^  the  circle 
through  P  touching  QR  in  R  passes  through  the  focus. 

141.  The  tangent  at  any  point  meets  the  directrix  and 
the  latus  rectum  at  equal  distances  from  the  focus. 

142.  A  chord  of  a  parabola  being  drawn  through  a  given 
point,  determine  when  the  rectangle  contained  by  its  segments 
will  be  a  minimum. 

143.  Two  equal  parabolas  have  the  same  axis  and  directrix, 
and  from  a  point  on  one  of  them  two  tangents  are  drawn  to 
the  other ;  shew  that  the  perpendicular  from  that  point  to  the 
chord  of  contact  of  the  tangents  is  bisected  by  the  axis. 

144.  If  a  leaf  of  a  book  be  folded  so  that  one  comer  moves 
along  an  opposite  side  the  line  of  the  crease  will  envelope  a 
parabola. 

145.  The  three  straight  lines  drawn  through  the  points  of 
intersection  of  three  tangents  to  a  parabola  at  right  angles  to 
their  respective  focal  distances  meet  in  a  point. 

146.  The  centre  of  the  circle  through  any  two  points  on  a 
parabola  and  the  pole  of  the  straight  line  joining  them  lies  upon 
the  focal  chord  at  right  angles  to  the  focal  distance  of  the 
said  pole. 

F  2 


68  EXAMPLEA. 

147.  Ad  J  two  parabolas  which  have  a  common  focus  and 

their  axes  in  opposite  directions  intersect  at  right  angles, 

# 

148.  The  portion  of  anj  tangent  intercepted  by  the  tangents 
at  two  fixed  points  subtends  a  constant  angle  at  the  focus.  In 
what  case  will  the  subtended  angle  be  a  right  angle? 

149.  If  QF  be  the  ordinate  of  any  point  Q  on  a  parabola, 
and  if  the  diameter  bisecting  QFmeet  the  curve  in  P,  then 
will  VP  meet  the  tangent  parallel  to  QK  at  a  distance  from  its 
point  of  contact  equal  \.o\QV. 

150.  The  tangent  from  the  vertex  of  a  parabola  to  the 
circle  round  BPN^  where  PN  is  the  principal  ordinate  of  a 
point  P  on  the  curve,  is  equal  to  \PN. 

151.  The  focal  vectors  to  the  points  of  contact  of  a  common 
tangent  to  a  parabola  and  the  circle  on  its  latus  rectum  as 
diameter  are  equally  inclined  to  the  axis.  Express  the  distance 
between  the  points  of  contact  in  terms  of  the  latus  rectum. 

152.  Describe  an  equilateral  triangle  about  a  given  parabola ; 
and  shew  that  the  focal  distances  of  its  vertices  pass  each 
through  the  opposite  point  of  contact,  and  that  the  centre  of 
gravity  of  the  triangle  must  lie  upon  a  certain  fixed  straight 
line  perpendicular  to  the  axis. 

153.  The  segments  of  the  sides  of  a  regular  polygon  cir- 
cumscribing a  circle  subtend  equal  angles  at  the  centre.  State 
an  analogous  property  of  the  parabola. 

154.  Find  the  envelope  of  a  straight  line  which  cats  the 
sides  OA^  OB  of  a  given  triangle  OAB  in  points  P,  Q  such 
that  the  rectangle  OP.OQ  is  equal  to  AP.BQ. 

155.  Find  the  envelope  of  the  straight  line  connecting  the 
feet  of  the  perpendiculars  let  fall  from  any  point  of  a  parabola 
upon  the  axis  and  the  tangent  at  the  vertex. 

156.  If  PQ  be  a  chord  at  right  angles  to  the  axis  of  a 
parabola,  the  perpendicular  from  P  to  the  tangent  at  Q  will 
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cat  off  from  the  diameter  at  Q  a  length  equal  to  the  latus 
rectum. 

157.  A  circle  being  drawn  through  the  focus  of  a  parabola 
to  cut  the  curve  in  two  points,  compare  the  angles  between 
the  tangents  to  the  parabola  and  the  tangents  to  the  circle  at 
those  points, 

158.  If  the  tangents  to  a  parabola  at  P  and  Q  meet  in  0^ 
and  if  the  diameter  through  0  meet  PQ  in  F)  shew  that 
OP.0Q=^20S.0V. 

159.  If  the  tangents  at  P,  Q  intersect  in  0  and  meet  the 
tangent  at  ^  in  P',  Q',  then  will  OB  pass  through  the  inter- 
section of  PQ  and  P  Q. 

160.  A  parabola  being  inscribed  in  a  triangle  so  as  to  bisect 
one  of  its  udes,  shew  that  the  perpendiculars  from  the  vertices 
of  the  triangle  upon  any  tangent  are  in  harmonical  progression. 

161.  The  vertex  of  a  constant  angle  whose  sides  envelope 
a  parabola  traces  a  hyperbola  having  the  same  focus  and 
directrix. 

162.  In  Art.  29,  if  PB  and  QM  be  perpendiculars  to  QB 

and  the  directrix,  0  the  point  in  which  the  perpendicular  from 

Q  to  PB  meets  the  directrix,  and  PP  a  diameter  of  the  circle, 

shew  that 

8Q  :  QM^  QBxPQ^QO  :  PF, 

and  deduce  Steiner's  theorem. 

^163.  To  two  parabolas  which  have  a  common  focus  and 
axis,  two  tangents  are  drawn  at  right  angles.  Shew  that 
the  locus  of  their  intersection  is  a  straight  line  perpendicular 
to  the  axis;  and  examine  the  case  in  which  the  directrices 
of  the  two  parabolas  coincide. 

164.  Chords  of  a  parabola  being  drawn  to  touch  an  equal 
parabola  having  the  same  vertex,  their  axes  being  in  opposite 
directions,  shew  that  the  locus  of  the  middle  points  of  the  chords 
is  a  parabola,  whose  linear  dimensions  are  one-third  of  those 
of  the  original  parabola. 


70  EXAMPLES. 

165.  Two  parabolas  have  a  common  vertex,  and  their  axes 
are  in  opposite  directions.  If  the  latas  rectum  of  one  of  them 
be  eight  times  that  of  the  other,  the  intercept  on  any  tangent 
to  the  former  made  by  their  common  tangent  and  the  axis 
will  be  bisected  by  the  latter. 

166.  If  the  vertex  of  an  angle  of  constant  magnitude  move 
on  a  fixed  straight  line,  and  one  of  its  arms  pass  through  a 
fixed  point,  the  other  will  envelope  a  parabola  of  which  the 
fixed  point  and  line  are  the  focus  and  a  tangent. 

167.  If  a  focal  chord  meet  aay  tangent  at  a  given  angle? 
determine  the  locus  of  their  point  of  intersection. 

1 68.  If  the  tangents  to  a  parabola  at  points  P  and  Q 
intersect  in  0  and  meet  the  tangent  at  any  point  B  m  P' 
and  Q',  and  if  OB  meet  PQ  in  Z,  then 

PZiQZ^P'ff:  Qff. 

169.  The  locus  of  the  foot  of  the  focal  perpendicular  upon 
a  normal  chord  of  a  parabola  is  a  parabola. 

170.  If  PQ  be  a  chord  normal  at  P  and  parallel  to  the 
focal  chord  FF\  then 

PQ  I  FF' ^  8Y I  8A, 

where  A  is  the  vertex  and  8Y  the  focal  perpendicular  upon 
the  tangent  at  P. 

171.  If  firom  a  given  point  on  a  parabola  any  two  chords 
be  drawn  making  equal  angles  with  the  normal  at  that  point, 
the  focal  distances  of  their  further  extremities  will  contain 
a  constant  rectangle. 

172.  The  intercept  on  any  tangent  made  by  the  curve 
and  the  tangent  at  the  further  extremity  of  the  normal  at 
its  point  of  contact  is  bisected  by  the  directrix. 

173.  If  r  be  the  pole  of  a  chord  PQ  normal  at  P,  and 
AN  be  the  abscissa  of  P,  shew  that 

PQ  :  Pr=  PN :  AN. 
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174.  The  perpendicular  to  a  normal  to  a  parabola  at  the 
point  in  which  the  normal  meets  the  axis  envelopes  an  equal 
parabola,  and  the  focal  vector  of  the  point  at  which  the  normal 
is  drawn  meets  the  envelope  at  the  point  in  which  the  per- 
pendicular touches  it. 

175.  The  normals  at  the  ends  of  a  focal  chord  intersect 
npon  its  diameter,  and  the  locus  of  their  intersection  is  a 
parabola. 

176.  The  normal,  terminated  by  the  axis,  is  a  mean  pro- 
portional to  the  segments  of  the  focal  chord  to  which  it  is 
at  right  angles. 

177.  The  squares  of  the  normals  at  the  extremities  of  a 
focal  chord  are  together  equal  to  the  square  of  twice  the 
normal  perpendicular  to  the  chord. 

178.  The  normal  at  any  point  is  equal  to  the  ordinate 
which  bisects  the  subnormal  at  that  point. 

179:  The  locus  of  the  centre  of  the  circle  circumscribing 
the  triangle  8YP^  where  8Y  \a  the  focal  perpendicular  on  the 
tangent  at  any  point  P,  is  a  parabola. 

1 80.  All  circles  which  have  their  centres  on  a  parabola  and 
touch  the  tangent  at  its  vertex  are  cut  orthogonally  by  a  circle 
which  touches  the  parabola  at  its  vertex  and  whose  diameter 
is  equal  to  the  latus  rectum. 

181.  From  a  point  on  any  double  ordinate  QQ'  a  per- 
pendicular is  drawn  to  its  polar  to  meet  the  polar  in  M  and 
the  axis  in  N.  Shew  that  J/,  N^  Q^  Q^  and  the  point  in  which 
the  polar  meets  the  axis  are  concyclic  with  the  focus. 

182.  The  continued  products  of  the  focal  vectors  to  any 
three  points  on  a  parabola  and  of  those  to  the  poles  of  the 
chords  joining  the  three  points  are  equal. 
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183.  If  the  tangents  at  p^  q^  r  intersect  in  P,  Q,  ^  as  in 
Art.  29,  and  if  0  be  the  point  in  which  the  diameter  through  r 
meets  pq^  shew  that 

pQ  :  QR^RPi  Pj=  Qr  :  rP^pO  :  jO.* 

Shew  also  that 

PQ.PB^Qr.Rq]  QB.QP=^Bp.Pri  BP.BQ^^Pq.Qpi 

and  PQ.QB.BP^Pq.Qr.Bp^Pr.Qp.Bq. 

184.  Prove  that  in  general  two  parabolasf  and  any  number 
of  central  conies  can  be  drawn  through  four  given- points;  and 
that  no  two  parabolas  or  other  conies  can  intersect  in  more 
than  four  points;  and  that  no  two  parabolas  can  touch  one 
another  in  more  than  one  point. 

185.  If  one  triangle  can  be  inscribed  in  a  given  circle 
(or  ellipse)  so  that  its  three  sides  touch  a  given  parabola, 
shew  that  any  number  of  triangles  can  be  so  inscribed|  and 
that  the  locus  of  their  centroids  is  a  straight  line. 

186.  Any  number  of  parabolas  being  described  with  the 
same  vertex  and  axis,  the  polars  with  respect  to  them  of  all 
points  on  a  fixed  ordinate  to  the  axis  will  meet  in  a  point. 

187.  If  a  polygon  be  described  about  a  parabola  the 
continued  products  of  the  abscissas  of  its  vertices  and  of  its  points 
of  contact  respectively  will  be  equal. 

188.  If  T  be  the  point  of  concourse  of  the  tangents  to  a 
parabola  at  P  and  Qj  and  if  p^  q  he  the  points  in  which  any 
third  tangent  intersects  them,  then 

TP^  TQ 

189.  If  from  any  point  on  the  chord  of  contact  of  any 
two  tangents  to  a  parabola  parallels  to  them  be  drawn  each 
to  intersect  the  other  tangent,  the  points  of  intersection  will  lie 


*  This  IB  proved  by  Apollorius  in  Lib.  m.,  Prop.  41,  of  his  Conies, 
t  Two  chords  of  a  parabola  being  given,  it  may  be  deduced  from  ArU  30,  Oor.  2 
that  there  are  two  possible  directions  of  its  axis. 
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on  the  taogent  at  the  extremitj  of  the  diameter  through  the 
aasomed  point. 

190.  If  P  and  Q  be  any  two  points  on  a  parabola,  and  if 
PM^  QN  be  the  principal  ordinates  of  P,  Q^  and  AL  the  principal 
abscissa  of  the  pole  of  PQ^  shew  that  PM.QN^^AS.ALJ^ 
Shew  also  that  if  0"  be  the  pol^  of  any  chord  drawn  through 
any  point  0,  and  OT',  OF  be  the  ordinates  of  (y  and  0  with 
respect  to  the  diameter  at  any  point  P  on  the  curre,  then 

ov.ar  ^^i8P[PV^  pr). 

191.  If  two  parabolas  be  described  each  touching  two  sides 
of  an  equilateral  triangle  at  the  joints  in  which  it  meets  the 
third  side,  prove  that  they  have  a  common  focus  and  that 
the  tangent  to  either  of  them  at  their  point  of  intersection 
is  parallel  to  the  axis  of  the  other, 

192.  If  two  parabolas  be  described  each  touching  two 
sides  of  any  triangle  at  the  points  in  which  it  meets  the  third 
Bide,  determine  the  area  common  to  the  two  curves;  and  if 
three  parabolas  be  so  described,  determine  the  area  common 
to  the  three. 

193.  Any  two  tangents  to  a  parabola  intercept  on  two  fixed 
tangents  lengths  which  are  in  a  constant  ratio. 

194.  If  P  and  Q  be  fixed  points  on  a  parabola,  and  RR 
any  double  ordinate  of  a  given  diameter,  then  will  EP  and 
BQ  meet  that  diameter  at  distances  from  the  curve  which 
will  be  in  an  invariable  ratio. 

195.  The  projections  of  any  two  tangents  upon  the 
durectrix  by  lines  radiatmg  from  the  vertex  are  equal. 

196.  A  triangle  is  revolving  round  its  vertex  in  one  plane; 
prove  that  at  any  instant  the  directions  of  motion  of  all  the 
points  of  its  base  are  tangents  to  a  parabola. 


*  This  foEows  with  the  help  of  Examples  108  and  112,  whcieof  the  former  may 
be  deduced  from  Art.  80,  Cor.  2,  or  from  Prop,  iv. 
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197.  If  three  parabolas  be  Inscribed  in  a  given  triangle^ 
when  will  the  area  of  the  triangle  formed  by  joimng  their 
foci  be  a  maximum  ? 

198.  The  area  of  the  parabolic  sector  cat  off  bj  anj  two 
focal  radii  is  equal  to  half  the  area  bounded  bj  the  arc  of 
the  segment,  the  diameters  through  its  extremities,  and  the 
directrix. 

* 

199.  The  difference  of  the  ordlnates  of  two  points  on  a 
parabola  being  equal  to  QD^  shew  that  the  chord  joining  them 

will  cut  off  a  segment  whose  area  is  equal  to  ^j-Jq •     What 

is  the  envelope  of  a  straight  line  which  cuts  off  an  area  of 
given  magnitude  from  a  given  parabola? 

200.  If  the  foci  of  four  parabolas  whereof  each  touches 
the  straight  lines  joining  the  foci  of  the  other  three  lie  on  a 
circle,  the  tangents  at  the  vertices  of  the  four  parabolas  will 
meet  in  a  point. 
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CHAPTER  IV. 


OBNTEAL    OONIOB. 

In  this  chapter  we  shall  deal  with  the  common  properties 
of  the  Central  Conies,  and  in  the  next  chapter  with  certain 
properties,  yiz.  those  of  its  asymptotes,  which  are  peculiar  to 
the  Hyperbola. 

The  AbscisscB  or  Abscisses  of  any  point  with  respect  to  any 
diameter  of  a  central  conic  are  the  segments  of  that  diameter 
made  by  the  ordinate  of  the  point;  and  the  Central  Abscissa 
is  the  distance  of  the  foot  of  the  ordinate  from  the  centre 
of  the  conic. 

THE  ORDINATE. 

PROPOSITION  I. 

33.  ITie  square  of  the  principal  ordinate  of  any  point  on  a 
central  conic  varies  as  the  rectangle  contained  by  its  absdssce. 

Let  the  straight  lines  connecting  the  vertices  Aj  A'  of  a 
central  conic  with  any  point  P  on  the  curve  meet  the  directrix 
in  Z  and  Z'  ;*  and  let  FN  be  the  ordinate  of  P,  and  X  the  point 
in  which  the  directrix  meets  the  axis. 


•  For  the  hyrerbola,  iise  the  figure  on  p.  80,  supplying  the  lines  PAZ,  rZ'A\ 
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Then  (Art.  12)  the  intercept  ZZ  subtends  a  right  ang^e 
at  8^  and  therefore  ZX.Z'X  has  the  constant  mi^itnde  BX*. 


AX, 
A'Xi 
AX.  AX 
AX.A'X, 


And  since      PN  .AN         =ZX 

and  PN  :  A'N         =  Z'X 

therefore  PN* :  AN.  A'N=  ZX .  Z'X 

=  SX' 
which  u  an  Invariable  ratio. 

Let  N  be  taken  at  the  centre  C  of  the  conic,  and  let  PN^ 

in  virtue  solely  of  the  above  proportion,  and  without  reference 

to  the  form  of  the  curve,  become  equal  to  CB,  so  that 

CB' :  G4'  =  SX^  :  AX.  AX. 

Then  PN* :  AN.A'N^PN*  i  CA*'^  0N*=  CB' :  CA\ 


In  the  ellipse  It  is  evident  that.  CB  is  eqaal  to  half  the 
conjugate  axis.  In  the  hyperbola  the  conjugate  axis  does  not 
meet  the  curve;  nevertheless,  for  the  sake  of  uniformity  of 
expression,  we  shall  define  CB  as  the  half  of  its  length,^  and 
the  point  B  and  a  corresponding  point  B*  equidistant  from  the 
axis  as  its  extremitiea. 

Corollary  1. 

If  the  ordinate  of  P  be  divided  In  the  ratio  of  the  transverse 
to  the  conjugate  axis  at  the  point  p^  then  pN*^AN,A'N. 

*  The  coDJngate  axis  of  any  central  oonic  is  occasionally  called  its  Minor  Axis^ 
Blthongh  not  neoeaearily  less  than  the  tiansyene  axis,  unless  the  curre  be  an 
ellipeo. 
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Hence,  when  P  lies  on  an  ellipse,  the  locus  of  p  is  the  circle 
described  upon  its  major  axis  as  diameter,  and  when  P  lies 
on  a  hyperbola,  the  locus  of  p  is  the  hyperbola  whose  transverse 
axis  is  AA\  and  whose  conjugate  axis  is  equal  to  AA\ 

Corollary  2. 

If  Pn  be  the  ordinate  of  P  with  respect  to  the  conjugate  axis, 
it  follows  from  the  proposition  that 

PiV» :  C7^«-iVi«=  CV :  CA\ 

and  Pa«   iGB''^Gfe^CA^iCB\ 

Hence  also  it  may  be  shewn,  after  the  manner  of  Cor.  1, 
that  the  locus  of  the  point  which  divides  Pn  in  the  ratio  of  the 
conjugate  to  the  transverse  axis  is  either  the  circle  on  BB  as 
diameter,  or  the  hyperbola  whose  transverse  axis  is  BB'^  and 
whose  conjugate  axis  is  equal  to  BB.  Some  of  the  uses  of 
this  corollary  and  the  preceding  will  be  pointed  out  in  the 
chapter  on  Orthogonal  Projection. 

Corollary  3. 

From  Cor.  1  it  appears,  conversely,  that  if  the  ordinates  of 
any  number  of  points  lying  on  the  circle  upon  A  A  as  diameter 
be  cut  In  any  given  ratio  of  minority  CB :  CA^  the  points  of 
section  will  lie  on  an  ellipse  whose  transverse  axis  is  AA\  and 
whose  conjugate  axis  is  equal  to  2(7P.  The  smaller  CB  in 
comparison  with  CM,  the  less  nearly  circular  is  the  ellipse ;  and 
ultimately,  when  GB  vanishes,  the  ellipse  becomes  coincident 
with  its  major  axis  AA\  In  like  manner,  the  '^  complement''* 
of  AA'  is  the  limit  to  which  the  hyperbola  described  upon  it  as 
transverse  axis  tends  when  its  conjugate  axis  is  indefinitely 
diminished. 

PROPOSITION  II. 

34.  The  square  of  the  ordinate  of  any  point  on  a  central 
conic  with  respect  to  any  diameter  is  in  a  constant  ratio  to  the 
rectangle  contained  by  its  abscisses  on  that  diameter, 

*  It  may  sometimeB  be  conyenient  to  speak  of  the  remaiiider  of  an  unlimited 
stndght  line  from  which  any  part  has  been  taken  away  as  the  Complement  of  that 
part. 
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For  by  Art.  16,  [{  QQ^  ht  any  chord  parallel  to  a  fixed 
straight  line,  and  PP'  be  a  fixed  diameter  meeting  the  chord 
in  F,  then  the  ratio  QV.VQT :  PV.VP'  is  constant.  It  follows 
as  a  special  case  that,  if  QQ'  he  a  doable  ordinate  of  the 
diameter  PP'^  then  QV* :  PV.VP'  is  a  constant  ratio. 

It  is  evident  in  the  case  of  the  ellipse  that  this  result  ia 
eqnivalent  to 

(2 7' :  PV.VP' ^QV*  iCP^-'GV^^CJyiCP'j 

where  CD  is  the  semi-diameter  parallel  to  the  ordinate  QV. 

In  the  case  of  the  hyperbola,  supposing  that  CP  meets  and 
CD  does  not  meet  the  curve,  we  might  define  the  length  of  the 
semi-diameter  CD  and  the  position  of  its  extremity  D  by  the 
condition  that  CD^  must  be  to  CP*  in  the  above-mentioned 
constant  ratio,  viz.  that  of  the  focal  chords  parallel  to  GD 
and  CP,  so  that 

QV  :  PV.VP' ^QV  :  CV-Cr^CD" :  CP", 

and  therefore      QV*  +  CD* :  CD':=CV  :  CP' ; 

but  we  shall  at  present  merely  remark  that  such  a  definition 
would  be  in  accordance  with  the  conventions  usually  adopted  * 

THE  SECOND  FOCUS  AND  DIRECTRIX. 

PBOPOSITION  III. 

35.  Every  central  conic  has  a  second  focus  and  directrix ; 
and  the  sum  of  the  focal  distances  of  any  point  on  the  curve 
in  the  case  of  the  ellipse^  or  the  difference  of  the  same  in  the 
case  of  the  hyperbola^  is  constant  and  equal  to  the  transverse 

aocis. 

The  existence  of  a  second  focus  and  directrix  has  been 
proved  in  Art.  14,  Cor.  3 ;  but  it  may  also  be  deduced  from 
the  relation 

PN' :  CA'^Pn'=  CR  :  CB", 

♦  TJiKni  this  subject,  see  Scholium  C. 
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where  PN  and  Pn  are  the  ordinates  of  any  point  P  on  the  curve 
with  respect  to  its  transverse  and  conjugate  axes. 

For  since  the  ordinates  with  res{)ect  to  either  axis  of  the 


points  in  which  a  parallel  to  that  axis  meets  the  curve  are 
equal,  and  since,  from  the  above  proportion,  the  corresponding 
ordinates  with  respect  to  the  other  axis  must  consequently  be 
equal,  it  is  evident  that  points  on  a  central  conic  may  be 
determined  in  pairs  as  P,  P'  or  p,  p'  on  opposite  sides  of  and 
equidistant  from  the  one  axis,  and  likewise  in  pairs  as  P,  ^ 
or  P',  p  on  opposite  sides  of  and  equidistant  from  the  other 
axis. 

The  curve  is  therefore  divided  symmetrically  by  its  con- 
jugate axis  as  well  as  by  its  transverse  axis,  and  it  has  a 
second  focus  8'  equidistant  with  8  from  the  centre,  and  a 
corresponding  directrix  meeting  the  axis  at  a  point  X'  whose 
distance  from  the  centre  is  equal  to  GX. 

Hence,  if  P  be  any  point  on  the  curve, 

SPi  NX'^&A' :  A'X'^8A  ;  AX=8P  :  NX. 
Therefore         8P  +  8'P :  NX  i  NX'  =  8A  :  AX. 

Hence,  in  the  ellipse,  since  NX-\-NX*  or  XX  \%  constant, 
therefore  8P+8'P  is  equal  to  a  constant  length,  viz.  to 
8A  +  8' A  or  AA' ;  that  is  to  say,  the  sum  of  the  focal  distances 
of  any  point  of  the  curve  is  equal  to  the  major  axis. 

In  the  hyperbola,  in  like  manner,  NX'-^NX'  is  constant, 
and  therefore  8P'^  SP  is  constant  and  equal  to  SA  ~  8' A  or 
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AA ;  that  is  to  say,  the  difference  of  the  focal  distanceft  of 
anj  point  on  the  carve  is  equal  to  the  transverse  axis. 

Corollary  1. 

Since  SAxAX^ 8A :  AX^{  {8A  t  SA") :  ^ {AXt  ^'JT); 
and  since  the  latter  ratios  are  equal  respectivelj  to  CA  i  CX 
and  C8 :  CA^  or  vice  versa ;  therefore 

C3:  OA  =.  CA  :  CX^  8A  :  AX^ 

and  C8.0X=CA\ 

Corollary  2. 

It  may  now  be  shewn,  as  in  the  next  proposition,  that 

0B"=  OiS*-  CA^^A8.A'8. 

Hence,  in  the  hyperbola,  C8*  =  CA*  +  CB^j  or  C8  is  equal  to 
the  distance  AB  between  two  adjacent  extremities  of  the  axes; 
and  in  the  ellipse,  (7iS"+  Ci3"=  CA%  or  8B  is  equal  to  the 
semi-axis  major.  In  the  case  of  the  ellipse  it  follows  more 
directly  that,  8B=  8'B^CA ;  and  hence,  conversely,  that 

CB*^CA*''CS'^A8.A'S. 
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CoroUary  3. 
Hence   C8.  SX^CS'-^GSMX^^r^CS'^CA^^CIP, 
and  SX :  GX^  C8. 8X :  CS.CX^  Off :  CA\ 


THE  LATUS  KECTUM. 

PROPOSITION  IV. 

36.    The  laJtuB  rectum  is  a  third  proportional  to  the  transverse 
and  coiyugate  axes. 

Since  C8:  0A  =  8A  :  AX=8A' :  AX; 

therefore   Ci8f+G4  :  04  =  ^4 +^X  :  ^X  =  /8Z:  ^Z, 

and  C8'^CA  :  0A^8A'^A'X:  AX=8X:  AX. 

Hence,  and  by  Art.  33, 

OiS*-  GA^ :  GA*^8X' :  AX.AX=GB^ :  GA\ 

and  therefore 

GS'-^GA^  or  A8.A'8^  is  equal  to  GB"* 

Hence,  by  Prop,  i.,  if  8L  be  either  of  the  ordinates  corre- 
sponding to  4iS^  and  A' 8  as  absciss®, 

8U  :  A8.  A'8^  81* :  GB'^GB' :  GA\ 

or  the  semi-Iatas  rectum  8L  is  a  third  proportional  to  GA  and 
GB^  and  therefore  the  whole  latus  rectum  is  a  third  propor- 
tional to  A  A'  and  BB^. 

Gorollary. 

If  FF'  be  any  focal  chord,  GD  the  parallel  radius,  and  LL' 
the  latus  rectum,  then  by  the  proposition,  and  by  Art.  34, 

FF' :  LL^GD" :  GB^^GV  :  \LL\GA, 

or  FF\GA=^2GD*\ 


*  The  axis  being  a  focal  chord,  it  follows,  from  Art.  16,  Oor.,  that  8L .  CA  is 
equal  to  AS.A'S,  which  in  the  eUipfle  may  be  shewn  to  be  equal  to  CB*.  In 
the  case  of  the  hyperbola,  the  length  CB  may  then  be  defined  as  a  mean  proportional 
to  CA  and  SL.  Apollohius  (Lib.  iii.  45)  defined  the  points  which  we  call 
the  fod  of  central  conies  as  certain  points  dividing  the  aids  into  segments  whose 
rectangle  is  equal  to  SZ .  CA ;  but  he  nowhere  mentions  the  focus  of  the  parabola. 
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that  IB  to  saj)  any  focal  chord  is  a  third  proportional  to  the 
transverBO  axis  and  the  diameter  parallel  to  the  chord. 

SGHOLITJM  A. 

Thb  Latits  Beotum  of  the  axis,  according  to  Afoixoniub,  was 
a  certain  straieht  line  drawn  at  right  angles  to  it  from  the  vertex, 
equal  to  the  double  focal  ordinate  but  defined  without  reference 
to  the  focus.  The  axis  being  regarded  as  DXay/a,  the  trantverw 
side  of  the  ''  figure,"  the  straight  line  drawn  as  above  was  taken  as 
its  *Op0<a,  or  erect  side ;  the  term  '*  figure"  being  used  to  denote 
the  rectangle  contained  by  those  lines. 

If  AL  be  the  latus  rectum,  and  if  the  ordinate  FIf  in  Prop.  i. 
meet  A'Z  in  Q,  then 

FI^^ :  ANU'N-^AL  :  AA!^  QIT:  A'N-^  QN.ANi  AN.A'N. 

It  follows  that  the  square  of  the  ordinate  FIT  is  greater  than  the 
rectangle  AL.AN  contained  by  the  latus  rectum  and  the  abscissa 
in  the  case  of  the  hyperbola,  and  less  than  the  same  rectangle  in 
the  case  of  the  eUipse;  and  hence  the  name  Hypbbbola,  which 
signifies  excess,  and  the  name  Ellipse,  which  signifies  deficiency. 
The  Parabola,  was  so  called  from  the  equality  of  the  square  of  the 
ordinate  of  any  point  upon  it  to  the  rectangle  contained  by  its 
abscissa  and  the  latus  rectum.  The  names  of  the  three  conies  have 
indeed  been  otherwise  explained,  but  the  interpretations  of  them 
given  above  are  in  accordance  with  the  manner  in  whidi 
ApoUonius  introduces  them.  See  Halley's  edition  of  his  works, 
Lu).  I.,  props.,  XI.,  xn.,  xin.,  pp  31 — 37  (Oxon.,  1667).  Moreover, 
it  is  reported  by  Produs  in  his  Commentaries  on  the  first  book  of 
Euclid,  at  the  commencement  of  the  fourty-fourth  proposition, 
upon  the  authority  of  ^'the  Familiars  of  Eudemus,"  ihsX  the 
terms  parabola,  hyperbola,  and  ellipse  had  been  used  by  the 
Pythagoreans  to  express  the  equality  or  inequality  of  areas,  and 
were  subsequently  transferred  to  the  conic  curves  for  the  reason 
given  above.  The  passage  is  quoted  in  the  original  Ghreek  on 
page  13  of  E.  E.  August's  Zur  JETenntniss  der  geometrischm  Methode  der 
Alien  in  hesonderer  Beziehung  auf  die  Flatonische  SteUe  im  Meno  22d 
(Berlin,  1 843),  and  it  may  be  seen  in  English  in  Thomas  Taylor's 
translation  of  the  Commentaries  of  Proclus,  Yol.  ii.  p.  198  (London, 
1789).  The  whole  work  in  the  original  (S^reek  was  printed  at  the 
end  of  editio  princeps  of  Euclid's  Elements  (ed.  8imon  GFryneeus, 
Basil.,  1533);  and  it  has  also  been  edited  separately  by  Oodfr. 
Friedlein  (Teubner,  Leipzig,  1873). 

More  generally,  the  Latus  Rectum  of  any  diameter  was  a  length 
measured  from  its  extremity  upon  the  tangent  thereat,  equal  in 
the  case  of  the  parabola  to  the  parallel  focal  chord  (although 
defined  without  reference  to  the  focus),  and  in  other  cases  a  third 
proportional  to  the  said  diameter  and  its  conjugate.  Some  later 
writers,  as  Mydorge,  used  the  term  Farameter  for  Latus  Bectum  in 
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all  casee,  that  of  the  axis  being  distmgoished  as  JRseta  ParameUr. 
Samilton  gave  the  altematiyey  '^Latus  Bectom  sive  Parameter 
istins  diametrii  &o." ;  but  these  expressions  are  now  seldom  used 
in  fi;eometrical  treatises  otherwise  than  as  defined  above  on  pages  1 
d  44. 


THE  TANGENT. 


PBOPOSITION  V. 


37.  The  tangent  at  any  paint  of  a  central  canto  makee  equal 
angles  wiA  the  twafacoX  distances  of  that  paint. 

Let  the  tangent  at  any  point  P  to  an  ellipse,  or  a  hyper- 
bola, whose  foci  are  8  and  B\  meet  the  directrices  in  B  and  Jff 


and  let  a  parallel  through  P  to  the  axis  meet  the  directrices 
in  M  and  M\ 
Then  since 

8P:  SP^PMx  PM'^FB  :  PE, 

and  since  PR  and  PR  sabtend  right  angles  at  8  and  8'  re- 
spectively, therefore  the  triangles  8PR^  ffPR  are  similar, 
having  their  angles  at  P  equal;  that  is  to  say,  the  tangent 
at  P  makes  equal  angles  with  8P  and  8' P. 

In  the  ellipse,  the  tangent  lies  without  the  angle  8P8^  and 
bisects  it  externally. 

In  the  hyperbola  (fig.  p.  80),  the  tangent  must  cut  the  axis 
between  A  and  A'  (since  otherwise  it  could  not  lie  wholly 

G2 
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without  the  carve),  and  therefore  between  8  and  ff^  it  must 
therefore  bisect  the  angle  8FS'  internally.* 

CoroUartf. 

If  P  be  one  of  the  four  points  of  intersection  of  an  ellipse 
and  a  hyperbola  which  have  the  same  foci  8  and  8'y  their 
tangents  at  P,  being  the  two  bisectors  of  the  angle  8P8'j  will 
be  at  right  angles  to  one  another.  Hence  confocal  conies  inr 
iersect  at  right  angles. 

PROPOSITION  VI. 

38.  The  projections  of  the  foci  upon  the  tangent  ai  any  point 
of  a  central  conic  lie  on  its  auxiliary  circle;  and  the  semi-axis 
conjugate  is  a  mean  proportional  to  the  distances  of  the  foci  from 
their  respective  projections. 

Let  8  and  H  be  the  foci,  T  and  Z  their  respective  pro- 
jections upon  the  tangent  at  any  point  P.    Then  will  Y  and  Z 


lie  on  the  circle  described  upon  the  axis  AA  as  diameter,  and 
the  rectangle  8Y.BZ^\\  be  equal  to  GB\ 

(i)  For  let  a  parallel  to  HP  through    Y  meet  8P  in   0. 
Then  the  tangent  makes  equal  angles  with  8P  and  the  parallel 


*  If,  in  aooordance  with  the  principle  of  the  note  on  p.  22,  the  distance  of  any 
point  P  on  a  hyperbola  from  8'  be  estimated  within  the  curve,  in  which  case  it  will  be 
the  "  complement"  of  SCP,  we  may  say  of  the  hyperbola,  as  of  the  eUipee,  that  the 
tangent  bisects  the  angle  between  the  focal  distances  external^. 
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to  HPj  yiz.  the  angles  OPY^  OYPj  and  the  complements  of 
these  angles,  viz.  OST^  0  Y8  are  equal,  therefore 

op«  or-  08. 

HencOi  the  parallel  to  HP  bisects  SH^  viz.  at  the  centre  G 


z 

of  the  conic,  and 

CY^  CO  i  Or=iflPl  ifi'P=  (7^,* 

the  npper  signs  being  taken  in  the  case  of  the  ellipse,  and 
the  lower  in  the  case  of  the  hyperbola. 

Hence,  the  auxiliary  circle  is  the  locus  of  the  foot  of  the 
perpendicular  from  either  focus  to  the  tangent  at  any  point 
of  the  conic;  and,  conversely,  the  straight  lines  drawn  from 
any  point  on  the  auxiliary  circle  at  right  angles  to  the  two 
focal  distances  of  that  point  are  tangents  to  the  conic 

(ii)   Let  ZH  meet  the  circle  again  in  F;  then,  the  angle 
at  ^  being  a  right  angle,  Fl^  passes  through  the  centre  G. 
Hence,  evidently  8Y^  is  equal  to  HV;  and  therefore, 

SY.EZ^EV.HZ^HA.HA  ^  GB", 

or  GB  is  a  mean  proportional  to  the  focal  perpendiculars  upon 
any  tangent.t 


*  This  result  might  also  have  been  amved  at  by  sapposlng  ST^  HP  to  meet  in  a 
point  SP,  and  shewing  that  C7  -  \E8'  ~  CA, 

f  In  the  figure  on  p.  S8,  if  7  be  the  point  of  oonconise  of  any  two  tangents,  then 
8TiEZ'  =  SY' :  SZ.  It  follows  that  angle  8TT  =  BTZ' ;  or,  conversely,  from 
Prop,  xviii.  it  may  be  deduced  that  8r.HZ=  CB^. 
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CoroUary  !• 

Thb  proposition  enables  ns  to  draw  a  tangent  to  the  oonic 
which  shall  be  parallel  to  any  given  straight  line,  viz.  hy 
drawing  BY  (to  a  point  Y  on  the  auxiliary  circle)  at  right 
angles  to  the  given  straight  line,  ^and  drawing  YP  at  right 
angles  to  8Y. 

CoroUary  2. 

The  points  F,  Z  in  which  any  focal  chord  meets  the  auxiliary 
circle  lie  upon  parallel  tangents  to  the  conic,  and  the  semi-aziB 
conjugate  is  a  mean  proportional  to  the  perpendiculars  HV^  HZ 
from  either  focus  H  upon  any  two  parallel  tangents. 

Corollary  3. 

The  diameter  parallel  to  the  tangent  at  P  intercepts  on 
either  focal  distance  HP  a  length  Pk  equal  to  CY  or  CA. 

PROPOSITION  VII. 

39.  The  distance  from  the  centre  at  which  any  tangent  meets 
a  given  diameter  varies  inversely  as  the  central  abscissa  of  its 
point  of  contact  vnA  respect  to  that  diameter. 

Let  the  tangent  at  any  point  Q  meet  a  given  diameter  in  T^ 
and  let  £7F  be  the  abscissa  of  Q  with  respect  to  that  diameter; 
then  will  the  rectangle  GV.CTh^  of  constant  magnitude. 

(i)  Let  CT  meet  the  curve  in  P,  and  let  the  tangents  at 
P  and  Q  intersect  in  R ;  complete  the  parallelogram  QRPO. 
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Then  since,  in  the  parallelogram,  BO  bisects  PQ^  and  since 
PQ  is  the  chord  of  contact  of  the  tangents  from  By  therefore  BO 
passes  through  the  centre  0. 

Hence,  by  parallels, 

CV:  CP^OOiCB^CP:  OTj 

or  CV.CT  has  the  constant  magnitude  CP*^  and  OT  varies 
inversely  as  the  abscissa  OV* 

(ii)  Next,  let  ^  be  the  point  of  concourse  ot  QT  with  any 
diameter  of  a  hyperbola  which  does  not  meet  ike  curve ;  and  let 
the  ordinate  QV  m  the  former  case  of  the  proposition  be 
supposed  an  ordinate  of  the  conjugate  diameter,  and  therefore 
parallel  to  Cu 


Then  since  Ct :  CT=^  QV:  VT^  . 

therefore       QV.Gt :  CV.CT=  QV^ :  GV.VT. 

And  since,  by  the  former  case,  CV.CT  is  equal  to  GP", 

therefore 

QV.Cti  CP'^QV:  CV^'-CP^i 

and  therefore  (Art.  34)  QV.Ct  is  equal  to  the  square  of  the 
"semi-diameter"  CD  parallel  to  QF;  that  is  to  say,  Ct  varies 
inversely  as  QK,  or  as  the  abscissa  of  Q  with  respect  to  the 
diameter  on  which  Ct  is  estimated. 

Corollary  1. 

The  relation  CV.CT  =  CP*  implies  that  any  diameter  PP* 
wluch  meets  the  conic  is  divided  harmonically  (Art.  18,  Cor.) 
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at  V  and  T.  This  likewise  involves  the  equality  of  the  rect- 
angle TO.  TV  to  TP.  TP\  which  may  also  be  deduced  indepen- 
dently from  the  evident  parallelism  of  P*Q  and  GBy  thus 

TP :  TV=  TBiTQr^TC:  TP'. 

Or  agsun,  supposing  the  tangents  at  Q  and  P'  to  meet  in  ^, 
we  might  have  inferred  from  Art  16,  Cor.  1,  that 

BPiBQ^EP'iRQ, 

and  thence  that  TPj  TV^  TP'  are  in  harmonic  progression. 

Corollary  2. 

J£  CV  and  OT  be  estimated  on  the  transverse  axis,  their 
product  will  be  equal  to  CA* ;  or  if  on  the  conjugate  axis,  it 
will  be  equal  to  CB\ 

THE  DmECTOR  CIRCLK 

PROPOSITION  VIII. 

40.  The  locus  of  the  vertex  of  a  right  angle  whose  sides 
envelope  a  central  conic  is  a  circle. 

Let  T  be  the  point  of  concourse  of  a  pair  of  tangents  at 
right  angles ;  Y  and  Z  the  projections  of  the  foci  upon  one 
of  them ;   Y'  and  Z'  their  projections  upon  the  other. 


(i)  Draw  the  auxiliary  circle  through  F,  Z,  F',  Z';  and 
fii-st,  if  T  lie  without  It  (that  is  to  say,  in  the  case  of  the  ellipse), 
let  TO  be  drawn  touching  it  in  0. 
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Then 


and  therefore    CT*  ^CC/^  GB"  =  GA^  +  GB\ 

or  the  locas  of  T  is  a  circle  concentric  with  the  conic,  and  whose 
diameter  is  equal  to  the  diagonal  of  the  rectangle  contained  by 
the  axes. 

(ii)  Next  let  T  lie  within  the  circle,  as  may  happen  in  the 

case  of  the  hyperbola.     Then  it  may  be  shewn  in  like  manner 

that 

GA^  -  OT"  =  TY.  TZ^  GB\ 

or  GT*^GA^-GB\ 


Hence,  provided  that  the  transverse  be  grater  than  the 
conjugate  axis,  the  locus  of  T  will  be  a  circle,  the  square  of 
whose  radius  is  equal  to  GA*  —  GB* ;  but  if  the  conjugate  axis 
be  the  greater,  the  locus  will  be  imaginary,  or  an  ^^  obtuse  ^' 
hyperbola  can  have  no  real  tangents  at  right  angles,^ 

GoroUary  1. 

In  like  manner  it  may  be  shewn  that,  if  the  sides  of  a  right 
angle  envelope  two  confocal  conies  whose  semi-axes  are  GA^  GB 
and  GoL^  Gff  respectively,  its  vertex  will  lie  on  a  concentric 
circle  the  square  of  whose  radius  is  equal  to  GA*  +  (7/8^,  or 
Go?  i  GB\  When  Gfi  vanishes,  one  arm  of  the  right  angle 
passes  through  a  focus,  and  its  vertex  Y  (Art.  38)  lies  on  the 

*  In  this  case  it  will  be  seen  that  the  theorem  is  applicable  to  the  Conjugate 
Hyperbola.  In  the  limiting  case  in  which  the  axes  are  equal  the  locus  zeduoes  to  a 
point,  the  only  tangents  at  right  angles  being  the  Asymptotes, 
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auxiliary  circle.  '  In  the  proposition  itself|  if  CB  be  mipposed 
to  vanishi  the  director  circle  becomes  the  drde  on  BE  as 
diameter. 

Corollary  2. 

A  conic  and  Its  director  circle  are  so  related  that  any 
rectangle  drcnmscribing  the  former  is  inscribed  in  the  latter. 

BOHOLTUM  B. 

The  term  Dibeotob  Czbole  has  been  used  of  late  years  to 
denote  the  locus  of  intersection  of  tangents  at  right  angles  to  a 
conic,  with  reference  to  the  circumstance  that  when  the  conic 
degenerates  into  a  parabola  this  locus  becomes  coincident  with 
the  directrix  f  Art.  25).  The  analogous  term  "  Director  Sphere  " 
was  introducea  by  Professor  Townsend  in  the  Quarterly  Journal  oj 
JPure  and  Applied  Mathematictf  vol.  Yin.  p.  10  (1867).  Ds  xa 
HiBB  proved  in  his  Sectiones  Coniea  (Pabis,  1685),  lib.  Tm. 
props.  27,  28,  that  the  tangents  to  a  conic  fiom  any  point  on  a 
concentric  drde  whose  radius  is  equal  to  'J{CJ}  +  OJS^)  meet  the 
circle  again  at  the  ends  of  a  diameter,  and  therefore  contain  a  right 
angle.    He  also  gave  the  equivalent  of  Oor.  2. 

In  some  treatises  the  term  Director  Circle  is  used  to  denote  the 
drde  described  about  the  further  focus  JSTwith  radius  equal  to  tiie 
transverse  axis,  which  possesses  a  property  analogous  to  that  of 
the  directrix  of  the  parabola;  for  if  V  be  any  point  on  the  dream- 
ferenoe  of  the  circle,  and  if  .fiTTmeet  the  conic  m  P,  then  8P-  PT, 
or  the  focal  distance  of  P  is  equal  to  its  normal  diistanoe  from,  the 
drde.  This  drde  a£Ebrds  a  construction,  analogous  to  that  in 
Art.  25,  Oor.  2,  for  drawing  tangents  to  a  central  conic  from  any 
external  point.  Nevertheless  it  scarcdy  deserves  a  distinctive 
name;  wnereas  the  *' director  drde,"  aooordine  to  the  former 
definition,  is  of  condderable  importance  in  the  higher  geometry 
of  conies.  The  analogy  of  the  cirde  in  question  to  the  directrix  of 
the  parabola  was  pointed  out  by  Bosoovioh,  {Sectionum  Coniearum 
JSlemmta,  §  102),  but  he  did  not  give  it  a  name. 

POLAR    PROPERTY. 

PROPOSITION  IX. 

41.  The  tangents  at  the  extremitiea  of  any  chord  drawn 
through  a  given  point  intersect  on  a  Jtced  straight  line  paraUd 
to  the  ordinates  of  the  diameter  through  that  point. 

(i]  Through  a  given  point  0  within  or  without  the  conic 
draw  any  chord^  and  let  the  tangents  at  its  extremities  meet 
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in  L    Draw  Ct  bisecting  the  chord  in  o,  and  meeting  the  cmre 
inpj  and  let^'ZT'and  ^7  be  ordinates  of  the  diameter  through  0. 
Let  CO  meet  the  carve  in  P,  and  let  it  meet  the  tangent 
at  Pj  which  is  parallel  to  oO^  in  V. 

Then  CO  :  0F=  Co  :  Q?, 

and  CU:  CT^Cp:  Ct] 

and  therefore,  the  lengths  Co^  Cp^  Ct  being  continued  pro- 
portionals (Art,  S9), 

CO.CT^CV.CV^CP\ 

Hence  T  is  a  fixed  point,  and  tT^  which  was  ordinately 
applied  to  the  diameter  CFj  is  a  fixed  straight  line. 

Conversely,  the  chord  of  contact  of  the  tangents  drawn  to 
a  conic  from  any  point  ^  on  a  fixed  ordinate  passes  through 
a  fixed  point  0  situated  on  the  diameter  of  that  ordinate. 

(ii)  In  the  case  of  the  hyperbola,  either  or  both  of  the 
diameters  Cb,  CO  may  not  meet  the  curve. 

If  Co  only  do  not  meet  the  curve,  let  Pu  be  the  ordinate  of 
P  with  respect  to  it,  and  let  the  tangent  at  P  meet  it  in  t;; 
then,  Co.Ct  being  equal  to  Cu.Cv  (Art.  39,  §ii), 

CO  ;  CP=Co  ;  C7tt=  Cv  :  Ct=  CP:  CT, 

as  in  the  first  case.    But  if  CO  only  do  not  meet  the  curve, 
the  first  proof  is  applicable  as  far  as  CO.CT^CU.CV\  and 
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it  is  known  from  Art.  39}  §  ii.  that  the  latter  rectangle  U  of 
constant  magnitade. 

In  the  case  in  which  neither  Co  nor  GO  meets  the  carve, 
if  CJp  be  taken  a  mean  proportional  to  Co  and  Ct^  and  ifpFbe 
drawn  parallel  to  oO^^  it  will  be  seen  that  GU.CV  ib  still 
constant,  and  tT  will  be  a  fixed  straight  line  as  in  the  cases 
preyiously  conrndered. 

THE  NOEMAL. 

PBOPOSITION  X. 

42.  The  normal  ai  any  point  of  a  central  conic  bisects  the 
angle  between  the  two  focal  distances  of  that  point. 

If  P  be  any  point  on  a  conic  whose  foci  are  8  and  H^  it 
follows  as  a  corollary  from  Prop.  v.  that  the  normal  at  P 
bisects  the  angle  8PH  in  the.  case  of  the  ellipse,  and  its 
supplement  in  the  case  of  the  hyperbola.  The  same  may 
also  be  deduced  from  Art.  10  (where  8  may  be  either  focus) 
as  follows. 

If  the  normal  meet  the  axis  in  (7,  then 

8a:8P^CS:  CA^HGiHP; 

and  therefore  PG  bisects  the  angle  8PH  internally  or  ex- 
ternally, according  as  G  lies  in  SHj  as  in  the  case  of  the 
ellipse,  or  in  the  ^^  complement*'  of  SS^  as  in  the  case  of  the 


*  The  line  thus  drawn  is  the  tangent  at  p  to  the  Conjugate  Hyperhola,  whidi  wUl 
be  defined  in  the  next  chapter.  For  another  proof  of  the  proposition,  see  Art.  17. 
The  proof  in  Art.  41,  §i.  applies,  with  obyious  modificationB,  to  the  Parabola. 
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hyperbola.     In  either  case  the  normal  bisects  the  angle  between 
those  portions  of  the  focal  distances  which  fall  within  the  curve. 

If  the  circle  round  SPH  meet  the  conjugate  axis  in  g  and  t^ 
it  is  evident  that  Pg  and  Pt  will  be  the  two  bisectors  of  the 
angle  SPH]  that  is  to  say,  they  will  be  the  tangent  and  the 
normal  at  P.  This  suggests  an  obvious  method  of  drawing  the 
two  tangents  or  normals  to  a  conic  from  any  point  on  its 
conjugate  axis. 

Corollary  1. 

The  tangent  and  normal  to  a  conic  whose  foci  are  8  and  H 
divide  the  straight  line  8H  harmonically,  and  08  is  a  mean 
proportional  to  the  lengths  €0^  CT  which  they  intercept  on 
the  axis. 

CoroUary  2. 

It  is  likewise  evident  by  similar  triangles  that 

P0,Pg^PT.Pt=^8P.HP^, 

and  it  will  be  shewn  that  each  of  these  rectangles  is  equal  to 
the  square  of  the  semi-diameter  parallel  to  the  tangent  at  P. 

PBOPOSITION  XI. 

43.  At  any  point  of  a  central  conic  the  normal^  terminated  by 
either  axisj  varies  inversely  as  the  central  perpendicular  upon 
the  tangent^  and  directly  as  the  radius  parallel  to  the  tangent. 

Let  the  tangent  and  the  normal  at  P  meet  the  transverse 
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axis  in  T  and  O^  and  the  conjugate  axia  in  t  and  g^  respecdydy 
draw  perpendiculars  FN^  Pit  to  those  axes,  and  let  them  mee 
the  diameter  parallel  to  the  tangent  in  M  and  m ;  and  let  the 
normal  meet  that  diameter  in  JP*. 

(i)   Then  (Art.  39,  Cor.  2),  the  angles  at  N  and  F  being 
right  angles, 

PG.PF^PN.PM^  On.Ct=  OB^; 
and,  in  like  manner,  the  angles  at  n  and  JF*  being  right  angles, 

Pg.PF^Pn.Pm^  CN.GT=  CA^^ 
that  is  to  say,  PQ  and  Pg  vary  inversely  as  PF,  which  is  equal 


to  the  central  perpendicular  upon  the  tangent  at  P. 

(ii)   It  will  be  proved  in  the  section  on  conjugate  diameters 
that 

PG  :  CD==^  CD  :  Pg^  CB:  CA, 
where  GB  is  the  semi-diameter  parallel  to  the  tangent  at  P. 


OcroUary. 


It  is  hence  evident  that 


Na  :  ON^NG  :  Pn^PG  :  Pg^  CB* :  CA\ 

or  the  subnormal  varies  as  ike  (Ascissa.  In  like  manner  it  may 
be  shewn  that  the  subnormal  ng  on  the  conjugate  axis  varies 
as  the  abscissa  Cn, 
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CONJUGATE  DIAMETERS. 

PROPOSITION  XII. 

44.   Supplemental  chords  are  parallel  to  conjugate  diameters. 
Liet  OP',  OF  be  any  two  supplemental  chords,  and  CQj  GB 
the  diameters  to  which  thej  are  parallel ;  then  will  CQ^  CR  be 


conjugate.  For  it  is  evident  that  these  diameters  bisect  OP 
and  OP  respectiyelj ;  that  is  to  saj^  each  of  them  bisects  a 
chord  parallel  to  the  other. 

This  enables  us  to  determine  the  relation  between  the 
directions  of  any  two  conjugate  diameters,  for,  in  Art.  33, 

PN^ :  AN.NA  =  Off :  CA\ 

where  the  supplemental  chords  AP^  A'P  may  be  supposed 
parallel  to  any  assumed  pair  of  conjugate  diameters.  Hence, 
if  the  ratio  of  PN  to  AN  (or  the  direction  of  one  of  the 
diameters)  be  given,  the  ratio  of  PN  to  -4'^  (or  the  direction 
of  the  conjugate  diameter)  is  determined.* 

Corollary  1. 

It  readily  follows  that  if  P  and  D  be  points  on  two  diameters 
of  a  central  conic  whose  ordinates  PN  and  DB  (as  in  Art  45) 
are  so  related  that 

PNi  CB  =  bB:  CN=CB:  CA, 

*  An  eqnivaleiit  resnlt  may  be  dednced  from  Art.  14,  Cor  4  and  Art.  85,  Cor.  S. 
If  6  and  ^  be  the  inclinations  of  two  conjugate  diameters  to  the  axis,  tan6  tan0=-f  -=- 

(wheie  a,  d  axe  the  semi-axes),  the  negatiye  sign  being  tEiken  for  the  ellipse  and  the 
positiye  for  the  hyperbola. 
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then  win  CP  and  CD  be  conjogatei  prodded  that  they  lie  in 
adjacent  qoadnints  in  the  caae  of  the  eUipee,  or  in  the  same 
quadrant  or  in  opposite  quadrants  in  the  case  of  the  hyperbola. 
If  the  ordinatea  of  P  and  />,  in  the  case  of  the  ellipse,  be  pro- 
duced to  meet  the  auxiliary  circle  in  p  and  J,  as  in  the  next 
fig^nre,  the  anglipCd  unU  a  right  angle^  as  will  be  noticed  more 
particularly  in  the  chapter  on  Orthogonal  Projection. 

Corollary  2. 

In  the  hyperbola  it  is  evident  that  of  every  two  supplemental 
chords  one  must  lie  wholly  within  and  the  other  wholly  without 
the  curve ;  and  hence  that  one  and  one  only  of  every  two  conjugate 
diametevB  meets  the  curve. 

CoroUary  3. 

To  draw  a  pair  of  conjugate  diameters  inclined  at  a  given 
angle,  let  a  segment  of  a  drcle  contsuning  the  given  angle,  and 
described  on  any  diameter  PP'  as  base,  meet  the  conic  again  in 
0 ;  then  will  the  diameters  parallel  to  OP  and  OP'  be  incUned 
at  the  given  angle. 

PROPOSITION   XIII. 

45.  7%6  sum  of  the  squares  of  any  two  conjugate  diameters  is 
constant  in  the  ellipse^  and  the  difference  of  the  same  is  constant  m 
the  hyperbola, 

(i)  If  C7P,  CD  be  any  two  radii  of  an  ellipse,  and  CNj  CR 
the  central  abscisses  of  their  extremities  P  and  D  respectively, 
then,  by  Art.  33, 

PN* :  C4«-  CN*^DS^  :  C4«-  GZ?=  CB" :  CA\ 

Let  CP  and  CD  be  supposed  to  lie  in  adjacent  quadrants, 
and  let 

CN^+CB^^CA*; 
then  the  above  proportions  reduce  to 

PNi  CB^DR  :  CN^  CB:  CA* 


*  The  Bame  pioportions  will  hold  when  tihe  ordinates  aie  obliqae,  if  CA  and  CB 
be  the  lengths  of  the  corresponding  semi-diameteis. 
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tind  therefore  (Art.  44^  Cor.  1)   CP^  CD  are  conjugate,  and 
conversely* 


Hence  also  PN'  +  i?i?  =  C&, 

and     CP'+CI>'=GN'  +  PN^'tCE'  +  I)B'=^CA'-\-CB'i 

or  the  sum  of  the  squares  of  any  two  conjugate  semi-diameters 
of  an  ellipse  is  constant  and  equal  to  the  sum  of  the  squares 
of  the  semi-axes. 

(ii)  In  the  case  of  the  hyperbola,  let  P  be  a  point  on  the 
curve,  and  D  a  point  on  the  hyperbola  whose  transverse  and 
conjugate  axes  are  BB'  and  AA'  respectively  ;  then,  by  Art.  33, 

PN* :  CJV»-  CA^^Dm :  C7i?+  GA^^  Gff  :  GA\ 

Let  CP  and  GD  be  supposed  to  lie  in  the  same  quadrant 
or  in  vertically  opposite  quadrants,  and  let  GD  be  regarded  as 
terminated  at  the  point  D.* 

Let  CN*-GB!'=GA'; 

thetl  the  above  proportions  reduce  to 

PNi  GB^DB:  CN^GB:  GA, 


*  The  radioB  CD  which  does  not  meet  the  curve  (Art.  44,  Oor.  2)  is  here  regarded 
as  tenninated  by  the  Gonjngate  Hyperbola.  For  another  proof  of  tiie  propoaition,  in 
which  the  length  of  CD  is  defined  as  suggested  in  Art.  34,  the  reader  is  referred  to 
the  next  chapter;  and  for  a  third  proof,  to  the  chapter  on  Orthogonal  Projection. 
It  will  be  seen  that  the  above  conventions  with  regard  to  the  length  of  CD  are 
oonabtent  with  one  another,  but  the  true  definition  of  the  lengths  of  diameteis  which 
do  not  meet  the  curve  is  that  given  in  Scholiam  C. 
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and  therefore  (Art.  44,  Oor.  1}  CP,  CD  are  conjugate,  and 
conversely. 

Hence  also  DB?  -  PN^  =  GB«, 

and  CP''-CI>'^ON'  +  PN'-'{CS^  +  I)IP)=-CA*^Cff] 

or  the  difference  of  the  squares  of  any  two  conjugate  "  aemi- 
diameters  "  of  a  hyperbola  is  constant  and  equal  to  the  difference 
of  the  squares  of  the  semi-axes. 

Corollary  1. 

Let  the  normal  at  P,  which  is  at  right  angles  to  CDj  meet 
the  transverse  and  conjugate  axes  in  Q  and  g  respectively ;  then 
it  may  be  shewn  by  similar  triangles  that 

PG:  CD^PNx  CB^CB:  CA, 

and  Pg  :  GZ)=  CN:  DB^  CA  :  CB. 

Hence  CD  is  a  mean  proportional  to  PG  and  Pg. 

Corollary  2. 

If  P  be  any  point  on  a  conic  whose  fod  are  S  and  J7,  then 
nnce  C  is  the  middle  point  of  8H^ 

2CP'  +  2C8'^8P'  +  EP'^4.CA*1^28P.EP. 

Hence  CP»±  8P.HP^  CA'-^  CA*^  C8'^  G4»±  Cffj 

and  therefore,  by  the  proposition,  8P.SPh  equal  to  CD^. 

PBOPOSITION  XIV. 

46.  The  area  of  any  parallelogram  whose  sides  are  equal 
and  parallel  to  two  conjugate  diameters  of  a  central  conic  is  equal 
to  the  area  of  the  rectangle  contained  by  the  axes. 
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(i)   Let  a  parallelogram  be  formed  by  drawing  parallels  to 
two  conjugate  diameters  PF,  Diy  of  a  central  conic  through 


their  extremities,  and  let  the  normal  at  P  meet  DLf  in  F^  and 
let  it  meet  the  axis  in  G. 

Then  smce  (Art.  45,  Cor.  1), 

therefore         PF.PG  :  PF.CB^  CB^ :  OA.CB 

Bnt|  by  Art.  43,  the  antecedents  of  this  proportion  are  equal. 

Therefore  PF.  CD=CA.  CB^ 

and  the  area  of  the  whole  parallelogram  is  equal  to  APF.CD^ 
that  is,  to  2  GA.20Bj  or  to  the  rectangle  contained  by  the  axes. 
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In  the  case  of  the  ellipse  the  parallelogram  described  as 
above  completely  envelopes  the  curve;  but  in  the  case  of  the 
hyperbola  two  of  its  sides  only  touch  the  curve  (Art.  44,  Cor.  2). 

(ii)  The  proposition  might  also  have  been  proved  by  shewing 
that,  with  the  construction  of  Art.  45, 

APOD  ^PDRN-'PGN^DCR^\{GN.DB±CB. PHI), 

which  last  expression  reduces  to  \CA.CB. 

PR0P08ITI0N  XV. 

47.  The  intercept  upon  any  tangent  hy  any  two  conjugctie 
diameters  is  divided  at  the  curve  into  eegmenta  to  which  the 
parallel  radius  is  a  mean  proportional. 

Let  the  tangent  at  P  meet  any  two  conjugate  diameters 
m  T  and  f,  and  let  CD  be  the  radius  parallel  to  the  tangent. 


Let  PF,  Dv  be  ordinates  of  the  diameter  CIT,  and  PM  an 

ordinate  of  Ct]  and  let  the  tangent   at  D  meet  the  former 

diameter  in  i. 

Then,  by  similar  triangles,  the  tangent  at  D  being  parallel 

to  OP, 

PT\  CT^CDi  Ci, 

and  Pt :  OV^Pt :  Pif=  CD  :  Cv. 

Therefore*    PT.Pt :  CV.CT^  CD" :  Cv.Ct'-, 

and  the  consequents  in  this  proportion  being  equal  by  Art  39, 

therefore  PT.Pt^CD", 


*  More  briefly,  the  condition  that  CTf  Ct  ehonld  be  conjugate  (note,  p.  96)  giTea 
at  onoe  the  relation  PT.Ft  iCI^^CB^i  CP*. 
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or  CD  10  a  mean  proportional  to  PT  and  i%;  and  when  the 
point  Pis  given  the  rectangle  Pt.PT\&  constant. 

Corollary. 

If  the  tangent  at  any  point  Q  meet  any  two  parallel  tangents 
in  R  and  Ry  then  will  the  radius  parallel  to  the  tangent  be  a 
mean  proportional  to  QR  and  QR»  For,  in  the  figure  of 
Art.  39,  it  is  evident  that  CR  and  CE  are  parallel  to  the 
supplemental  ehords  PQ^  PQ^  and  are  therefore  conjugate 
diameters.  Moreover,  if  50  meet  RP  in  r,  the  semi-diameter 
parallel  to  RP  will  be  a  mean  proportional  to  PV,  PR^  and 
therefore  to  PR^  PR. 

SGHOLTITM   0. 

Although  the  conjugate  axis  of  a  hyperbola  and  its  other 
diameters  which  do  not  meet  the  curve  are  commonly  regarded 
as  terminated  by  the  conjugate  hyperbola,  this  convention  is  by 
no  means  accuratCi  but  the  true  account  of  the  matter  is  that  given 
below. 

Given  the  relation  (Art.  33)  between  the  coordinates  of  any 
point  on  the  hyperbola 

PN^ :  (72V»-  CA^^  CB" :  CA\ 

the  true  length  of  the  semi-axis  conjugate  is  found,  by  making  CN 
vamshi  to  be  a/(-  1)  CB.    Let  this  be  denoted  by  (7)3,  so  that 

PIP  :  C^»-  CN*^"  CB* :  CA^-^  (7/3« :  CA, 

which  shews  that  the  hyperbola  may  be  regarded  as  an  ellipse  whose 
minor  axis  is  a  certain  imaginary  quantity.  In  like  manner  the  true 
length  of  the  semi-diameter  conjugate  to  CP,  in  the  second  case  of 
Art  34,  is  V(- 1)  CD;   and  if  this  be  denoted  by  CB,  we  may  write 

QV  :  CP»-  CF*-  CS" :  CP", 

as  in  the  case  of  the  ellipse.  Now,  treating  fi  and  ^  as  if  they  were 
real  points  on  the  curve  and  supposing  p  to  be  the  projection  of  Z 
upon  the  axis,  we  have,  precisely  as  in  Art.  45,  §  i, 

CN^  +  (7f»'  =  CA^\    PN^  +  Pp'  =  C^;    CP»  +  Ca» «  CA^  +  (7/P; 

which  will  be  seen  to  be  equivalent  to  the  results  of  Art.  45,  §  ii, 

CN^  -  CR^  -  CA^\    PN^-DR^^  -  CB^;    CP^^  CD^^  CA^-  CB". 

And  BO  in  other  cases  (cf.  Art.  40)  we  may  pass  at  once  to 
properties  of  the  ellipse,  in  so  far  as  they  involve  CB"*  and  CD*,  by 
writing  in  place  thereof  (7/3'  and  (7^^  that  is  to  say,  hy  changing  the 
signs  o/  CE"  and  CD\ 

Next  consider  the  hyperbola  as  a  particular  form  of  ellipse 
whose  determining  ratio  ha,8  become  one  of  majority.  When  this 
ratio  has  increased  up  to  unity  the  further  focus  and  vertex  are  at 
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infinity ;  but  as  soon  as  it  exceeds  unity  they  at  once  oome  hack 
from  infinity  to  JJand  A'  on  the  opposite  of  A.  The  true  length 
of  the  axis  of  the  hyperbola  is  therefore  A  oo  A\  the  complement 
of  AA\  and  the  distance  between  its  foci  is  SooH,  the  complement 
of  SJI,  In  like  manner  the  distance  of  any  point  P  on*  the  coTre 
from  the  further  focus  JJ  is  to  be  regarded  as  jET  oo  P,  the  comple- 
ment of  JSCP ;  and  thus  the  fundamental  bifocal  property  assumes 
the  indeterminate  form  8F  +  JS'ao  T  ^  Ace  Al,  In  order  to  pass 
to  the  determinate  form  of  the  bifocal  property  of  tiie  hyperbola 
from  the  property  of  the  ellipse,  we  may  remark  that  a  point 
moving  in  a  straight  line  £rom  the  further  focus  H  of  the  former 
to  a  point  P  on  iS-branch  of  the  curve  may  be  supposed  to  move 
either  (1)  within  the  curve,  from  ^  to  oo  and  from  oo  to  P,  always 
in  the  same  direction,  or  (2)  along  the  finite  length  HP  in  ^ 
opposite  directum  ;  and  we  may  therefore  regard  HP^  drawn  towards 
the  convexity  of  the  iS-branch,  as  essentiaUy  negative,  and  the  finite 
axis  AA  as  likewise  negative.  The  ellipse  property,  SP-\-JIP=AA'f 
thus  becomes,  in  the  case  of  the  hyperbola,  SP  +  (-  jBTP)  »  (-  A  A'). 
So  in  Art.  15,  Cor.,  in  the  case  in  which  the  focal  chord  meets  the 
nearer  branch  of  a  hyperbola  in  Q  and  its  further  branch  in  P,  we 

ciple  the  normal  to  a  hyperbola  at  P  bisects  the  interior  angle 
between  PS  and  P  oo  JT;  and  if  two  tangents  TO,  TO'  be  drawn 
from  jTto  the  same  branch  of  a  hyperbola,  the  angle  8T0  will  be 
equal  to  the  angle  between  TO"  and  jTqo  JJ. 

Combining  the  results  of  the  two  preceding  paragraphs,  we 
infer  from  the  property  SY.JB'Zb:  CB^  in  the  ellipse,  that 
iSf r.  (-  MZ)  =  (-  CB")  in  the  hyperbola ;  and  from  SP.JIP^  CI^ 
in  the  former,  that  SP .  (-  J7P )  =»  (-  GIF)  in  the  latter.  On  the 
same  principle.  Prop.  i.  assumes  the  form 

PN^ :  AN.  (-  AN)  «  (-  CJE^)  :  CA^ 

in  the  case  of  the  hyperbola.  In  Art.  36,  Cor.,  if  the  focal  chord 
FF'  be  positive  CB^  will  be  negative,  and  vice  versa.  From  the 
result  PF .  CB  m  CA .  CB,  obtained  in  evaluating  the  conjugate 
circumscribing  parallelogram  of  the  ellipse,  we  deduce  in  the  case 
of  the  hyperbola  that  f-  PF).^{'~  1)  CD  «  (-  CA) .  >/(-  1)  CB; 
and  the  final  result  is  independent  of  the  factor  -  \^(-  1). 

THE  BIFOCAL  DEFINITION.* 

PROPOSITION  XVI, 

48.  ITie  tangent  to  a  bifocal  conio  makes  equal  angles  with 
the  focal  distances  of  its  point  of  contact. 

*  The  theorems  in  this  section  have  for  the  most  part  been  already  prored  in 
other  ways  j  but  they  are  here  derived  from  the  bifocal  property,  SP  i  ffP  :s  AA\ 
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(i)   Let  TPQt  be  a  chord  which  meets  the  conic  in  the 
adjacent  points  P  and  Q^  and  let  8M  be  taken  equal  to  8P 


upon  8Q^  and  En  eqnal  to  HQ  upon  EPj  so  that 

Ri^HP'^HQ=^8Q'-'8P^Qm. 

Now  in  the  isosceles  triangles  8mPj  En  Q^  as  the  angles  at 
8  and  E  are  diminished  indefinitely,  each  of  the  remaining 
angles  becomes  veiy  approximately  a  right  angle;  and  hence 
ultimately}  when  Q  coalesces  with  P,  the  triangles  PmQ^  JPnQ 
become  right-angled  at  m  and  n. 

And  since  these  triangles  have  the  common  hypothenuse 
JPQ^  and  it  has  been  shewn  that  JPn^  Qm  are  equal,  therefore 
the  angle  8QT  of  the  one  triangle  is  equal  to  the  angle  EPt  of 
the  other.  That  is  to  say,  the  point  Q  being  supposed  to  have 
coalesced  with  P,  the  angle  8PT  is  equal  to  EPt^  or  the 
tangent  at  P  makes  equal  angles  with  the  focal  distances  of 
that  point 

(ii)  Or,  conversely,  taking  Euclid's  definition  of  a  tangent, 
we  may  proceed  as  follows. 

In  the  case  of  the  ellipse,  P  being  any  point  on  the  curve, 
and  8^  8'  the  foci,  in  8P  produced  take  R  equal  to  PS\ 
draw  the  bisector  of  the  angle  S'Psj  and  take  any  point  Y 
upon  it. 

Then  since  8'Yis  evidently  equal  to  «F, 

8Y-{-8'Y=8Y+8Y>88>8P'¥8Ti 

that  is  to  say,  the  sum  of  the  focal  distances  of  any  point  other 
than  P  upon  the  bisector  of  the  angle  8P8  is  greater  than  the 


by  which  the  eUipse  and  hjrperbola  are  Bometimes  defined.  From  this  property  it 
ia  erident  that  aa  ellipae  may  be  traced  with  the  point  of  a  pencil  moved  along  a 
stringy  whereof  the  ends  are  fixed|  bo  as  to  keep  it  stretched. 
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transverse  axis;  every  sueh  point  therefore  lies  without  tfae 
carve,  and  the  bisector  of  the  angle  S'Ps  is  the  tangent  at  I\ 
The  proof  applies  mutatis  mutandis  to  the  hyperbola. 

Carollarjf^ 

The  normal  at  P  bisects  the  angle  between  the  focal 
distances  of  P,  estimated  within  the  curve;  and  hence  it  easily 
follows  that  Q  being  the  point  in  which  it  meets  the  axis 

BG  :  SP^HQ  :  J3P=  C8\  OA. 

PBOPOSITION  XVII, 

49.  The  two  tangents  to  a  bifocal  conic  from  any  external 
point  subtend  equal  or  supplementary  angles  at  either  focus. 

This  may  be  deduced  from  the  lemma  that  a  circle  can  he 
inscribed  in  any  quadrilateral  which  is  such  that  the  sum  or 
difference  of  two  of  its  sides  is  equal  to  the  sum  or  difference 
of  its  other  tioo  sides. 

If  four  straight  lines  touch  a  circle  at  points  a,  5,  c,  dj  and 
if  they  form  by  their  intersections* the  quadrilaterak  JPOQB^ 
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SPHQj  SOEBj  as  in  the  diagram,  it  readily  follows,  from 
the  eqaality  of  the  two  tangents  (as  Oa^  Ob)  from  anj  external 
point  to  a  circle,  that 

and  BO^HO^SB-HE] 

and,  convers^lj,  if  one  of  these  relations  be  given,  a  circle 
can  be  drawn  touching  the  four  straight  lines. 

The  LEMMA  being  assumed,  if  P,  Q  be  points  oo  a  conic 
whose  foci  are  8  and  H^  then  since 

SPlHP^SQtHQ, 

a  circle  can  be  described  touching  8P^  SQ^  HP^  HQ^  and 
having  its  centre  T  at  the  point  of  concourse  of  the  external 
or  internal  bisectors  of  the  angles  SPH^  8QH\  that  is  to  say, 
at  the  point  of  concourse  of  the  tangents  at  P  and  QJ^ 

And  since  8P  and  8Q  touch  a  circle  whose  centre  is  T^ 
therefore  8T  bisects  the  angle  between  them;  and  in  like 
manner  HT  bisects  the  angle  between  HP  and  HQ.  That 
is  to  say,  the  tangents  2!P,  TQ  to  the  conic  subtend  equal  (or 
aupplementary)  angles  at  either  focus. 

Corollary. 

One  or  other  of  the  angles  between  any  two  tangents  to  a 
conic  is  equal  to  half  the  sum  or  difference  of  the  angles  which 
their  chord  of  contact  subtends  at  the  foci.f  Taking  the  case 
of  a  pair  of  tangents  7!P,  TQ  to  an  ellipse  whose  chord  of 
contact  (as  in  the  next  figure)  does  not  pass  between  the  foci, 
we  may  shew,  by  equating  the  angles  of  the  quadrilaterals 
TP8Q^  TPHQ  to  eight  right  angles,  that  the  exterior  angle 
between  the  tangents  is  an  arithmetic  mean  to  P8Q  and  PHQ. 


*  If  with  8  and  H  aa  foci  an  ellipse  be  drawn  throng^h  P,  Q  and  a  hyperbola 
through  Oy  B,  their  common  diameter  through  T  will  biaect  PQ  in  the  one  cnrre 
and  OR  in  the  other.  Hence  the  middle  points  of  the  three  diagonals  of  anj 
qoadrilateral  in  which  a  circle  can  be  inscribed  lie  upon  one  diameter  of  the  circle, 

t  This  theorem,  with  its  analogue  for  the  parabola  (Art.  28),  /was  proTed  by 
BOSOOTIOH  {Seaumum  Coniearum  Ekmenta,  §  184).  In  a  slightly  different  form  it 
will  be  notioed  again  in  Scholium  D. 
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PROPOSITION  XYIII. 

50.  The  two  tangents  to  a  Infocal  conic  from  cmtf  external 
point  are  equally  inclined  to  its  two  focal  distances^  each  to  eackm 

Let  TPy  TQ  be  the  tangents  at  P,  Q  to  a  conic  whose 
fod  are  /Sf  and  iT;  then  will  the  angles  STQ,  HTP  be  equal 
to  one  another,  unless  P  and  Q  lie  on  the  same  branch  of  a 
hjperbolai  in  which  case  they  will  be  supplementary. 

(i)  In  the  case  of  the  ellipse,  prodace  HP  to  anj  point  V^ 
and  let  SP^  HQ  intersect  in  0. 

Then  since  the  tangent  at  P  bisects  the  angle  BPV^  and 


HT  bisects  the  angle  PHQ^  therefore 

lHTP^  TPV-  TEP^^SPV-^PEQ^iPOH; 

and  in  like  manner  it  may  be  shewn  that  the  angle  8TQ  is 
equal  to  ^Q08  or  I^POK 

Hence    TP  and   TQ  make   equal   angles   with   the   focal 
distances  of  H* 

(ii)   If  the  tangents  be  drawn  to  opposite  branches  of  a 
hyperbola,  they  will  still  make  equal  angles  with  8T  and  HT, 

(iii)   If  both  tangents    be    drawn  to    the   iS^branch  of  a 
hyperbola,  and  if  HT  be  produced  to  a  point  fl"',  it  will  be 

•  In  ArL  87  the  pointB  8,  P,  if,  R  and  ST,  P',  M\  B^  are  ooncjcUc,  as  wfll 
likewise  be  the  case  (Art.  9,  Ck)r.  1)  if  RR  be  any  straight  line,  and  P  its  polar. 
Henoe,  if  X,  X'  be  the  feet  of  the  directrices,  SPR-  8MXrz  STM'X'  ^  SPBT, 
It  follows  bj  the  proposition  that  the  interoeptt  on  any  Aord  made  6y  the  curve  and 
iu  directricei  tubtend  equal  {or  supplementary)  angles  at  the  pole  of  the  chord. 
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6cen  that  thej  make  equal  angles  with  57*  and  JSTjT  respectively, 
which  is  in  accordance  with  the  principles  of  Scholiam  C. 

Corollary  !• 

The  bisectors  of  the  angles  between  any  two  tangents  to  a 
bifocal  conic  are  the  tangent  and  normal  to  the  two  confocals 
through  their  point  of  concourse. 

Corollary  2. 

The  triangle  uihereof  the  Icae  is  equal  to  the  transverse  axis 
of  a  conic  and  its  remaininff  sides  to  the  focal  distances  of  any 
external  point  has  its  vertex  angle  equal  to  the  angle  between  the 
tangents  to  the  conic  from  that  point  and  its  remaining  angles 
to  the  angles  which  either  tangent  subtends  at  the  foci.  For  in 
the  first  figure,  if  8P  produced  to  a  point  H'  be  equal  to  the 
transverse  axis,  it  is  evident  that  the  triangle  TH'P  is  identically 
equal  to  2!HP,  and  hence  that  the  triangle  STH'  is  of  the 
specified  linear  and  and  angular  dimensions. 

SGHOLTUM  D. 

The  theorem  of  Oor.  2  may  be  expressed  as  follows.  If  the 
straight  lines  in  either  diagram  be  regarded  as  a  framework 
jointed  at  their  ends,  and  if  S  and  S  be  drawn  apart  (or  brought 
together)  until  the  distance  between  them  is  equal  to  AA'y  then 
wul  ^P^and  SQH  become  straight  lines,  and  the  angles  at  the 
joints  (except  SFR  and  8QR)  will  be  equal  to  the  angles  at 
the  same  points  in  the  original  figure,  the  inner  and  outer  angles 
at  T  being  interchanged.  The  angle  STH  in  the  deformed  figure 
is  in  general  equal  to  the  angle  between  the  tangents,  but  in 
the  third  case  of  the  proposition  it  becomes  iupplementary  thereto. 
The  following  are  some  applications  of  this  theorem. 
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(i)  If  the  angle  between  the  tangents  be  a  righi  angU^  then 
8T*  •{■  HT^  ^  AA'^^  whence  the  property  of  the  director  curde 
readily  follows.  In  any  case,  the  angle  B  between  the  two 
tangents  from  any  giyen  point  7*  satisfies  the  relation 

8T*  +  HT^  -  2ST.  HT  cos  6  -  AA"*. 

(ii)  Since  the  exterior  vertex  angle  of  the  triangle  is  equal  to 
the  sum  of  its  angles  at  8  and  S,  therefore  the  supplement  o£ 
the  angle  between  any  two  tangents  to  an  ellipse  is  equal  to 
the  sum  of  the  angles  which  either  tangent  subtends  at  the  foci.  In  the 
hyperbola,  as  may  be  proved  in  like  manner,  the  difference  of  the 
angles  which  either  tangent  subtends  at  the  foci  will  be  equal  or 
supplementary  to  the  angle  between  the  tangents,  according  as 
they  are  drawn  to  opposite  branches  of  the  curve  or  to  the 
same  branch.  In  the  one  case,  P  and  Q  in  the  deformed  figure 
will  lie  on  opposite  sides  of  SS,  and  in  the  other  case  on  the 
same  side  of  it. 

(iii)  It  may  be  shewn  from  the  deformed  figure  that 

TP*:  TQf^8P.HPi  SQ.EQ, 

Hence,   having  deduced  (Art.  45,   Cor.  2)  from  the  bifocal 
definition  that 

8P .  SP^  CP"-^  CA^-^^  C£^^ 8(i. HQ  ^  CV> 

we  infer,  taking  the  case  in  which  (7P,   CQ  are  eat^ugaU^    and 
therefore  equal  and  parallel  to  the  tangents  at  Q  and  P,  Uiat 

8P.RP''C^;   SQ.SQ-'CIf]    CP^  ¥  C(f-' CA'-^  CB'; 

and  hence,  that  in  aU  cases  the  tangents  are  as  the  parallel  radii* 
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51.  At  any  point  of  a  bifocal  conic  the  projection  of  the 
normal  terminated  hy  the  conjugate  axis  upon  the  distance  of  the 
point  from  either  focus  is  equal  to  the  semi-oasis  transverse. 

Let  the  normal  at  P  meet  the  conjugate  axis  in  g^  and  draw 
gh  and  gl  perpendicular  to  8P  and  HP  respectively.  Then 
since  the  normal  bisects  the  angle  hPly  therefore 

Pfc  =  PZ,  and  glc^gl. 

And  since  also  the  hypothenuses  of  the  right-angled 
triangles  gkS^  glH  are  equal,  therefore  the  side  8k  of  the  one 
is  equal  to  the  side  HI  of  the  other. 
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fienoe,  in  the  first  figure, 

8P-Fk=^ PI' EP=> Pk -  HP; 


/ 

// 

^ 

/ 

\ 

\ 

\ 

•                              ^^^^^ 

9 

ttyiA  In  the  second  figure, 

/gP+  Pk = HP-  Pl^HP-  Pk. 


\  •  \      ^^"^     *  /    \ 

\  '  A^^*^  *  /I 

\       '  ^^^T  *       /       I 

\     '  ^-.  •"''^    ^  *     /        I 

1   »  ^-^  "^  *  /  I 

rf^ — c— ^ — M- 


Therefore  i%  =  i  (fiP  +  flP)  =  04. 

Corollary  1. 

If  (?£'  be  drawn,  as  in  Art.  11,  It  follows  from  this  pro- 
portion, together  with  Art.  52,  Cor.  2,  that  PK.  CA  =  CB". 

Corollary  2. 

By  the  converse  of  Art.  38,  Cor.  3,  the  diameter  Ck  is 
parallel  to  the  tangent  at  P,  or  perpendicular  to  the  normal; 
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if  therefore  it  meet  the  normal  in  F^ 

Pg.PF^m^CA\ 
and  PG.PF^PK.Pk^  CB\ 


PfiOPOBlTION 


52.  The  distance  of  any  point  on  a  bifocal  conic  from  either 
focus  varies  as  its  distance  from  a  corresponding  fixed  direoirix 
perpendicular  to  the  axis* 

Bisect  the  angle  between  the  focal  distances  of  any  point  P 
of  the  locus,  estimated  within  the  curve,  and  let  the  btsectiiig 


line  meet  the  axes  in  Q  and  g.  Let  a  parallel  to  the  transvene 
axis  through  P  meet  gS  in  M  and  gH  in  N]  and  let  per- 
pendiculars  be  drawn  to  the  axis  through  those  points,  meeting^ 
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it   in  X  and   W.     We  shall  shew  that  these  perpendiculars 
are  directricea. 

Since  z  SMP^gSH^gHS^  QPB^ 

the  points  g^  8j  P,  H  bemg  evidentlj  ooneydic;  therefore, 
in  the  similar  triangles  SPM^  BQPj 

8Pi  PM^Sa  :  fiP=/S(?i  GE:  fiP+Pff=  CS:  CA; 

and  therefore  8P  is  in  a  constant  ratio  to  PM. 
And  since     SH :  MN^  BG  :  PM^  CS^ :  CA% 

therefore  MN^  or  2(7X9  ^^  constant,  and  JfX  is  a  fixed  straight 
line. 

The  curve  may  therefore  be  described  with  B  and  JfX,  or, 
in  like  manner,  with  H  and  NW^  as  focus  and  directbix. 

Corollary  1, 

The  line  PG  in  the  above  constraction  being  evidently  the 
normal  at  P,  it  follows  that  the  focal  distances  of  the  point  in 
vohich  the  normal  at  any  point  of  the  curve  meets  the  conjugate 
axis  pass  through  the  feet  of  the  perpendiculars  from  thai  point 
to  the  directrices.  Hence  an  obvious  construction  for  the 
normals  from  g  with  the  help  of  the  ruler  only. 

Corollary  2. 

Since  Gg  :  Pg^BG  :  PM^  OB* :  0A\ 

therefore   PG ;  Pg^  OA*^  CS" :  CZ4"=  OB* :  0A\ 

SCHOLimC  B. 

The  name  Foous  has  xeferenoe  to  the  optieal  property  in 
relation  to  the  oonio  of  the  points  to  which  it  is  now  commonly 
applied,  viz.  that  rays  proceeding  from  one  of  them  and  reflected 
at  the  curve  would  converge  to  or  diverge  from  the  otlier  (Art.  87}> 
or  beoome  parallel  to  the  axis  (Art.  26). 

AroLLOirixJSy  who  introduoes  the  foci  somewhat  late  in  his 
treatise^  proves  their  properties  in  the  following  order  (lib.  m. 
props.  45— 52),  Starting  with  the  property,  A8.A'8^CJ3^f  he 
shews  that  the  intercept  on  the  tai^pent  at  any  point  P  by  the 
tangents  at  the  vertices  subtends  ri^t  angles  at  the  foci;  that 
the  tangent  at  P  and  either  of  the  fixed  tangents  make  equal 
angles  with  the  focal  vectors  to  their  point  of  ooncourse  (a  special 
case  of  Art.  50) ;  that  a  pair  of  the  focal  vectors  to  its  points  of 
concourse  with  the  two  fixed  tangents  intersect  on  the  normal  at 


112  CENTRAL  CONI€!S. 

its  point  of  contact;  that  it  makes  equal  angles  with  the  iocal 
distances  of  that  point ;  that  the  axis  subtends  a  right  angle  at 
the  foot  of  the  focal  perpendicular  SY  upon  the  tangent;  that 
the  diameter  parallel  to  J?P  meets  the  tangent  upon  the  <ajv 
cumference  of  the  circle  on  AA',  viz.  in  the  same  point  T;  and 
lastly,  that  8F -:;.  JETP-- AA'. 

The  property  of  the  focus  and  directrix  by  which  we  defined 
the  general  conic  is  given  in  the  Mathematical  CoUectionB  of 
Pappus,  Lib.  vii.  prop.  238  (vol.  n.  p.  1012,  &d.  Hultaeh, 
Berol.,   1877). 

Newton,  to  whom  some  later  writers  were  indebted  for  their 
acquaintance  with  the  property,  mentions  it  in  the  Prmcipit^^  at 
the  end  of  Lib.  i..  Sect.  ly.,  in  connexion  with  his  construction  (a 
modification  of  De  la  Hire's  Lib.  viti.  25,  to  which  he  refers)  for 
an  orbit  whereof  a  focus  and  three  points  are  given,  viz.  by 
determining  a  point  of  the  directrix  upon  the  chord  joining  each 
pair  of  given  points  on  the  curve. 

EXAMPLES. 

^  20I.  \i  AB  and  CD  be  equal  portions  of  two  straight  bars, 
and  if  they  be  connected  by  hinges  with  two  equal  bars  ADy 
BG  in  such  a  manner  that  initially  AB  and  CD  form  opposite 
sides  of  a  rectangle  and  ^ J9  and  BG  its  diagonals;  then  (1) 
if  a  side  of  the  rectangle  be  fixed,  the  remaining  parts  of  the 
framework  being  moved  about  in  any  way  in  a  plane,  the  inteiV 
section  of  the  cross  bars  will  trace  an  ellipse;  or  (2)  if  a 
diagonal  be  fixed,  the  continuations  oi  AB  and  GD  will  cross 
one  another  upon  the  arc  of  a  hyperbola. 

202.  The  sides  -42),  2)  (7  of  a  rectangle  ABGD  are  divided 
into  the  same  number  of  equal  parts,  and  straight  lines  are 
drawn  from  B  and  A  respectively  to  the  points  of  section. 
Shew  that  the  corresponding  lines  of  the  two  series  meet  on 
an  ellipse  whose  axes  are  equal  to  the  sides  of  the  rectangle* 

203.  A  parallelogram  ABGD  has  its  diagonal  ^C7  at  right 
angles  to  the  side  AB.  If  GD  be  divided  into  any  number  of 
equal  parts  and  straight  lines  be  drawn  from  A  to  the  points 
of  section,  and  if  AG  be  divided  into  the  same  number  of 
equal  parts  and  straight  lines  be  drawn  from  B  to  the  points 
of  section,  then  will  the  corresponding  lines  in  the  two  series 
meet  on  a  hyperbola. 
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204.  The  straight  lines  joining  the  vertices  of  a  conic  to 
opposite  ends  of  any  segment  of  the  directrix  which  subtends 
a  right  angle  at  the  focus  intersect  on  the  curve.  Hence  shew 
how  to  trace  an  ellipse  or  hyperbola,  and  prove  that  the  ellipse 
is  a  closed  curve  giving  wholly  between  the  perpendiculars  to 
the  axis  at  its  vertices. 

205.  The  locus  of  the  point  at  which  the  distances  of  either 
vertex  from  a  focus  and  directrix  subtend  equal  angles  is  the 
auxiliary  circle.  Hence  shew  that  the  ellipse  cuts  the  ordinates 
of  its  auxiliary  circle  in  a  constant  ratio.* 

206.  If  AM  and  AM  be  taken  on  the  axis  of  a  conic  equal 
to  the  focal  distances  of  any  point  P  on  the  curve,  shew  that 

CP"  =- CB*  +  CM^  i 

and  deduce  that  the  square  of  the  ordinate  of  P  varies  as  the 
rectangle  contained  by  its  abscisses. 

207.  If  a  circle  be  drawn  through  the  vertices  of  a  conic 
and  any  point  on  the  curve,  find  the  locus  of  the  second  point 
in  which  it  meets  the  ordinate  of  the  former. 

208.  If  two  ellipses  whose  major  axes  are  equal  have  a 
common  focus,  they  will  intersect  in  two  points  only ;  and  their 
common  chord  will  be  at  right  angles  to  the  straight  line 
joining  their  centres. 

209.  Given  a  chord  of  a  parabola  and  the  direction  of  its 
axis,  the  locus  of  the  focus  is  a  hyperbola  whose  foci  are  at  the 
extremities  of  the  chord. 

210.  The  straight  lines  from  either  focus  of  a  conic  to  the 
ends  of  a  diameter  make  equal  angles  with  the  tangents  thereat. 

211.  A  circle  can  be  drawn  through  the  foci  and  the 
Intersections  of  any  tangent  with  the  tangents  at  the  vertices. 

212.  The  intercept  on  any  tangent  by  the  tangents  at  the 
extremities  of  a  focal  chord  subtends  a  right  angle  at  the  focus. 

*  If  p  be  a  point  on  the  Iocob,  then  Sp  :  PX  =  SA  :  AX  =  8 A' :  A'X,  and  therefore 
A'p  is  the  outer  bisector  of  the  angle  SPX^  and  is  at  right  angles  to  Ap,  Hence 
pN^  -  PN^  =r  5jp2  -  8P^  =  e«  (PX«  -  NX^  =  e« .  PN\  and  PN^  varies  as  pN\  or 
toiAN.A'N. 
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2 1 3*  The  major  axis  is  the  maximum  chord  of  an  ellipse, 
and  the  minor  axis  is  its  least  diameter.  When  is  the  angle 
snbtended  at  the  curre  by  the  straight  line  joining  the  foci  a 
maximum  ? 

214.  The  focal  vectors  to  anj  two  points  on  a  conic  meet 
in  two  other  points  lying  on  a  confocal  conic,  and  the  tangents 
at  the  two  pairs  of  points  cointersect.  Examine  the  case  in 
which  the  focal  vectors  are  drawn  to  opposite  extremities  of 
a  diameter. 

215.  Find  the  locus  of  the  centre  of  a  circle  which  touches 
two  fixed  circles.  Also,  if  two  circles,  the  sum  or  difference 
of  whose  radii  is  constant,  be  described  about  fixed  points, 
find  the  locus  of  the  centre  of  a  circle  of  given  magnitude 
which  touches  both  of  them. 

216.  If  PQ  be  a  chord  of  an  ellipse,  and  if  the  ordinates 
of  its  extremities  to  either  axis  be  produced  to  meet  the  cor- 
responding auxiliary  circle  in  p  and  ;,  then  will  FQ  and  pq 
meet  on  that  axis;  and  if  the  tangent  at  p  meet  the  same 
axis  in  T,  then  will  TP  touch  the  ellipse  at  P,  and  the 
abscissa  of  P  will  be  a  third  proportional  to  CT  and  GA. 

217.  If  any  tangent  to  an  ellipse  meet  the  axes  in  T  and  ^ 
the  tangents  from  those  points  to  the  major  and  minor  auxiliary 
circles  respectively  will  be  parallel  two  and  two,  and  their 
four  points  of  contact  will  lie  on  two  diameters  of  the  ellipse. 

218.  The  perpendiculars  to  the  axes  from  the  points  in 
which  a  common  diameter  meets  the  two  auxiliary  circles  of 
an  ellipse  intersect  two  and  two  on  the  curve.  Hence  shew 
how  to  construct  an  ellipse  with  the  help  of  two  fixed  con- 
centric circles. 

219.  If  two  points  on  a  straight  lino  move  along  the  arms 
of  a  right  angle,  any  other  point  on  the  line  will  trace  an 
ellipse  whose  semi-axes  are  equal  to  the  segments  of  the  line 
between  that  point  and  the  former  two.* 


•  The  moving  line  may  be  supposed  parallel  to  the  "common  diameter"  in 
Ex.  218.    This  theorem  explains  the  construction  of  the  Elliptic  Compasses, 
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220.  The  ordinatea  of  the  points  in  which  any  tangent  to 
an  ellipse  or  hyperbola  meets  the  curve  the  tangents  at  its 
vertices  and  the  conjugate  axis  are  proportionals,  and  the 
product  of  the  extremes  or  the  means  is  equal  to  the  square 
of  the  semi*axis  conjugate. 

221.  If  any  ordinate  to  either  axis  be  bisected  in  Oj  and 
A  Of  AO  meet  the  tangents  at  A  and  A  la  T  and  T  re- 
spectively, then  will  TT  be  the  tangent  at  the  extremity  of 
the  ordinate ;  and  the  straight  line  joining  the  intersections  of 
8Tf  HT  and  ST^  JSrwill  be  the  normal  at  that  point. 

222.  If  two  ellipses  with  equal  axes  be  placed  vertex  to 
vertex,  and  one  of  them  then  roll  upon  the  other,  each  of 
its  foci  will  describe  a  circle  about  a  focus  of  the  latter. 

223.  Given  a  central  conic,  shew  how  to  find  its  centre, 
axes,  foci,  and  directrices. 

224.  Given  a  focus  and  two  points  of  an  ellipse,  the  locus 
of  the  other  focus  will  be  a  hyperbola.  If  instead  of  one  of 
the  two  points  the  length  of  the  axis  be  given,  determine  the 
loci  of  the  centre  and  of  the  second  focus. 

225.  Given  one  focus  of  a  conic  inscribed  In  a  triangle, 
shew  how  to  determine  the  other  focus.  If  an  ellipse  Inscribed 
in  a  triangle  have  one  focus  at  the  orthocentre,  its  other  focus 
will  be  at  the  centre  of  the  circumscribed  circle,  and  its 
auxiliary  circle  will  be  the  nine-point  circle  of  the  triangle. 
Examine  the  case  In  which  a  focus  of  the  inscribed  conic  is  at 
the  centre  of  the  inscribed  circle  of  the  triangle. 

226.  The  angular  points  and  the  sides  of  a  triangle  being 
taken  as  the  centres  and  directrices  of  three  ellipses  which  have 
a  common  focus  at  the  orthocentre,  shew  that  the  sum  of  the 
squares  of  their  major  axes  Is  double  of  the  sum  of  the  squares 
of  the  sides  of  the  triangle ;  their  minor  axes  are  equal  to  one 
another,  the  square  of  each  being  equal  to  the  sum  of  the 
squares  of  the  three  latera  recta;  the  sum  of  the  squares  of 
the  eccentricities  is  equal  to  two ;  the  intercepts  made  by  the 
ellipses  upon  the  sides  of  the  triangle  are  conjugate  diameters; 

12 
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the 'perpendiculars  of  the  triangle  are  the  common  chords  of 
the  ellipses,  and  their  six  poles  lie  on  three  focal  chords  parallel 
to  the  sides  of  the  triangle. 

227.  If  CP  be  any  radius  of  a  conic,  and  if  a  parallel  to 
It  be  drawn  from  the  vertex  A  to  meet  the  curve  in  Q  and 
the  conjugate  axis  in  Ry  shew  that  AQ.AB  is  equal  to  2CJP*. 

22&.  A  straight  line  equal  to  the  radius  of  a  circle  slides 
with  one  end  on  a  fixed  diameter  and  the  other  end  on  the 
convexity  of  the  circumference.  Shew  that  any  Intermediate 
point  on  the  line  traces  an  arc  of  an  ellipse. 

229.  From  a  fixed  point  0  a  straight  line  OP  Is  drawn  to 
a  given  circle.  Find  the  envelope  of  a  straight  line  drawn 
through  P  at  a  constant  inclination  to  OP. 

230.  The  straight  line  joining  the  foci  of  a  conic  subtends 
at  the  pole  of  any  chord  an  angle  equal  to  half  the  sum  or 
difference  of  the  angles  which  It  subtends  at  the  extremities 
of  the  chord. 

231.  If  CR  be  the  projection  of  any  radius  CD  upon  the 
axis  of  the  conic,  and  OL  the  ordinate  of  the  middle  point  O 
of  any  chord*  parallel  to  CD^  prove  that 

OL.DR  :  CL.CR=  CB* :  CA\ 

Hence  shew  that  the  diameters  of  conies  are  straight  lines, 
and  obtain  the  relation  between  the  Inclinations  of  any  two 
conjugate  diameters  to  the  axis. 

232.  The  ellipse  has  a  pair  of  equal  conjugate  diametera, 
which  coincide  in  direction  with  the  diagonals  of  the  rectangle 
formed  by  the  tangents  at  the  ends  of  its  axes,  and  which  are 
equal  to  the  sides  of  a  square  whose  diagonals  are  equal  to 
those  of  the  said  rectangle. 

What  is  the  corresponding  property  of  the  hyperbola  ?t 

•  Art.  88  gives  PN*  -'  QM*  in  tenns  of  CN^'^CM^-,  whence  the  required 
xesnlt  readily  follows. 

f  It  has  two  pairs  of  (infinite)  conjugate  diameters  which  are  in  a  ratio  of  eqnalitj, 
and  <sach/ia»r  coincide  in  direction  with  one  of  the  equi-oonjugate  diameters  of  thd 
ellipse  which  has  the  same  axes. 
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333.  The  common  diameters  of  equal  similar  and  concent rio 
ellipses  are  at  right  angles  to  one  another. 

234.  Find  the  loci  of  the  centres  of  the  four  circles  which 
touch  the  axis  of  a  conic  and  the  two  focal  vectors  to  any 
point  on  the  curve. 

235.  A  chord  of  a  conic  which  subtends  a  right  angle  at 
the  vertex  passes  through  a  fixed  point  on  the  axis. 

236.  If  a  hyperbola  touch  the  sides  of  a  quadrilateral  in- 
scribed in  a  circle,  and  if  one  focus  lie  on  the  circle,  the  other 
will  also  lie  on  the  circle. 

237.  If  three  curcles  be  described  on  the  transverse  axis 
and  the  two  focal  distances  of  any  point  of  a  conic  as  diameterS| 
determine  their  radical  centre. 

238.  If  the  tangent  at  a  point  P  whose  ordinate  to  either 
axis  is  PN  meet  the  corresponding  auxiliary  circle  in  F  and  Z^ 
shew  that  C,  N^  Y^  Z  lie  on  a  circle,  and  that  PN  bisects  the 
angle  YCZ. 

239.  If  an  ellipse  and  a  hyperbola  have  the  same  axes^ 
the  director  circle  of  the  one  will  pads  through  the  foci  of 
the  other. 

240.  The  diagonals  of  any  rectangle  circumscribing  a  conic 
are  conjugate  diameters.* 

241.  The  diagonals  of  any  parallelogram  circumscribing  a 
conic  are  conjugate  diameters,  and  the  sides  of  any  inscribed 
parallelogram  are  parallel  to  conjugate  diameters. 

242.  The  sum  or  difference  of  the  reciprocals  of  any  two 
focal  chords  at  right  angles,  or  of  the  squares  of  any  two 
diameters  at  right  angles,  is  constant. 

243.  The  locus  of  the  centre  of  an  ellipse  which  slides  be- 
tween two  straight  lines  at  right  angles  is  a  circle. 

244.  The  circle  described  upon  the  straight  line  joining  the 
foci  of  a  conic  meets  the  conjugate  axis  in  two  points  such  that 

*  This  appears  from  Be  la  Hire's  original  proof  of  the  property  of  the  director 
drde,  in  which  he  assumed  the  theorems  of  Arts.  89,  46. 
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the  sum  of  the  squares  of  the  perpendiculars  therefrom  to  any 
tangent  is  equal  to  half  the  square  upon  the  transverse  axis. 

245.  Determine  the  positions  of  a  chord  of  an  ellipse  which 
subtends  a  right  angle  at  each  of  the  foci ;  and  also  the  locus 
of  the  pole  of  a  chord  which  subtends  supplementary  angles 
at  the  foci. 

246.  The  opposite  sides  of  a  quadrilateral  described  about 
an  ellipse  subtend  supplementary  angles  at  either  focus. 

247.  The  angle  which  a  diameter  of  an  ellipse  subtends 
at  an  extremity  of  the  major  axis  is  supplementary  to  that 
which  its  conjugate  subtends  at  an  extremity  of  the  minor 
axis. 

248.  If  a  focal  chord  of  a  conic  be  drawn  to  meet  at  a 
given  angle  any  tangent,  or  any  chord  subtending  a  constant 
angle  at  one  of  the  foci,  the  locus  of  the  point  of  intersection 
will  be  a  circle. 

249.  To  what  does  the  theorem  that  confocal  conies  intersect 
at  right  angles  reduce  when  the  two  foci  coalesce  ? 

250.  The  circle  described  about  any  point  on  the  axis  of 
a  hyperbola  so  as  to  cut  its  auxiliary  circle  orthogonally  meets 
the  ordinate  through  that  point  upon  the  circumference  of  an 
equilateral  hyperbola. 

251.  The  pole  of  any  straight  line  with  respect  to  a  central 
conic  may  be  found  by  joining  the  points  in  which  it  meets 
the  directrices  to  the  nearer  foci,  and  drawing  perpendiculars 
through  the  latter  to  the  joining  lines. 

25a.  The  straight  lines  joining  any  point  to  the  intersections 
of  its  polar  with  the  directrices  touch  a  confocal  conic. 

253.  In  Art.  4,  if  the  centre  of  the  circle  be  taken  midway 
between  the  vertices  of  the  conic,  shew  that  the  directrix  will 
be  the  polar  of  the  focus  with  respect  to  the  circle.  Hence 
shew  that  every  chord  of  an  ellipse  or  hyperbola  which  passes 
through  its  centre  is  bisected  at  that  point,  and  that  the  curve  is 
consequently  symmetrical  with  respect  to  its  conjugate  axis. 
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254.  The  locus  of  the  vertex  of  a  triangle  whose  base 
and  the  ratio  of  whose  sides  are  given  is  a  circle,  whereof 
a  diameter  is  determined  by  dividing  the  base  of  the  triangle 
externally  and  internally  in  the  given  ratio.  Hence  shew  that 
a  straight  line  parallel  to  the  axis  of  a  conic  meets  the  curve 
in  general  in  two  points,  and  that  the  two  points  are  equi- 
distant from  a  fixed  straight  line  parallel  to  the  directrix.* 

255.  Apply  the  same  method  to  determine  the  points  in 
which  any  assumed  straight  line  meets  the  conic  ;t  &nd  also 
to  shew  that  the  diameters  of  conies  are  straight  lines. 

256.  Prove  the  following  construction  for  drawing  tangents 
to  a  conic  whose  foci  are  8  and  H  from  a  given  external  point 
O.  About  0  with  radius  08  describe  a  circle,  and  about  H 
with  radius  equal  to  the  transverse  axis  describe  a  circle ;  then 
will  the  required  points  of  contact  lie  upon  the  straight  lines 
drawn  from  ^to  the  points  in  which  the  two  circles  intersect. 
Prove  also  that  the  two  tangents  as  thus  determined  subtend 
equal  or  supplementary  angles  at  either  focus. 

257.  If  the  diagonals  of  a  quadrilateral  circumscribing  an 
ellipse  meet  at  its  centre  the  quadrilateral  must  be  a, paral- 
lelogram. 

258.  If  a  principal  ordinate  meet  an  ellipse  in  P  and  its 
auxiliary  circle  in  Q,  the  distance  of  the  former  point  from 
either  focus  will  be  equal  to  the  perpendicular  from  that  focus 
to  the  tangent  at  Q, 

259.  The  locus  of  the  middle  point  of  a  focal  chord  of  a 
conic  is  a  similar  conic.  In  what  other  cases  will  the  locus 
of  the  middle  point  of  a  chord  of  a  conic  be  a  similar  conic? 


*  The  two  pointa  ace  determined  as  follows.  Let  the  parallel  meet  the  directrix 
in  Q,  and  let  Z  and  Z*  difide  5(2  in  a  ratio  eqnal  to  the  eccentricity.  Describe  the 
circle  on  ZZ%  and  let  it  cat  the  parallel  in  P  and  P'.  The  projection  of  the  centre 
dl  this  circle  npon  the  axis  of  the  conic  evidently  lies  midway  between  the  projections 
of  Z  and  Z'  npon  the  same,  that  lb  to  eay,  midway  between  the  vertices  of  the  conic. 

t  If  the  assumed  line  meet  the  directrix  in  Q  and  make  an  angle  a  with  the  axis, 
divide  8Q  in  the  ratio  e  cos  a,  and  upon  the  intercept  between  the  two  points  thus 
determined  describe  a  circle  cutting  the  assumed  line  in  P  and  P',  which  will  be  the 
points  required. 
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260.  If  tangents  be  drawn  to  a  conic  at  the  extremities 
of  a  pair  of  conjugate  radii,  the  focal  vectors  to  their  pomt 
of  concourse  will  meet  those  diameters  in  four  poirits  Ijing 
on  a  circle. 

261.  If  8Y  be  a  focal  perpendicular  upon  the  tangent 
at  F  and  CD  the  radius  parallel  to  the  tangent, 

SY^:CB^^8F':CI>'^3F:2CA±  8R 

2 6 J.  The  feet  of  the  perpendiculars  from  one  focus  of  a 
conic  to  a  pair  of  tangents  are  on  a  straight  line  at  right  angles 
to  the  distance  of  their  point  of  intersection  from  the  other 
focus. 

263.  Find  the  greatest  or  least  value  of  the  sum  of  the 
squares  of  the  focal  perpendiculars  on  any  tangent. 

264.  The  normal  at  any  point  of  an  ellipse  is  a  harmonic 
mean  to  the  focal  perpendiculars  upon  the  tangent  at  that  point 

265.  If  one  focus  of  a  conic  which  touches  the  sides  of  a 
triangle  be  at  its  centroid,  the  distances  of  the  other  focus  from 
its  sides  will  be  as  the  lengths  of  those  sides. 

266.  If  the  normal  at  P  meet  either  axis  in  Gj  shew  that 
any  circle  through  those  points  will  intercept  on  the  focal 
distances  of  P  chords  whose  sum  or  difference  has  one  or  other 
of  two  constant  values. 

267.  The  diameters  parallel  to  the  tangent  and  normal  at 
P  intercept  on  SP  a  length  equal  to  HP]  and  the  latter  dia-;- 
meter  meets  SP  on  the  circumference  of  a  circle. 

268.  The  circle  described  upon  the  central  abscissa  of  the 
foot  of  the  normal  at  any  point  is  cut  orthogonally  by  a  circle 
described  about  that  point  and  equal  to  the  minor  auxiliaiy 
circle. 

269.  The  intercepts  on  the  focal  vectors  to  the  points  of 
contact  of  a  conic  with  any  circle  which  touches  it  in  two 
points  have  one  or  other  of  two  constant  values. 
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270.  Any  tangent  and  its  normal  meet  either  axis  in  points 
T  and  O  such  that  CO.CT^CS*.  In  what  cases  does  the 
normal  meet  the  conjugate  axis  without  within  or  upon  the 
corve  ?  If  a  circle  touch  an  ellipse  in  two  points  and  also  touch 
its  directrices,  its  centre  will  be  at  an  end  of  the  minor  axis. 

271.  The  intercept  made  by  the  directrices  upon  any 
normal  chord  of  a  conic  subtends  at  the  pole  of  the  chord  an 
angle  equal  to  half  the  sum  or  difference  of  the  angles  which 
the  distance  between  the  foci  subtends  at  the  extremities  of 
the  chord.* 

272.  If  two  chords  be  drawn  from  any  point  of  a  conic 
equally  inclined  to  the  normal  at  that  point,  the  tangents  at 
their  further  extremities  will  intersect  upon  the  normal. 

273.  Supplemental  chordB  of  a  conic  which  are  equally 
inclined  to  the  curve  at  their  common  point  have  their  poles 
upon  the  director  circle,  and  their  sum  or  difference  is  equal 
to  the  diameter  of  the  same.t 

274.  The  normals  at  the  extremities  of  any  two  conjugate 
radii  meet  on  the  diameter  which  is  at  right  angles  to  the 
chord  joining  those  points ;  and  any  two  normals  at  right  angles 
to  one  another  intersect  on  the  diameter  which  bisects  the  chord 
joining  the  points  at  which  the  normals  are  drawn. 

275.  If  on  the  normal  at  P  a  length  PQ  be  taken  equal 
to  the  semi-diameter  conjugate  to  (7P,  the  locus  of  Q  will  be  a 
00*010  of  radius  CA  ±  CB, 

276.  If  normals  be  drawn  to  an  ellipse  at  the  ends  of 
any  chord  parallel  to  one  of  its  equal  conjugate  diameters, 
the  locus  of  their  intersection  will  be  a  line  perpendicular  to  the 
conjugate  diameter. 


*  If  the  normal  at  P  meet  the  5-directriz  in  B,  and  0  be  the  pole  of  the  normal, 
the  drcle  on  OR  will  pass  through  8  and  P. 

t  See  Wolstenholme's  Book  of  Matkematieal  Problems,  No.  493  (London  and 
Ounbridge,  1867).  If  PQ,  PQ^  be  two  snch  chords  thej  will  eyidcntlj  touch  a 
oonfocal,  and  the  parallel  chords  will  also  touch  the  same.  Hence  the  tangent  at  Q 
will  make  equal  angles  with  PQ  and  a  parallel  to  PQ!,  and  will  be  at  right  angles  to 
the  tangent  at  P.  Otherwise  thus :  the  tangent  and  normal  at  P  divide  UQ'  har- 
monically, and  the  normal  is  an  ordinate  of  QQl  and  parallel  to  the  tangent  at  (2. 
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277.  With  the  construction  of  Art.  52,  shew  that 

SgiPg^PGi  8M^  Pg  \  gM^CS  \  CA. 

Shew  also  that  the  loci  of  the  middle  points  of  PQ  and  Pg  are 
conies. 

278.  If  J^^be  the  projection  of  any  point  Pon  a  conic  upon 
the  tangent  at  a  given  point  0,  find  the  relation  between  the 
lengths  of  ON  and  PN* 

279.  If  PQ  be  a  chord  of  a  conic  which  subtends  a  right 
angle  at  a  given  point  0  on  the  curvci  and  MN  be  the  pro- 
jection of  the  chord  upon  the  tangent  at  0,  shew  that 

PM       ON 

OP^  ^OQ"^^  constant, 

and  that  PQ  passes  through  a  fixed  point  on  the  normal  at  O.f 

280.  If  PO  be  the  normal  at  any  point  P  on  an  ellipsei 
Q  the  point  in  which  the  ordinate  of  P  meets  the  auxiliary 
circle,  and  22  the  point  in  which  CQ  meets  the  ellipse,  tben 
will  QO  hQ  parallel  to  the  normal  at  R.  Moreover,  if  any 
two  chords  of  an  ellipse  be  at  right  angles,  its  diameters 
conjugate  to  the  corresponding  chords  of  its  auxiliary  circle  will 
be  conjugate  diameters  of  a  certain  concentric  ellipse. 

281.  If  j^T  be  the  projection  of  any  point  in  the  plane  of 
a  conic  upon  its  transverse  or  conjugate  axis,  and  T  the  point 
in  which  its  polar  meets  the  same,  shew  that  CN.CT  is  equal 
to  CA^  in  the  former  case  and  to  GB^  in  the  latter.| 

282.  If  P,  P'  be  any  two  points  whereof  the  one  lies  on 
the  polar  of  the  other,  and  N^  N'  be  their  projections  on  the 
transverse  axis,  then 

ON. ON     PN.FN' 


CA'      ~      GB* 


=  1. 


*  Let  the  normal  at  0  meet  the  cnrre  again  in  IT,  and  let  NP  meet  the  tangent 
at  ^  in  JIf ;  then  ON  varies  aa  a  mean  proportional  to  FN  and  PM  (Ex.  73,  and  sots 
p.  65),  and  alflo  as  PN+PM  ^  OH, 

t  The  intercept  on  the  normal  varies  as  the  diameter  conjugate  to  CO. 

X  Let  the  diameter  through  the  assumed  point  0  meet  the  directrix  in  F,  and  let 
its  polar  meet  the  directrix  in  /2,  which  will  be  the  orthocentre  (Art.  14)  of  the 
triangle  8TV,  Then,  TV  being  parallel  to  SO  (Art.  17),  CN:CJ=CO:CV 
=  CS :  CT. 
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-     283.   If  P  and  Q  be  any  two  points  on  a  conic,  M  and 
^  their  projections  on  either  axis,  and  T  the  point  in  which 
l^Q  meets  the  same,  shew  that 

CT{PM  -  QN)  =  PM.  CN^  QN.  GMJ^ 

284.  Shew  also  that  if  GL  be  the  central  abscissa  upon 
either  axis  of  the  point  of  concourse  of  the  normals  at  P  and 
^,t  then  GL.CT varies  as  CM.CN. 

285.  K  the  normals  at  four  points  of  a  conic  cointersect, 
and  if  the  three  pairs  of  chords  joining  those  points  meet  either 
axbin  T,  T\  U,  U'\  F,  F';  shew  that 

CT.  CT' «  CU.  CU'  =  CV.  CV. 

286.  If  the  normals  at  four  points  of  an  ellipse  or  hyperbola 
cointersect,  each  pair  of  chords  joining  the  four  points  will 
be  parallel  to  a  pair  of  conjugate  diameters  of  the  hyperbola 
or  ellipse  which  has  the  same  axes,  and  will  meet  either  axis  in 
points  which  are  conjugates  in  an  involution  determined  by 
the  latter  curve.) 

287.  The  sum  or  difference  of  the  squares  of  the  perpen- 
diculars from  the  extremities  P  aud  D  of  any  two  conjugate 
semi-diameters  of  a  conic  upon  a  fixed  diameter  of  the  same 
is  constant ;  and  if  CN  and  CB  be  the  abscissas  of  P  and  D 
upon  that  diameter,  and  2CP'  be  its  length  and  2  CD'  the 
length  of  its  conjugate,  then 

CN* ±  de" ^  CP" i  PirtDE^^CIP] 

and  PN:CR  =  DB:CN^Ciy:CF. 


♦  Equate  the  areas  {OPT-  CQT)  and  {CPM -^  PMNQ  -  QCN), 
t  If  X  be  the  projection  upon  either  axis  of  any  point  0  on  the  normal  at  P,  and 
G  be  the  point  in  which  the  normal  meets  that  aziis,  then  OL  :  PM  =  CG  ^  CL  :  MG  \ 
and  CG  and  MG  vary  as  CM. 

X  The  pairs  of  points  in  Ex.  285  determine  an  involution  whose  centre  is  C,  and  to 
•which  the  ends  of  the  axis  in  question  likewise  belong.  If  these  points  be  on  the 
tranarerse  axis,  CT,  CT'  =  Ac.  =  CA .  CA'  =  —  CA^ ;  and  if  on  the  conjugate  axis, 
CT.  CT'  is  equal  to  -  CB*  in  the  case  of  the  ellipse,  and  to  +  CIP  in  the  case  of  the 
hyperbola. 
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288.  The  vertices  of  the  conjagate  circamscribing  parallelo- 
gram of  a  conic  lie  on  a  similar  conic^  and  their  polars  envelope 
another  similar  conic. 

289.  The  inscribed  parallelogram  whose  diagonals  are  at 
right  angles  envelopes  a  circle,  the  reciprocal  of  the  square 

of  whose  radius  is  equal  to  ytt*  i  Y^^ ' 

290.  If  the  polar  of  anj  point  on  an  ellipse  with  respect 
to  its  minor  auxiliary  circle  meet  the  major  and  minor  axes 
in  2' and  K^  shew  that 

CB^       C4"      a£ 

291.  Supplemental  chords  being  drawn  to  a  conic  from 
its  vertices,  the  perpendiculars  to  them  at  their  common  point 
make  an  intercept  equal  to  the  latus  rectum  upon  the  axis. 

292.  If  an  ordinate  of  anj  diameter  meet  the  curve  in  P, 
the  diameter  in  il/,  and  any  two  supplemental  chords  drawn 
from  its  extremities  in  Q  and  B^  shew  that  PM  is  a  mean 
proportional  to  QM  and  JSi/,  and  that  QB  is  bisected  by  the 
tangent  at  the  intersection  of  the  chords. 

293.  If  two  conjugate  semi-diameters  CP^  CD^  or  their 
prolongations,  make  an  intercept  P'D'  upon  a  line  whidi  is 
parallel  to  PD  and  meets  the  conic  in  Q,  shew  that 

QP^±Q]y^^PD\ 

294.  From  extremities  of  two  conjugate  diameters  of  an 
ellipse  a  pair  of  parallels  are  drawn  to  any  tangent ;  if  any 
diameter  meet  these  parallels  in  P  and  Q  and  the  tangent  in 
JB,  shew  that 

(7P"+C(3'  =  Oi?. 

295.  If  PP'  and  Diy  be  conjugate  diameters  of  a  hyper- 
bola and  Q  any  point  on  the  curve,  then  will  QP^i-QP* 
exceed  QD^+QI/*  by  a  constant  quantity. 
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296.  Find  the  axes  of  a  given  conic  by  meanB  of  Art.  44, 
Cor.  3. 

297.  Given  two  conjugate  diameters  of  an  ellipse,  shew  that 
the  locus  of  the  centre  of  the  circle  through  their  common 
point  and  the  points  in  which  a  tangent  parallel  to  one  of  them 
meets  any  two  conjugate  diameters  is  a  straight  line  perpen- 
dicnlar  to  the  other. 

298.  Given  two  conjugate  semi-diameters  CP,  CD  of  an 
ellipse  or  hyperbola,  prove  the  following  construction  for  its 
axes.  In  the  direction  CP  or  in  the  opposite  direction  take 
PQ  a  third  proportional  to  CP  and  CD ;  draw  the  tangent  at 
P,  and  through  C7,  Q  draw  a  circle  having  its  centre  upon  it ; 
join  C  with  the  points  in  which  the  circle  cuts  the  tangent. 
The  directions  of  the  axes  being  thus  determined,  shew  how 
to  find  their  extremities. 

299.  Given  two  conjugate  diameters  CP,  CD  of  an  ellipse, 
with  centre  C  and  radius  CP  describe  a  circle,  and  let  EK' 
be  its  diameter  at  right  angles  to  CP\  then  will  the  axes  of 
the  ellipse  be  equal  to  KD  +  K'D^  and  parallel  to  the  bisectors 
of  the  angle  KDK\* 

300.  Shew  also  that,  if  DN  be  taken  equal  to  CP  and 
be  placed  so  as  to  cut  it  at  right  angles  in  a  point  X,  and 
if  AB  be  that  diameter  of  the  circle  round  CLN  which  passes 
through  D,  then  will  CA^  CB  be  the  directions  and  DB^  DA 
the  lengths  of  the  semi-axes  of  the  ellipse. 

301.  Any  point  of  or  in  the  same  straight  line  with  a  rod 
which  slides  between  two  fixed  straight  lines  describes  an  arc 
of  an  ellipscf 

*  See  the  Oafordy  Cambridge^  and  Ditblin  Messenger  of  Mathematics^  yoL  in. 
pp.  151,  227  (1866) ;  and  the  Messenger  of  Mathematics  (New  Series),  toI.  t.  p.  122 
(1876). 

t  Of  two  oonjngate  radii  of  an  ellipse  let  CP  be  the  shorter  and  CD  the  longer ; 
draw  a  perpendicular  DE  to  CP^  and  in  the  prolongation  of  or  within  ED  take  DQ 
eqnal  to  CP,  Then  if  a  straight  Ime  KM  equal  to  EQ  slides  between  CP  and  CQ, 
the  point  which  divides  it  into  segments  KO  and  OM  equal  to  CP  and  LE  will  be  a 
point  on  the  curve,  viz.  one  whose  abscissa  on  CD  is  terminated  by  the  perpendicular 
from  M to  CP.  As  in  the  special  case  of  Ex.  219,  KO.  OM  =  CA .  CB.  See  LesUe^s 
Geometrical  Analysisy  and  Geometry  of  Curve  Lines,  p.  267  (Edinburgh,  1821), 
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302.  The  chords  joining  the  extremities  of  two  diametere 
of  a  conic  and  of  their  conjugates  respectively  are  either  parallel 
or  conjugate  in  direction.  If  a  series  of  chords  pass  through 
a  fixed  point,  the  chords  of  the  corresponding  conjugate  arcs 
have  the  same  property;  and  the  diameters  throng^h  the  two 
fixed  points  are  at  right  angles. 

303.  With  the  orthocentre  of  a  triangle  as  centre  two 
ellipses  are  described,  the  one  touching  its  sides  and  the  other 
passing  through  its  angular  points;  prove  that  these  eAipses 
are  similar,  and  that  their  homologous  axes  are  at  right  angles. 

304.  The  perpendiculars  from  opposite  foci  of  a  conic  npon 
two  conjugate  diameters  intersect  on  a  concentric  conic  passing 
through  the  foci. 

305.  If  a  chord  AP  drawn  from  the  vertex  A  be  divided 
in  such  a  manner  that  A  Q  :  PQ  =  CA* :  C/5',  shew  that  the 
perpendicular  from  Q  to  the  line  joining  Q  to  the  foot  of  the 
ordmate  of  P  divides  the  transverse  axis  in  the  same  ratio. 

306.  From  the  foot  of  the  ordinate  of  any  point  P  on  a 
conic  a  parallel  is  drawn  to  AP  to  meet  the  diameter  through 
P  in  Q ;  shew  that  AQ  va  parallel  to  the  tangent  at  P.  Shew 
also  that  the  bisectors  of  the  angles  ASP  and  AHP  intersect 
on  the  tangent  at  P. 

307.  If  two  conies  whose  transverse  axes  are  equal  be 
inscribed  in  the  same  parallelogram,  their  foci  will  be  at  the 
corners  of  an  equiangular  parallelogram. 

308.  Any  one  of  a  series  of  conterminous  circular  arcs  may 
be  trisected  by  drawing  a  pair  of  hyperbolas  whose  determining 
ratio  is  equal  to  two,  and  whose  centres  and  vertices  trisect 
the  chord  of  the  arc.  How  does  it  appear  from  this  construc- 
tion that  the  problem,  to  trisect  a  given  angle,  admits  of  three 
solutions  ? 

309.  If  any  two  conies  have  a  common  focus,  one  pair  of 
their  common  chords  cointersect  with  the  corresponding  direc* 
trices,  and  the  other  pairs  subtend  equal  or  supplementaiy 
angles  at  that  focus. 
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310.  A  diameter  meets  the  conic  in  P,  its  auxiliary  circle 
in  Qj  and  the  tangent  at  either  vertex  in  T,  Prove  that  when 
the  diameter  through  7  coalesces  with  the  axis  PTand  QT  atq 
in  the  duplicate  ratio  of  the  axes. 

311.  The  perpendicular  drawn  through  any  point  of  a  conic 
to  one  of  its  focal  distances  and  terminated  by  the  conjugate 
diameter  varies  inversely  as  the  principal  ordinate  of  the  said 
point,  and  the  perpendiculars  from  the  vertices  upon  the 
tangent  at  any  point  meet  its  focal  distances  upon  fixed  circles. 

312.  A  parabola  of  given'  linear  dimensions  being  drawn 
to  touch  any  two  conjugate  diameters  of  a  conic  symmetrically, 
find  the  locus  of  its  focus. 

313.  The  tangent  at  P  meets  any  two  conjugate  diameters 
in  r,  f,  and  TS,  tR  meet  in  Q ;  projj^  that  the  triangles  8PT^ 
HPtj  TQt  are  similar,  and  also  that  the  area  of  the  triangle 
CPT  varies  inversely  as  GPt 

314.  The  two  points  of  a  conic  at  which  a  given  chord 
Buhtends  the  greatest  and  least  angles  are  at  the  extremities 
of  a  diameter  equal  to  that  which  bisects  the  chord.* 

315.  If  an  ellipse  touch  a  given  ellipse  at  adjacent  ex- 
tremities Aj  B  o{  its  axes  and  also  pass  through  its  centre, 
the  tangent  at  the  latter  point  will  be  parallel  to  AB, 

316.  With  the  normal  and  tangent  at  any  point  of  a  conic 
as  axes  a  conic  is  described  touching  an  axis  of  the  former 
at  its  middle  point;  shew  that  the  foci  of  the  conic  so  drawn 
lie  on  fixed  circles,  whose  diameters  are  equal  to  the  sum 
and  difference  of  the  axes  of  the  given  conic. 

317.  Two  fixed  points  being  taken  in  given  parallel  lines, 
a  straight  line  revolves  about  each  point  and  meets  the  opposite 
parallel.      If  the  envelope  of  the  line  joining  the  points  of 


*  The  chord  must  subtend  equal  angles  at  either  point  and  a  consecntiye  point  on 
the  cnrre.  The  two  points  therefore  lie  on  segments  of  circles  described  upon  the 
chord  BO  as  to  touch  the  conic. 
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concourse  be  a  conic  teaching  the  parallels  at  the  fixed  points, 
determine  the  locus  of  the  point  in  which  the  revolving  lines 
intersect. 

318.  A  chord  of  a  circle  which  subtends  a  right  angle  at  a 
fixed  point  envelopes  a  conic  whose  foci  are  the  fixed  point  and 
the  centre  of  the  circle. 

319.  A  straight  line  being  drawn  through  a  fixed  point 
8  to  meet  a  given  pair  of  parallels  in  Y  and  Z,  shew  that  the 
envelope  of  the  circle  on  YZ  as  diameter  is  a  conic,  of  which 
the  parallels  are  directrices  and  8  is  a  focus. 

320.  On  the  axis  of  a  hyperbola  whose  determining  ratio 
is  equal  to  two  a  point  D  is  taken  at  a  distance  from  the  focas 
8  equal  to  the  distance  of  8  from  the  further  vertex  A%  and 
A'P  is  drawn  through  any  point  P  on  the  curve  to  meet  the 
latus  rectum  in  K.  Pro^  that  DK  and  8P  intersect  on  a 
certain  fixed  circle. 

321.  The  parallelograms  whose  diagonals  are  any  two 
diameters  of  a  conic  and  their  conjugates  respectively  are 
of  equal  area. 

322.  If  tangents  TPand  TQ  be  drawn  to  an  ellipse  whose 
foci  are  8  and  JET,  and  CjP  and  GQf  be  the  parallel  semi- 
diameters, 

TP.  TQ + CP".  eg  =  T8.  TH* 

323.  Find  the  locus  of  a  point  such  that  the  tangents  there* 
from  to  a  central  conic  contain  with  the  semi-diameters  to 
their  points  of  contact  an  area  of  constant  magnitude ;  and  the 
locus  of  a  point  such  that  the  product  of  its  focal  distances 
varies  as  the  product  of  the  tangents, 

324.  The  distance  between  any  point  and  any  point  on 
its  polar  is  cut  harmonically  by  the  tangents  at  the  extremities 
of  any  chord  through  either  point.f 


•  We  have  to  shew  that  the  triangle  575'  (Art.50,Cor.2)iseqiialtoPrO  +  P'CQ'; 
which  follows  from  Ex.  321,  taking  into  account  that  PCQ  =  \  {PSQ  +  PHQ). 

t  In  the  tractate,  De  Zinearum  Geometricarum  Proprietatibus  Gentralibus,  forming 
the  Appendix  to  A  Treatise  on  Algebra^  ^e.,  by  Colik  Maclaurik,  late  Piofeseor  of 
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325.  If  0  and  Pbe  anj  two  points  in  the  plane  of  a  conic 
whose  centre  is  (7,  the  perpendiculars  from  0  and  G  to  the 
polar  of  P  are  to  one  another  as  the  perpendiculars  from  P 
and  C  to  the  polar  of  0. 

326.  If  two  conies  be  concentric  and  similarly  situated,  the- 
pole  of  any  tangent  to  the  one  with  respect  to  the  other  will 
trac3  a  concentric  conic ;  and  if  the  two  conies  be  also  similar 
the  third  will  be  similar  to  both.  If  the  axes  of  the  two  be 
identical,  the  pole  of  any  tangent  to  the  one  with  respect  to 
the  other  will  lie  on  the  former. 

327.  Find  a  point  which  has  the  same  polar,  and  a  line 
which  has  the  same  pole,  with  respect  to  three  conies,  whereof 
one  has  double  contact  with  the  other  two. 

328.  An  ellipse  has  double  contact  with  each  of  two 
circles,  whereof  one  lies  within  the  other.  Shew  that  its 
chords  of  contact  with  them  meet  in  a  fixed  point  on  the  line, 
joining  their  centres;  the  locus  of  its  centre  is  a  circle  passing 
through  their  centres ;  its  eccentricity  is  constant ;  and  the  locus 
of  its  foci  is  a  circle  concentric  with  the  outer  given  circle. 

329.  Any  diameter  of  an  ellipse  varies  inversely  as  the  per- 
pendicular focal  chord  of  its  auxiliary  circle. 

330.  If  a  parallelogram  circumscribing  a  conic  have  two 
of  its  angular  points  on  the  directrices,  the  other  two  will  lie  on 
the  auxiliary  circle. 

331.  If  two  parallelograms  be  constructed,  the  one  by  join- 
ing the  ends  of  two  parallel  focal  chords  of  a  conic,  and  the 
other  by  drawing  tangents  to  it  at  those  points;  the  area  of  the 

Hathematics  in  the  University  of  Edinburgh  (LoiTDOir,  1779),  it  is  shewn  (Sect.  I. . 
§§  &-1 1.    Cf.  Salmon's  Higher  Plan*  Curves,  Art.  60),  that  if  a  straight  line  reyolving 
about  a  fixed  point  P  meet  a  curye  of  the  vP''  order  in  n  points,  and  the  tangents  at 
thoee  points  meet  any  assumed  straight  line  through  P  in  JT,  jL,  if,  Ac,  then  will 

•p^  +  -pY  +  "jr^  +  Ac.  the  constant ;  and  if  the  assumed  line  through  P  meet  the 

cpnre,  vis.  in  the  n  points  A^  B,  C,  Ac,  this  constant  will  be  equal  to  -p-j  +  jjn  +  pjy- 

+  Ac  In  the  particular  case  of  Ex.  824,  it  is  evident  that  the  point  P,  its  polar,  and 
the  tangents  at  the  extremities  of  any  chord  throngb  P  divide  any  straight  line  from 
P  harmonically. 

K 
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one  will  yary  directlji  and  that  of  the  other  inTcnely,  as  the 
projection  of  one  of  the  focal  chords  upon  the  conjugate  axia. 

332.  If  SYj  HZ  be  the  focal  perpendicnlan  upon  the  tan* 
gent  at  P  to  an  ellipse,  and  8Y\  HZ'  perpendiculars  upon  the 
tangents  from  P  to  a  confocal  ellipse,  then  will  the  rectangle 
YY\ZZ*  be  equal  to  the  difference  of  the  squares  of  their 
major  (or  minor)  semi-axes. 

333.  Determine  the  condition  that  the  intercept  on  anj 
tangent  to  a  bifocal  conic  bj  two  fixed  tangents  may  subtend 
equal  angles  at  the  foci. 

334.  The  tangents  to  a  conic  from  any  point  on  a  circle 
through  its  foci  meet  the  circle  again  in  two  points  such  that 
the  second  tangents  therefrom  intersect  upon  the  circle. 

335*  Oiven  ^an  ellipse  and  a  circle  through  its  foci ;  prove 
that  their  common  tangents  touch  the  circle  in  points  lyings 
upon  the  tangent  to  the  eUipse  at  an  extremity  of  its  conjugate 
axis. 

336.  If  the  tangent  to  a  conic  at  a  given  point  be  met  by 
any  two  parallel  tangents,  the  focal  distances  of  the  points  of 
concourse  will  meet  on  a  fixed  circle,  whose  centre  will  be  on 
the  normal  at  the  given  point. 

337.  The  product  of  the  tangents  to  a  conic  from  any  point 
is  to  the  product  of  its  focal  distances  as  the  distances  of  the 
point  from  the  centres  of  the  chord  of  contact  and  of  the  conic 
respectively.  If  the  tangents  from'  any  point  to  a  conic  be 
in  a  constant  ratio  to  the  parallel  diameters,  determine  the  locus 
of  the  point. 

338.  Given  an  ellipse  and  one  of  its  ^  cercks  directeurs,"* 
shew  that  an  infinity  of  triangles  can  be  described  about  the 
one  and  inscribed  in  the  other,  and  that  all  will  have  the  same 
orthocentre. 

339.  An  ellipse  may  be  described  by  means  of  an  endless 
string  passing  round  two  fixed  points.     If  one  focus  be  taken 

-Tf ■— 1" • n" — — ■ — — — , — ■ ■■-___-__ 

*  See  the  second  pwragxEph  of  Scholinm  B  (p.  90)  and  compare  Bz.  226. 
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anywhere  on  a  given  straight  line  whilst  the  other  remains 
constantly  fixed,  the  envelope  of  all  the  ellipses  described  with 
a  given  string  will  consist  of  two  arcs  of  parabolas. 

340.  Shew  that  the  line  joining  any  point  outside  a  conic 
to  its  centre,  and  the  radical  axis  of  a  pair  of  circles  through  the 
point,  the  one  passing  through  the  points  of  contact  of  the 
tangents  from  the  point,  and  the  other  passing  through  the 
foci,  are  equally  inclined  to  the  focal  distances  of  the  point. 

341.  If  a  normal  to  a  conic  meet  the  curve  again  in  Q  and 
the  directrices  in  By  Jff]  and  if  0  be  the  pole  of  the  chord  and 
8y  8'  the  foci ;  prove  that  £fff,  OR'  and  S'R^  OB  intersect  on 
the  normal  at  Q.  In  the  case  of  the  parabola,  any  normal 
chord  produced  to  meet  the  directrix  subtends  a  right  angle 
at  the  pole  of  the  chord ;  and  the  polar  of  the  middle  point  of 
the  chord  meets  the  focal  vector  to  its  point  of  concourse  with 
the  directrix  upon  the  normal  at  its  further  extremity. 

342.  At  any  point  P  on  the  auxiliary  circle  of  an  ellipse  a 
tangent  is  drawn  meeting  the  axis  in  Tj  and  PA^  PA'  are  drawn 
to  the  vertices  meeting  the  ellipse  again  in  D  and  E]  prove 
that  the  chord  DE  passes  through  T. 

343.  The  polar  of  any  point  0  with  respect  to  a  conic  and 
the  perpendicular  to  it  from  0  meet  either  axis  in  points  T 
and  O  such  that 

CG.CT=GS\* 

344.  If  a  point  be  taken  anywhere  on  a  fixed  perpendicular 
to  either  axis  of  a  conic,  the  perpendicular  from  it  to  its  polar 
will  pass  through  a  fixed  point  on  that  axis. 

345.  If  perpendiculars  8Yj  HZj  CM^  PN  be  drawn  to  the 
polar  of  any  point  P,  and  if  PN  meet  the  axis  in  (?,  shew  that 
8T.EZ=^GM.NG]  CM.PG^GB^\  and  that  the  normal  at 
a  point  on  the  curve  which  has  the  same  central  abscissa  as  P 
is  a  mean  proportional  to  NO  and  PO. 


♦  Comparing  Ex.  281  (note),  CG  :  08=  CO  :  CV=  CS ;  CT, 

1^2 
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346.  The  poleB  of  a  given  straight  line  with  respect  to  a 
series  of  confocal  conies  lie  upon  a  second  straight  line  perpen- 
dicular to  the  former.  Hence  shew  that  if  a  chord  of  one  conic 
touch  another  conic  having  the  same  foci,  the  tangents  at  its 
extremities  will  meet  on  the  normal  at  its  point  of  contact,  and 
conversely  the  foot  of  the  perpendicular  from  their  intersection 
to  the  chord  will  be  its  point  of  contact. 

347.  If  a  triangle  inscribed  In  a  conic  envelope  a  confocal, 
its  points  of  contact  will  lie  severally  on  three  of  the  four  circles 
which  touch  the  sides  of  the  triangle. 

348.  If  a  chord  of  an  ellipse  be  drawn  touching  a  confocal 
ellipse,  the  tangents  at  its  extremities  meet  the  diameter  parallel 
to  the  chord  on  the  circumference  of  a  fixed  circle,  and  the 
intercept  on  the  chord  by  the  diameter  parallel  to  either  tangent 
is  of  constant  length  ;^   the  chord  varies  as  the  parallel  focal 
chord  of  the  outer  ellipse,  and  conversely  a  chord  which  so 
varies  envelopes  a  confocal;   the  projection  upon  the  chord  of 
the  normal  (terminated  by  either  axis)  at  an  extremity  thereof 
is  of  constant  length ;  if  any  circle  touch  a  given  ellipse  in  two 
points,  the  chords  which  can  be  drawn  to  the  circle  from  either 
point  of  contact  so  as  to  touch  a  fixed  confocal  are  of  constant 
length,  and  conversely  the  envelope  of  a  chord   of  constant 
length  drawn  to  the  circle  from  either  point  of  contact  is  a 
confocal  ellipse.     Examine  the  case  in  which  the  minor  axis  of 
the  inner  ellipse  Is  evanescent. 

349.  If  the  arms  of  a  right  angle  envelope  two  confocal 
ellipses  tb^  line  joining  the  points  of  contact  will  envelope  a 
third  ellipse  confocal  with  the  former  two ;  and  if  two  parallel 
positions  of  each  arm  be  taken,  the  perimeter  of  the  parallelo- 
gram formed  by  joining  the  points  of  contact  will  be  constant, 


*  li  a,  b  and  a',  b'  be  the  semi-axes  of  the  outer   and   inner   ellipses   and 
X«  =  a'  —  a**  =  6*  —  y^  the  intercept  on  the  chord  is  --  j  the  projections  upon  it  of 

A 

the  normals  are  —  and  -7- ;  and  its  length  in  terms  of  the  parallel  focal  chord/ is  -f- . 

See  the  Oxford^  Camhridgej  and  Dublin  Messenger  of  MathemrUicn,  vol.  it.  pp.  1 1—2*2 

(1868),  in  which  article  scTeral  of  the  examples  following  arc  likewise  solved. 
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and  each  pair  of  its  adjacent  sides  will  make  equal  angles  with 
the  tangent  at  their  point  of  concourse. 

350.  An  ellipse  which  has  double  contact  with  each  of  two 
fixed  confocals  has  a  fixed  director  circle ;  and  an  ellipse  which 
has  double  contact  with  one  of  two  fixed  confocal  ellipses,  and 
has  its  foci  at  the  ends  of  any  diameter  of  the  other,  has  a 
fixed  auxiliary  circle. 

351.  Four  tangents  being  drawn  to  a  conic,  if  one  piiir  of 

their  points  of  intersection   lie  on   a.  confocal    each    of   the 

remaining  two  pairs  will  lie  on  a  confocal.     If  TP  and   TQ 

be  a  pair  of  tangents  to  a  conic,  and  tangents  be  drawn  from 

P  and  Q  to  a  confocal  and  intersect  in  points  8  and  jS,  then  TP 

and  TQ  subtend  equal  or  supplementary  angles  at  8  and  H*^ 

the  four  tangents  from  P  and  Q  touch  one  and  the  same  circle ; 

and 

8PiHP^8Q±EQ.^ 

352.  Given  two  confocal  ellipses,  shew  that  the  latus  rectum 
of  any  ellipse  which  has  its  foci  on  the  inner  fixed  ellipse  and 
touches  the  outer  is  of  constant  length.f 

353.  The  locus  of  the  centre  of  a  conic  which  has  four-point 
contact  with  a  given  conic  at  a  given  point  is  a  straight  line 
through  the  centre  of  the  fixed  conic. 

354.  Prove  Graves'  Theorem,  that  the  sum  of  the  tangents 
from  any  point  on  an  ellipse  to  a  fixed  confocal  ellipse  exceeds 
the  intercepted  arc  of  the  latter  by  a  constant  quantity.}  Prove 
also  that  the  difference  of  the  tangents  to  an  ellipse  from  any 
point  on  a  confocal  hyperbola  Is  equal  to  the  difference  of  the 
segments  into  which  the  intercepted  arc  of  the  ellipse  is  divided 
by  the  hyperbola. 

*  See  the  article  referred  to  in  the  note  on  Ex.  848. 

t  With  the  notation  used  above,  its  length  is  ~r  . 

X  See  Salmon's  Conic  SectiorUf  Art.  899.  The  theorem  may  also  be  deduced  from 
Ex.  351  as  in  the  article  refen-ed  to  in  the  note.  Adding  the  perimeter  of  the  inner 
ellipee,  we  see  that  the  outer  confocal  may  be  described  with  the  help  of  a  loop  of 
string  placed  round  the  inner  curve,  a  construction  which  becomes  equivalent  to  that 
of  the  note  on  Art.  48  when  the  inner  ellipse  reduces  (by  the  evanescence  of  its  minor 
axis)  to  the  line  joining  its  foci. 
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355.  If  three  ellipses  be  described  as  in  Ex.  352,  faaviDg 
their  six  foci  at  three  points  on  the  inner  confocal,  the  sum 
of  the  areas  of  their  minor  auxiliary  circles  will  be  constant. 
Moreover,  if  any  number  of  ellipses  be  described  with  the  same 
number  of  points  on  a  given  ellipse  as  foci  (every  such  point 
being  a  focus  of  two  of  them),  and  if  the  several  ellipses  touch 
as  many  fixed  confocals,  the  areas  of  their  minor  anxiliary 
circles  will  be  connected  by  a  linear  relation.* 

356.  If  every  vertex  but  one  of  a  polygon  circumscribing  a 
conic  trace  a  confocal  conic,  its  remaining  vertex  will  likewise 
trace  a  confocal,  and  the  perimeter  of  the  polygon  will  be 
constant. 

357.  If  two  points  trace  an  ellipse  (in  the  same  direction) 
with  velocities  which  are  always  as  the  focal  chords  parallel 
to  the  tangents  at  those  points,  the  tangents  will  intersect  on 
a  fixed  confocal  ellipse,  and  their  angular  velocities  about  their 
points  of  contact  will  be  as  the  central  perpendiculars  upon  them. 

358.  If  a  parallelogram  can  be  inscribed  in  an  ellipse  whose 
semi-axes  are  A  and  B  so  as  to  envelope  a  coaxal  ellipse  whose 
semi-axes  are  a  and  i, 

359.  If  a  single  quadrilateral  can  be  described  about  one 
of  two  given  conies  and  inscribed  in  the  other,  any  number  of 
quadrilaterals  can  be  so  described,  and  they  will  have  one 
diagonal  in  common.t 

360.  If  the  normal  at  any  point  P  to  an  ellipse  meet  the 
two  perpendicular  tangents  to  a  confocal  ellipse  in  K  and  Lj 
shew  that  PK.PL  is  constant  and  equal  to  the  difierence  of  the 
squares  of  their  major  or  minor  semi-axes. 


*  If  /3  be  the  minor  aemi-axis  of  one  of  the  variable  eUipaes  and  ^  the  arc  joining 
itB  fod,  then  /3*  =  <;  (<^  +  c^,  where  e  and  <f  are  certain  constants  (Exz.  852,  So4). 

t  The  qnadrilateral  and  its  circnmscribing  conic  can  be  projected  into  a  rectangle 
and  a  circle,  which  latter  mnst  be  the  director  circle  of  the  projection  of  the  inscribed 
conic.    S:Jee  also  Ex.  882. 
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361.  If  from  the  intersections  of  any  two  parallel  tangents 
to  an  ellipse  with  the  tangent  at  a  fixed  point  four  tangents  be 
drawn  to  a  given  confocal  ellipse,  the  four  intersections  of  the 
latter  will  lie  on  a  certain  circle  having  its  centre  on  the  normal 
at  the  fixed  point ;  and  the  radius  of  the  circle  and  the  intercept 
made  bj  its  centre  upon  the  normal  will  vary  as  the  perpen*- 
dicular  diameter  of  the  outer  conic* 

362.  If  a  tangent  to  a  conic  (or  other  curve)  cuts  oJ9f  a 
constant  area  from  another,  it  will  be  bisected  at  its  point  of 
contact,  and  converselj.f 

363.  A  central  conic  which  passes  through  four  given  points 
has  a  pair  of  conjugate  diameters  parallel  to  the  axes  of  the  two 
parabolas  which  can  be  drawn  through  the  same  four  points.) 

364.  Give  a  construction  for  finding  a  point  P  such  that 
if  straight  lines  PQ,  PB,  P/S,  PT  be  drawn  from  it  to  meet  four 
given  straight  lines  AB^  GD^  AG^  BD  at  given  angles,  the 
rectangle  PQ.PB  maj  be  in  a  specified  ratio  to  P8.PI\  Hence 
shew  how  to  draw  the  tangent  at  any  given  point  on  the  locus 
of  P;  and  determine  a  pair  of  conjugate  diameters  of  the  same.g 

365.  If  a  parallelogram  ABPQ  has  its  opposite  vertices  A 
and  P  on  a  conic,  and  its  sides  AQj  AS  meet  the  curve  in 


*  The  four  tangents  in  any  assumed  position  wiU  intenect  on  a  cirde  (Art.  50) . 
Anj  other  quadrilateral  inscribed  in  the  same  circle  so  as  to  envelope  the  inner 
eUipee  will  have  the  intersections  of  its  opposite  sides  at  points  P  and  Q  on  the 
JSked  tangent  (£z.  do9) ;  and  it  may  be  shewn  converselj  that  the  second  tangents 
from  P  and  Q  to  the  outer  ellipse  are  parallel.  Making  one  of  the  parallel  tangents 
coincide  with  the  tangent  at  the  fixed  point,  we  see  that  the  centre  O  of  the  circle 
must  lie  on  the  normal.  Let  M  now  be  the  intersection  of  the  diagonals  of  the- 
quadrilateral,  N  the  fixed  point,  CD  the  semi-diameter  conjugate  to  CN",  and  p  the 

radius  of  the  circle  j  then  (Ex.848)  iVO  =  ^  Ci>  j  MN=  ^  CD;  p*=  (^  -  l\  CJ>». 

Bee  also  Mathematiecd  QnuHons,  ^cfrom  the  Educational  Times,  vol.  xiii.  p.  81. 

t  See  Salmon '8  Conic  Seetunu,  Art.  896. 

X  Let  TP,  TQ  be  tangents  to  an  ellipse,  and  OAB,  OCD  chords  parallel  to 
TP,  TQ.  Determine  a  diameter  of  each  of  the  two  parabolas  through  A,  Bf  C,  D 
(Ex.  184) ;  then  it  is  easily  seen  that  PQ  and  the  diameter  through  T  iu  the  ellipse 
are  parallel  to  the  diameters  of  the  parabolas. 

§  See  Newton's  Principia,  Lib.  l.  sect.  v.  lemma  19,  The  next  ten  ezamples 
are  moetly  solved  in  the  same  Section,  which  will  repay  a  canf ul  study.  See  also 
Book  II.  of  Leslie's  Geonutry  of  Curve  Linee, 
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B  and  C]  the  straight  lines  joining  anj  point  on  the  conre  to 
B  and  C  will  meet  PS  and  PQ  in  points  T  and  R  such  that  PB 
varies  as  PT,  and  conversely.  Hence  shew  how  to  draw  a 
tangent  to  the  conic  at  any  point;  and  shew  how  to  draw  a 
conic  through  five  given  points,  and  prove  that  one  conic  only 
can  be  so  drawn, 

366.  If  two  straight  lines  BMj  CM  turn  about  fixed  poles 
B  and  G  so  that  their  intersection  M  moves  along  a  fixed 
straight  line  or  directrix,  and  if  BD  and  CD  be  drawn  at  given 
angles  to  BM  and  CM  respectively,  the  point  of  concourse  D  of 
the  second  pair  of  lines  will  trace  a  conic  passing  through  the 
poles  J5,  (7,  and  conversely.* 

367.  By  the  foregoing  construction  (or  otherwise)  determine 
any  number  of  points  on  a  conic  passing  through  five  given 
points.t 

368.  Describe  a  conic  passing  through  four  points,  three 
points,  two  points,  or  one  point,  and  likewise  touching  one,  two, 
three,  or  four  straight  lines  respectively.  Examine  the  cases  in 
which  two  or  more  of  the  given  points  or  lines  coalesce. 


*  For  difltmctnesB  of  oonoeption  let  the  points  B^  D,  A,  P  in  the  following  solntkm 
be  snppoeed  to  lie  (in  the  order  specified)  on  one  branch  of  a  hyperbola  and  C  on 
the  other  branch,  as  in  Kbwtom's  figure  (lemma  21).  Now  when  the  moving  pou&t 
Jf  has  an  assumed  position  N  on  the  dirsetrix  let  P  be  the  corresponding  fixed  point 
on  the  locus  of  D.  Draw  BDTj  CBR  through  any  other  position  of  D,  and  make 
the  angle  BPT  equal  to  BNM  and  CPR  equal  to  CNM ;  then  it  may  be  shewn 
that  PT:NM=PB:NBj  and  PB  :  NAf  =  PC  i  NC.  Henoe  Pr  varica  aa  PR^ 
and  therefore  by  the  preceding  lemma  (Ex.  365)— as  Newton  abruptly  concludes— 
the  locus  of  />  is  a  conic  through  the  points  B^  C,  P.  The  last  step  (see  Le  Sueor 
and  Jacquier's  edition  of  the  Principia)  is  explained  as  follows :  when  NAf  becomes 
infinite,  let  D  assume  the  position  A ;  then  it  may  be  proved  that  BA  is  parallel 
to  PT  and  CA  to  PR.  Let  PT,  CA  meet  in  5  and  PR,  BA  in  Q,  Then  A3PQ 
18  the  parallelogram  of  £x.  365,  and  PT  has  been  shewn  to  vary  as  PR. 

f  Still  using  the  same  figure,  let  A,  By  C/,  P,  />  be  the  given  points.  Take  ABC 
and  ACB  as  the  given  angles  which  are  to  rotate  about  B  and  C  as  poles.  The 
other  two  points  P  and  J)  enable  us  to  determine  two  points  M  and  JV  on  the 
directrix,  and  the  whole  curve  can  then  be  described.  Or  again,  if  A,  B,  C,  B,  E 
be  five  points  on  a  oonio,  let  AC,  BE  meet  in  F,  and  draw  from  D  a  parallal  to 
CA  to  meet  BE  in  G ;  then  to  determine  the  point  S  in  which  the  parallel  meeti 
the  curve  again,  we  have  BG.GH  :  BG.6E=  AF.FC iBF.FE.  The  diameter 
bisecting  the  parallels  can  now  be  drawn,  and  in  like  manner  a  second  diameter 
can  be  determiiied.    Hence  the  centre  is  known,  Ac. 
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369.  If  AFPy  BQO  be  the  tangents  to  a  conic  at  the  ends 
of  a  diameter  AB^  and  FO  and  PQ  be  tangents  to  the  same  and 
intersect  in  0,  shew  that 

AFiBQ^FP:  OQ^FOiOG, 

and  that  PO^  FQ^  AB  cointersect. 

370.  If  in  a  parallelogram  LMIK  any  conic  be  inscribed 
touching  the  sides  ML^  IK^  KL^  IM  in  A^  B^  Cj  JDj  any  fifth 
tangent  to  the  conic  will  meet  those  sides  in  points  F^  Q^  H^  E 
snch  that 

MEiMI^BKiKQ, 

and  KHiKL^AMiMF. 

371.  If  the  inscribed  conic  in  the  preceding  example  be  fixed, 

KQ.ME^ KH.  MF^ a  constant. 

Moreover,  if  a  sixth  tangent  be  drawn  to  meet  DE  in  e  and  IQ 
In  q^  then 

KQ  :  Me=^Kq  :  ME^:^  Qq  :  Ee. 

372.  Hence  shew  that  the  diagonals  of  the  quadrilateral 
EqQe  are  bisected  by  one  and  the  same  diameter  of  the  conic, 
and  that  the  locus  of  the  centre  of  a  conic  inscribed  in  a'g^ven 
quadrilateral  is  a  straight  line  bisecting  its  three  diagonals. 

373.  If  /B,  ID  be  the  tangents  at  given  points  B,  D  of  a 
conic,  and  EQ  the  intercept  made  by  them  on  any  other  tangent 
to  the  same,  shew  that  IE.IQ  varies  as  ED,  QB.*  Hence,  if  from 
two  fixed  points  in  a  given  pair  of  straight  lines  any  other  two 
lines  be  drawn,  each  to  meet  the  opposite  fixed  line,  shew  that  if 
the  straight  line  joining  the  points  of  concourse  envelopes  a 
conic  touching  the  fixed  lines  at  the  fixed  points,  the  locus  of 
the  intersection  of  the  variable  lines  will  be  a  conic  satisfying 
the  same  conditio^,  and  conversely.  Examine  th^case  in  which 
the  fixed  lines  are  parallel. 


*  By  making  the  fiixth  tangent  in  Ex.  871  coincide  Buocessively  with  IE  and  IB 
we  dedace  that  the  two  rectangles  are  as  MI  to  MD,  When  M  is  at  infinity  they 
become  equal  (Ex.  183). 
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374.  GiYen  five  tangents  to  a  ooniC|  determine  its  five  points 
of  contact  with  them  ;*  and  given  five  pointei  on  a  cotiic,  deter- 
mine the  five  tangents  thereat. 

375*  Given  the  centre  of  a  conic  and  a  self-conjugate  triangle, 
shew  how  to  determine  the  diameters  conjugate  to  its  sides  and 
to  describe  the  curve.  Hence  (or  otherwise)  shew  how  to 
describe  a  conic  touching  five  given  straight  lines. 

376.  Given  a  tangent  to  an  ellipse,  its  point  of  contact,  and 
the  director  cirde,  -shew  how  to  constmct  the  ellipse. 

377.  Two  ellipses  have  a  common  focus  and  equal  miyor 
axes,  and  one  of  them  revolves  about  this  focus  in  its  own  plane 
whilst  the  other  remains  fixed :  prove  that  their  chord  of  inter- 
section envelopes  an  ellipse  confocal  with  the  fixed  ellipse. 

378.  The  condition  that  a  straight  line  which  makes  inter- 
cepts CB  and  CD  on  two  fixed  straight  lines  should  envelope  a 
conic  touching  the  fixed  lines  is  of  the  form 

where  the  ratios  of  a,  5,  c,  d  are  constant.  Determine  the  points 
of  contact  of  the  envelope  with  the  fixed  lines ;  and  explain  the 
result  when  the  intercepts  are  connected  by  a  relation  of 
the  form 

GB .  CD  =  a  constant 


*  If  ABCD  be  the  pentagon  formed  by  the  five  tangents,  the  Btndglit  line  joining 
2)  to  (i4  (7,  BE)  passes  through  the  point  of  contact  of  AB,  as  appears  moot  simplj 
by  supposing  two  sides  of  the  enveloping  hexagon  in  Brianchon's  theorem  to  ooakaos. 
When  five  points  are  given,  the  tangents  thereat  may  be  drawn  and  number  of  points 
cm  the  curve  may  be  found  with  the  help  of  Pascal*s  hexagon.  See  Sahnon's 
Cmie  Sectuffu,  Art.  269. 

t  Call  the  stijught  line  bisecting  the  three  diagonala^of  a  quadrilatend  iti 
DiAXBTBR.  The  diameters  of  any  two  of  the  quadrilaterals  formed  by  the  five 
tangents  determine  the  centre  of  the  oonic,  and  any  one  of  the  quadrilaterals  gives 
a  self -con  jugate  triangle.  For  another  solution,  in  which  the  five  points  of  contact 
are  first  found,  see  Lib.  I.  Sect.  v.  of  the  Principia  (prop.  27,  prob.  19) ;  and  see 
Bx.  874  (note),  and  Besant's  Conie  Sections  treated  GeonuiricaUy^  Art.  229  (1875). 
It  is  evident  that  the  diameters  of  the  five  qoadrilaterals  fonned  by  five  stnigiit 
lines  meet  in  one  point,  viz.  the  centre  of  the  conic  touching  the  five  lines. 
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379.  In  order  that  the  envelope  in  Ex.  378  may  be  a 
parabola  the  ratio  of  a  to  the  other  constants  must  vanish.* 
Hence  shew  that  the  polars  of  a  fixed  point  with  respect  to  a 
series  of  confocal  conies,  and  likewise  the  normals  appertaining 
to  the  tangents  drawn  to  them  from  that  point,  envelope  a 
parabola  touching  the  axes  of  the  confocals. 

380.  If  OP  and  OQ  he  the  tangents  from  a  fixed  point  0 
to  any  conic  which  has  two  given  points  for  foci,  each  of  the 
corresponding  normals  is  the  polar  of  0  with  respect  to  a  conic 
having  the  same  foci ;  and  the  circle  about  OFQ  passes  through 
a  second  fixed  point  F^  such  that  CF  and  00  lie  on  opposite 
sides  of  the  transverse  axis  and  make  equal  angles  therewith, 
and  CF.CO=^C£r. 

381.  A  tangent  being  drawn  from  an  extremity  of  one  axis 
of  an  ellipse  to  a  coaxal  ellipse,  find  the  length  of  its  intercept 
on  the  other  axis  and  the  ordinate  of  its  point  of  contact  to 
either  axis. 

382.  Deduce  from  Ex.  356  that,  if  a  single  tt-gon  can  be 
described  about  a  given  conic  and  inscribed  in  a  given  confocal| 
any  number  of  n-gons  can  be  so  described. 

383.  If  a  triangle  can  be  circuminscribed  to  two  confocal 
ellipses,  the  straight  lines  joining  the  extremities  of  the  axes 
of  the  outer  must  pass  through  the  intersections  of  the  tangents 
at  the  extremities  of  the  axes  of  the  inner  ellipse.t 

384.  If  PQB  be  a  triangle  circuminscribed  to  a  pair  of  con- 
focal ellipses  and  P*  be  the  point  of  contact  of  QBj  shew  that 
the  confocal  hyperbola  through  P  passes  through  P*  and  the 


*  The  general  condition  of  Ex.  878  is  implied  in  Ex.  878,  and  the  condition  that 

the  enTelope  may  be  a  parabola  is  inferred  from  Ex.  188.    In  what  foUowB,  sapposing 

A,  it  to  be  the  coordinates  of  the  fixed  point,  we  see  from  Ex.  848  (or  Ex.  270)  that, 

if  the  enveloping  line  make  intercepts  CL  and  CM  on  the  transTerse  and  conjugate 

axes,  h,CL  —  k.  CM  =  CS* ;  and  consequently  that  the  envelope  is  a  parabola  which 

CS*            CS^ 
makes  intercepts  -,—  and r-  on  the  axes. 

t  The  proof  may  be  simplified  by  considering  the  special  case  in  which  a  side 
of  the  triangle  is  pojallel  to  an  axis  of  the  eUipses.    The  semi-axes  a,  b  and  a',  b'  of 

a'      A* 

the  outer  and  inner  ellipses  are  connected  by  the  relation  —  +  r  =  1> 
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point  diametrically  opposite  thereto,  and  that  if  the  outer  ellip 
be  regarded  as  traced  by  means  of  a  loop  PP'P  passed  roand 
the  inner,  the  loop  will  be  bisected  at  P. 

385.  The  area  of  an  ellipse  is  a  mean  proportional  to  the 
areas  of  its  auxiliary  circles. 

386.  A  quadrilateral  can  be  circuminscribed  to  two  eonfocal 
ellipses  if  the  common  difference  of  the  areas  of  their  major  and 
their  minor  auxiliary  circles  be  equal  to  the  area  of  the  inner 
ellipse ;  the  locus  of  the  pole  of  any  chord  of  the  outer  ellipse 
which  touches  the  inner  is  a  circle  whose  diameter  is  equal  to 
the  sum  of  the  axes  of  the  latter ;  the  tangents  to  the  inner  from 
any  point  on  the  outer  ellipse  are  as  the  parallel  focal  chorda 
of  the  latter;  the  chord  joining  the  ends  of  a  pair  of  semi-axes 
of  the  outer  touches  the  inner  ellipse  and  is  divided  at  its  point 
of  contact  into  segments  equal  to  the  semi-axes  of  the  latter. 

387.  Prove  Fagnani's  theorem,  that  a  quadrant  of  an  ellipse 
can  be  divided  into  segments  which  differ  by  the  difference 
of  its  semi-axes,  the  greater  segment  being  that  which  is  termi- 
nated by  the  minor  axis.* 

388.  If  C  be  the  common  centre  of  an  ellipse  and  a  circle 
of  equal  area,  P  the  point  in  which  the  circle  meets  a  quadrant 
A  QPB  of  the  ellipse,  and  GQ  be  equal  to  radius  conjugate  to 
GP]  shew  that  the  middle  point  of  the  quadrantal  arc  AB  lies 
within  the  arc  PQ. 

389.  If  a  hexagon  can  be  circuminscribed  to  two  eonfocal 
ellipses,  and  AP^  BQ  he  the  tangents  to  a  quadrant  A'B*  of 
the  inner  from  the  extremities  of  the  semi-axes  GA^  GB  of  the 
outer  ellipse,  and  F  be  Fagnani's  point  of  division  of  the  quad- 
rantal arc  ABj  shew  that 

arc BQ-  arc A'P==^ arc BF-  arc AF=  GA -  GB.f 


*  The  point  of  contact  last  mentioned  (Ex.  3S6)  diyides  the  Inner  eQlpee  in  the 

xnanner  specified.    For  another  geometrical  proof  see  Salmon's  Conic  Sections,  ArL  400. 

t  If  \»  =  C^«  -  CA'*  -CB^-  CB*^,  and  if  tte  tangent  at  B"  meet  the  outer 

ellipee  in  0,  it  may  be  shewn  that  ^  =  ^  +  ^  5  ^Ozz  C4-X j  (?P=\ j  AO=:CB,^c. 
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390.   Any  circle  through  the  focus  8  and  the  further  vertex 
A'  of  a  hyperbola  whose  eccentricity  is  two  meets  the  curve 
in  three  points  P,  Q,  R  which  determine  an  equilateral  triangle,* 
and    conversely    the   circumscribing   circle   of  any  equilateral 
triangle  inscribed  in  a  hyperbola  whose  eccentricity  is  two  passes 
through  a  focus  and  the  further  vertex ;  the  focal  vectors  SP^ 
8Q^  SB  meet  the  curve  in  three  other  points  which  likewise 
determine  an  equilateral  triangle;   if  P  be  any  point  on  the 
fi^branch  of  the  curve  the  angle  A'SP  is  double  of  the  angle 
SA'Pj  and  if  Q  be  any  point  on  the  opposite  branch  the  supple- 
ment of  A'SQ  is  double  of  the  supplement  of  SA'Q^  any  chord 
through  8  subtends  a  right  angle  at  A' ;  the  equilateral  triangle 
PQR  envelopes  a  fixed  parabola  having  8  and  the  iS-directrix 
for  focus  and  directrix ;  the  tangents  to  the  hyperbola  at  P,  Q^  R 
form  a  triangle  P'Q'R'  inscribed  in  a  fixed  hyperbola  of  eccen- 
tricity four;  the  tangents  to  the  latter  at  P*,   Qfy  R  form  a 
triangle  inscribed  in  a  fixed  hyperbola  of  eccentricity  eight,  and 
so  on  continually. 


*  This  hyperbola— whose  directrix  bisects  8A*—\&  one  of  the  trxsegtobs  (Ex.  308) 
of  any  circular  arc  whereof  A' 3  is  the  chord ;  and  the  meaning  of  the  remarkable 
property  that  PQR  is  an  equilateral  triangle  is  that  the  problem  of  Hteeting  a  given 
angle  a  (idmits  oftht  three  dUtinct  solutions  ^a,  ^  (2ir  ±  a).  Since  the  solution  must  in 
any  case  be  threefold,  it  is  evident  a  priori  that  it  cannot  be  effected  by  means  of  a 
straight  line  and  circle,  which  can  intersect  in  two  points  only.  All  this  is  fully 
pointed  out  by  Bobcoyich  in  his  Sectionum  Conicarum  Elementa,  §§  274-279. 
NrwTOK  shewed  {Arithtnetica  Universalis^  prob.  86)  that  the  locus  of  the  vertex  of 
a  triangle  on  a  given  base  and  having  one  base  angle  differing  from  twice  the  other 
by  a  constant  angle  is  a  cubic  curve,  which  reduces  to  the  hyperbola  in  question  when 
the  constant  angle  vanishes ;  and  he  remarked  that  (P  being  a  point  on  the  5-branch) 
the  angle  at  A*  in  the  triangle  A'SP  is  equal  to  one  third  of  the  exterior  angle  at  P. 


NOTB. 

The  undermentioned  Examples  and  others  are  solved  wholly  or 
in  part  in  vols,  i-xxix  of  Mathematical  Questions  with  their  Solutions 
ff9fn  the  Educational  Times  (London,  1864 — 78)  : 

Ex.  79  (vol.  XXII.);  174,222,226(1.);  324(xxii.);  328  (n.); 
331,832(111.);  334  (xii.);  336(xiii.);  338(xxi.);  339,  340  (xxii. ) ; 
341  (XXVI.);  347,  348  (iv.);  361  (xni.). 
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CHAPTER  V. 

THE   ASYMPTOTES. 

53.  The  Asymptotes  of  a  hyperbola  are  two  diameters 
equally  inclined  to  the  axis  and  such  that,  if  E  be  any  point 
on  either  of  them  and  CN  its  central  abscissa,  then 

EN:  CN^CBiGA] 

in  other  words,  the  asymptotes  are  the  diagonals  of  a  certun 
rectangle  which  is  determined  by  the  two  axes  of  the  hyperbola. 
If  any  two  conjugate  diameters  meet  EN  and  its  prolongation 
in  L  and  Jf,  it  follows  from  Art.  44  and  the  above  relation  that 

NL.NM:  GN^^  CB^ :  GA^^EN^  :  GN^] 

and  hence  that  in  the  limiting  case  in  which  the  diameter  CL 
coalesces  with  an  asymptote  GE  its  conjugate  GM  coalesces 
with  the  same,  or  an  asymptote  may  he  regarded  as  a  diameter 
conjugate  to  itself. 

Two  hyperbolas  are  said  to  be  conjugate  when  the  tranverse 
axis  of  each  is  coincident  with  the  conjugate  axis  of  the  other; 
thus,  the  transverse  and  conjugate  axis  of  a  hyperbola  being 
AA  and  BB\  those  of  the  Conjugate  Hyperbola  will  be  BB 
and  AA\  It  is  evident  that  a  pair  of  conjugate  hyperbolas 
have  the  same  asymptotes  but  lie  on  opposite  sides  thereof. 

64.  Limiting  positions  of  Tangents, 

The  asymptotes  are  so  called  because,  being  produced,  they 
continually  approximate  to  the  curve  (Art.  56)  but  without 
actually  meeting  it  until  produced  infinitely.  We  shaU  shew 
that  such  lines  may  be  regarded  as  tangents  whose  points  of 
contact  are  at  infinity. 

The  tangent  at  any  point  P  meets  the  axis  in  a  point  T  such 
that  GT  varies  inversely  as  GN  the  abscissa  of  P  (Art.  39) 
and  therefore  vanishes  when  GN  is  infinite.     To  determine  the 
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pofiition  of  a  pair  of  tangents  which  pass  through  the  centre 
of  the  fajperbola,  draw  the  tangentB  from  S  to  the  Auxiliary 


Circle  (Art.  6),  and  draw  the  diameters  through  the  points  in 
which  they  meet  the  iS-directrix.  The  points  in  question  will* 
lie  on  the  circle,  since  the  diameter  AA'  of  the  circle  is  divided 
harmonically  at  8  and  X,  and  the  directrix  is  therefore  the 
polar  of  S  with  respect  to  the  circle.  The  tangents  to  a 
hyperbola  from  its  centre  are  therefore  those  diameters  which 
pass  through  the  intersections  of  the  directrices  with  the  Auxiliary 
Circle. 

It  is  easily  seen  that  the  said  diameters  possess  the  property 

ENiCN^CBiCAj 

and  are  therefore  identical  with  the  asymptotes. 

It  is  likewise  evident  that  they  possess  the  property, 

GN :  CE=  C8:GA^  the  eccentricity ; 

and  hence  that  all  hyperbolas  which  have  the  same  (or  parallel) 
asymptotes  and  lie  on  the  same  sides  thereof  are  similab 
conies;  and  the  asymptotes  themselves  taken  together  are  the 
limiting  form  to  which  the  curve  tends  when  its  axes  are 
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diminished  indefinitely,  and  they  may  he  regarded  as  constituHng 
a  similar  hyperbola,* 

The  hyperbola  may  be  called  Acute  or  Obtuse  according 
as  the  interior  angle  between  its  asymptotes  is  less  or  greater 
than  a  right  angle;  that  is  to  say,  according  as  its  conjugate 
axis  is  less  or  greater  than  its  transverse  axis.  In  the  in- 
termediate case,  when  they  are  equal,  it  is  called  Rectangular, 

It  is  easily  seen  that  any  two  tangents  to  the  same  brandi 
of  the  hyperbola  intersect  within  the  interior  angle  between 
the  asymptotes  and  themselves  contain  a  greater  angle;  and 
likewise  that  any  two  tangents  to  opposite  branches  contain  an 
angle  less  than  the  exterior  angle  between  the  asymptotes; 
and  hence  that  an  obtuse  hyperbola  can  have  no  real  tangents 
at  right  angles, 

65.  A  construction  for  the  Normal, 

If  P  be  a  point  on  the  curve  whose  ordinate  to  either  axis 

meets  the  nearer  asymptote  in  E^  and  if  the  normal  at  P  meet 

the  axis  in  &,  then  (Art.  43,  Cor.)  in  the  case  of  the  transverse 

axis, 

CN.NG:CN^=GB':CA*^EN^:GlPi 

and  therefore  ON,  NO  is  equal  to  EN^  and  the  angle  CEG  is  a 
right  angle,  as  may  be  shewn  likewise  for  the  case  of  the  conju- 
gate axis.  Hence  the  following  construction  for  the  normal 
at  a  given  point  P: 

Let  the  ordinate  of  P  to  eitlier  axis  meet  the  nearer  asymptote 
m  Ey  and  through  E  draw  a  perpendicular  to  CE  to  meet  the 
same  axis  in  O ;  then  will  PO  be  the  normal  at  P. 

When  CN  is  infinite  the  normal  itself  coincides  with  EG  and 
is  perpendicular  to  the  asymptote. 

*  Notice  in  Art.  88  that  when  SY  touches  the  eirele  its  diameter  through  T 
should  be  the  tangent  to  the  hyperbola ;  and  also  that  in  this  case  SY  =  C£  =  HZ 
Moreover  (Art.  14,  Cor.  1)  the  diameter  conjugate  to  Coo  mnst  be  parallel  to  the 
tangent  at  oo,  and  mnst  therefore  coalesce  with  Ceo  itself.  The  Htpbbbola  is 
distingnished  as  the  conic  which  has  a  pair  of  tangents  whose  points  of  contact  are 
at  infinity  and  whose  chord  of  contact  is  therefore  the  Straight  Line  at  Injmity 
(Art.  17,  Cor.  2) ;  and  the  Pababola  is  distinguished  as  the  conic  to  which  the 
line  at  infinity  is  a  tangent,  since  (Art.  27)  SY^  =  SA,SP  =  SA, ST,  and  therefore 
when  SP  becomes  infinite  the  tangent  TY  is  remoyed  wholly  to  infinity. 
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£6.  If  a  pardlld  to  either  axis  of  a  hyperbola  he  drawn 
through  any  paint  on  the  curve  to  meet  the  aeymptotee^  the  product 
ofito  eegmente  between  the  point  and  the  asymptotes  wiH  be  equal 
to  the  square  of  the  semi-aons  to  which  ^  isparaUeL 

flnt  let  a  principal  doable  ordinate  PP  be  produced  to 


meet  the  asymptotes  in  E  and  E\   then  will  PE.PE'  or 
FE.FE'  be  equal  to  0B\ 

For  by  Art.  33  and  by  a  property  of  the  asymptotesi  if  PP' 
meet  the  transverse  axis  in  ^| 

PN^+  Off  I  ay"«  CB" :  CA^^EN* :  C^, 

or  PN*+  Cff^EIPi 

and  therefore 

PE.PE'^P'E.PE'^EIP^PIP:::^  CB\ 

In  like  manner  it  may  be  shewn  that  CA  is  a  mean  pro- 
portional to  the  segments  Pe  and  Pe'  of  a  straight  line  drawn 
through  P  parallel  to  the  transverse  axis  to  meet  the  asymptotes* 

Hence  it  appears  that  the  distance  of  P  (or  P')  from  the 
nearer  asymptote  varies  inversely  as  Its   ^stance   from  the 

L 
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other,  and  when  the  latter  distance  is  increased  indefinitelj 
the  former  is  diminished  indefinitely;  the  carve  therefore  as 
it  branches  out  continually  approximates  to  its  asymptotes, 
bat  without  actually  meeting  them  at  any  finite  distance  from 
the  centre. 

It  is  easy  to  shew  by  a  redtictio  ad  absurdum  that  no 
diameter  other  than  CE  or  CE'  have  the  above  property, 
or  in  other  words,  that  the  hyperbola  cannot  have  more  than 
two  asymptotes. 

Corollary. 

If  PO  be  drawn  parallel  to  one  asymptote  E'O  to  meet 
the  other  asymptote  ECj  then  will  PO  vary  as  PE  and  CO 
as  PE\  and  therefore  PO.CO  (fig.  Art.  60)  vKU  be  constant; 
and  it  may  be  shewn  by  taking  P  at  the  vertex  that  it  is 
equal  to  iCB"  or  i  {CA^+  CB"). 

PROPOSITION  II. 

57.  The  intercepts  on  any  tangent  to  a  hyperbola  between 
the  curve  and  its  asymptotes  are  equal  to  one  another  and  to 
the  parallel  semi-dtameter ;  and  the  opposite  intercuts  on  any 
chord  between  the  curve  and  its  asymptotes  are  equal  to  one 
another.* 

(i)  Let  the  tangent  at  P,  supposed  parallel  to  the  semi- 
diameter  CDj  meet  any  two  conjugate  diameters  in  L  and  L'} 

then  by  Art.  47 

PL.Pn^CIf. 

Hence  in  the  case  in  which  L*  coalesces  with  L  and  CL 
therefore  becomes  an  asymptote,  PU  is  equal  to  Clf ;  and  in 
like  manner,  if  the  same  tangent  meet  the  other  asymptote  in  Jf, 
PJf  is  equal  to  CD". 

Therefore  PL  =  Pilf  =  CD. 

*  The  hyperbola  and  its  Asymptotes  being  dmilar  oonics  (Art.  54),  the  abore  ii 
ft  special  case  of  Ex.  50.  The  latter  follows  at  onoe  from  Art.  14  sinoe^  when 
the  dirtetion  of  CX  and  the  magnitude  of  CS  :  CX  are  given,  if  the  direction  of  CY 
be  assumed  that  of  SV  (which  is  perpendicular  to  the  ordinates  of  CV)  is  determined. 
It  is  evident  that  a  pair  of  conjugate  hyperbolas  also  make  equal  intercepts 
QQ^j  qq'  on  any  chord. 
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(ii)  Next  let  Qq  be  any  chord  of  the  hyperbola  meeting  the 
asymptotes  in  B^  r,  and  let  LPM  be  one  of  the  tangents  to 
which  it  is  parallel. 

Then  the  diameter  CP  bisects  the  chord  Qqj  and  from  above 
it  is  evident  that  it  likewise  bisects  Br ;  whence  it  follows  that 

QB^qr^  and  Qr^qB. 


PROPOSITION  ni. 

58.  T%e  product  of  ike  segmenU  into  which  any  chord  of  the 
asymptotes  is  divided  by  either  of  the  points  intohich  it  meets  the 
curve  is  equal  to  the  square  of  the  parallel  radius, 

(i)  Using  the  same  construction  as  in  Prop.  li.,  let  F  be  the 
middle  point  of  the  chord  Qq.  Then  by  Art.  34  and  by  parallels 
(first  taking  the  case  in  which  Q  and  q  lie  on  the  same  branch 
of  the  carve), 

.       QV^+Ciy  :  CV^Ciy :  CP^^PV :  CP^ 

^BV*:GV% 

or  QV^-\-Ciy^BV\* 

Hence     BQ.Qr^^Bq.qr^BV^-- QV^^CJ^, 

or  CD  is  a  mean  proportional  to  BQ  and  Qr^  and  to  Bq  and  qr. 
The  above  proof  may  be  adapted  to  the  case  in  which  Q,  q 


*  GonirerEely,  if  this  relation  be  aaeamed  the  point  R  must  always  lie  on  one 
of  two  straight  lines  which  continnally  approach  the  cnnrey  that  Is  to  say,  on  opo 
of  the  asymptotes. 

L2 
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Ii6  on  opposite  branches  of  the  hyperbola  by  writing  —  CP*  for 
CU^  and  -  Clf  for  CP". 

(ii)  These  results  may  also  be  deduced  as  follows  from 
Prop.  I. 

From  any  point  Q  on  the  curve  draw  QRB!  in  any  given 
direction  to  meet  the  asymptotes,  and  draw  QEE*  parallel  to 


the  transverse  or  the  conjugate  axis  to  meet  the  same*  Hien 
QR  varies  as  QE  and  QE  as  QE\  and  therefore,  QE.  QE' 
being  constant,  QB.  QB!  is  likewise  constant. 

Supposing  RR  to  become  a  diameter  or  a  tangent,  according 
as  its  direction  cuts  both  branches  of  the  curve  or  one  only, 
we  see  that  QR*  QR  is  equal  to  the  square  of  the  parallel 
semi-diameter  or  of  the  intercept  on  the  tangent  between  the 
curve  and  either  asymptote. 

Corollary  1. 

If  the  tangent  at  P  meet  the  asymptotes  in  £,  M  (fig. 
Art.  60),  and  if  0  be  the  middle  point  of  CL^  and  OP  be  there- 
fore parallel  to  GM^  then  (Prop.  i.  Cor.) 

CL.CM^2C0.2PO^  08*} 

and  therefore  the  area  LGM  is  constant,  that  is  to  say,  the  area 
of  the  triangle  bounded  by  the  asymptotes  and  any  tangent  is  of 
constant  area^  and  it  is  equal  to  GA.CB,  It  is  otherwise  evident 
that  the  triangle  in  question  is  one-fourth  of  the  conjugate  cir- 
cumscribing parallelogram  (Art.  46). 

Gorollary  2. 
Moreover,  if  PK  be  drawn  perpendicular  to  CLj 
CP^^PL'^  GK^^LK^  =  2G0.20Ki 
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Where  OJT  varies  directly  as  OP  and  therefore  inversely  as  CO. 
Hence  another  proof  that  the  difference  of  the  equares  on  two 
conjugate  diameters  is  constant  (Art.  45). 

Corollary  3. 

So  long  as  the  chord  RQr  is  drawn  in  a  specified  direction 
Qr  varies  inversely  as  QR.  If  the  chord  be  taken  constantly 
parallel  to  the  asymptote  CM^  so  that  the  point  r  recedes  to  oo , 
it  follows  that  Q  ob  varies  inversely  as  QRj  or  directly  as  CR ; 
and  moreover,  that  if  QO  be  any  finite  portion  of  the  chord| 
then  Ooo  likewise  varies  as  CTfi,  and  the  rectangle  QO.Oco 
varies  as  CR,QO.  If  YOZ  be  a  chord  drawn  in  any  other 
specified  direction  and  meeting  the  chord  parallel  to  the  asymp- 
tote in  0,  then  (Art.  16,  Cor.  1)  OF.OZ  varies  as  ^O.Ooo ,  or 
as  CR.QO'y  and  in  the  special  casein  which  Qoo  is  a  fixed 
chord  OY.OZ  varies  as  the  length  QO. 

80HOLIT7M  ▲• 

If  the  hyperbola  be  defined  as  the  locus  of  a  point  P  such  that 
if  0  be  its  projection  upon  one  of  two  fixed  straight  lines  CL,  CM 
(the  asymptotes)  by  a  straight  line  parallel  to  the  other,  CO.FO^  a 
constant  <;%  we  may  proceed  to  iuyestigate  the  properties  of  the 
curve  as  follows. 

If  LM  be  drawn  in  a  ipeeifUd  direction  through  any  position  of 
the  tracing  point  P,  it  is  evident  that  PL .  PMib  constant,  and  also 
that  in  the  case  in  which  LM  becomes  a  tangent  it  is  bisected  at  its 
point  of  contact  P.  In  this  case  CZ.  CM^  2C0.2PO  «  A<^,  and  the 
triangle  CLM  is  of  constant  area.  It  may  now  be  shewn  that  (with 
the  notation  of  Art.  57)  QR-qr\  CP  bisects  Qq  and  all  other 
chords  parallel  to  the  tangent  at  P;  QV*  varies  as  CV^-CP';  and 
that  the  difference  of  the  squares  of  any  two  conjugate  diameters  is 
constant  (Art.  58,  Cor.  2). 

A  straight  line  parallel  to  either 'asymptote  CM  meets  the  curve 
in  one  point  only,  since  (figure  of  Art.  60)  if  CO  be  supposed 
constant,  CO.PO  vanishes  when  P  is  at  0,  and  increases  con- 
tinuously up  to  00  as  P  recedes  from  0,  and  is  therefore  equal 
to  e*  for  one  position  of  P  only.  Hence  at  any  point  P  between 
the  curve  and  its  asymptotes  CO.PO  is  less  than  o*.  Moreover, 
for  any  assumed  position  of  the  intercept  ZM  it  is  evident  that 
PZ.PM  is  a  maximum,  and  therefore  PO.  CO  is  a  maximum,  when 
PZ  «  PM.  Honce  at  the  point  of  concourse  P'  of  any  two  tangents 
to  the  same  branch  of  the  curve  P'O  CO  is  less  than  c^,  and 
P  therefore  lies  between  the  curve  and  its  asymptotes,  or  the  curve 
is  convex  to  its  asymptotes. 
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Lasdy,  if  the  hyperbola  be  regarded  as  the  envelope  of  a 
Btraight  line  LM  which  contains  a  triangle  of  constant  area  with 
two  fixed  straight  lines  CL  and  CM^  it  may  be  shewn  by  the 
following  method  (which  applies  also  to  Ex.  362)  that  LM  is 
bisected  at  its  point  of  contact.  If  P  be  the  point  of  concourse 
of  the  tangent  hne  in  any  two  positions  LMy  L'M\  the  areas  LPL' 
and  MPM'  are  equal,  and  PL.PL'  -  PM.PM' ;  and  therefore  in  the 
case  in  which  L'M*  and  LM  coalesce,  PL^^PM\  or  LM  is 
bisected  at  the  point  P  of  the  envelope.  The  hyperbola  may  also 
be  regarded  as  a  special  case  of  the  envelope  in  Ex.  378,  which 

makes  intercepts  -r-  and  —  upon  the  fixed  tangents,  and  therefore 
touches  them  at  inJinHy  when  h  and  c  vanish. 


PROPOSITION  IT. 

59.  Any  tangent  and  its  normal  meet  the  asymptotes  and  the 
axes  respectively  in  four  points  lying  on  a  circle  which  passes 
through  the  centre  of  the  hyperboles 

The  circle  whose  diameter  b  the  intercept  Gg  made  by  the 
axes  on  any  normal  passes  through  the  centre,  since  the  angle 
gCO  is  a  right  angle. 


Let  this  circle  meet  the  asymptotes  in  Z,  Jf,  and  let  LM 
meet  Og  in  P.  From  any  point  E  ia  GL  draw  EN  perpen- 
dicular to  C0» 

Then    /lECN=  OCM^  OLP^  in  the  same  segment, 

and  L  GEN=  ECg  ^LOFy  in  the  same  segment; 


k 
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and  therefore  the  triangles  CNE^  LPO  are  similari  so  that  the 
angle  at  P  is  a  right  angh^  and 

pa :  PL^ENi  UN^  CB.OA. 

SimUarly  PLiPg^CBi  OA. 

Hence  PO :  Py  =  CB^ :  CA\ 

or  P  is  the  point  at  which  Gg  is  normal  to  the  curre  (Art  52^ 
Cor.  2) ;  and  LM^  which  is  at  right  angles  to  Og^  is  the  tangent 
at  P. 

Corollary. 

From  this  construction  it  appears  again  the  tangent  LM 
is  bisected  at  its  point  of  contact ;  and  that 

PGiCD^CDiPg^CBi  CA, 

where  CD  is  the  semi-diameter  parallel  to  the  tangent. 

PROPOSITION    ¥• 

60.  The  diameters  of  a  hyperbola  being  regarded  ae  terminated 
ai  the  points  cm  which  they  meet  the  curve  or  its  conjugate^ 
amy  two  conjugate  diameters  are  the  diagonals  of  a  parallelogram 
whose  sides  are  parallel  to  and  are  bisected  by  the  asymptotes^ 
the  tangents  at  their  extremities  meet  on  the  asymptotes^  and  the 
difference  of  their  squares  is  constant. 

(i)  From  a  point  L  on  either  asymptote  of  a  pair  of 
conjugate  hyperbolas  let  a  tangent  be  drawn  to  each,  the  one 
tangent  meeting  its  curve  in  P  and  the  second  asymptote  in  M^ 
and  the  other  meeting  its  curve  in  D  and  the  second  asymptote 
in  M\  Then  will  CP,  CD  be  conjugate  semi-diameters,  and 
PD  will  be  parallel  to  MM\  and  will  be  bisected  at  the  point 
O  in  which  it  meets  CL. 

For  since  (Art.  57)  the  tangent  LM  is  bisected  at  P,  and 
LM*  at  J9,  therefore  PD  is  parallel  to  the  asymptote  MM\  and 
it  also  bisects  CL. 

Moreover  (Art.  56,  Cor.), 

P0.C0  =  i((7^»+ 05*)  =  2)0.00, 

or  PO  is  equal  to  D0\  that  is  to  say,  PD  is  bisected  by  the 
asymptote  CL.    But  PD  likewbe  bisects  OZ,  and  therefore  CD 
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18  parallol  to  the  tangent  at  P  and  b  conjugate  to  CP.  And 
if  the  parallel  tangents  touch  the  carves  in  P  and  U^  as  in 
the  diagram,  the  one  will  evidently  pass  through  JT  and  the 
other  through  M\  and  PD  will  likewise  be  parallel  to  one 
ASTmptote  and  bisected  by  the  other. 

(ii)  Lastly,  if  PN  be  the  ordinate  of  P  to  the  transverse 
axis,  and  if  it  meet  CL  in  Q^  it  is  easily  seen  that  OQ—  OP. 
And  in  like  manner  the  ordinate  DR  to  the  conjugate  axis 
meets  CL  in  a  point  Q  such  that  OQ^  OD^  OP^  OQ;  that 
is  to  say,  it  meets  it  in  the  same  point  Q. 


Hepce 


cq^^  cp"-  Qir-pir^  cb\ 


and  COr-CIJ'^  QIP  -  Dff^  CA'; 

and  therefore         CP"  -CJ^^  CA*  -  CB\ 

Corollary. 

To  describe  a  pair  of  conjugate  hyperbolas  with  given 
straight  lines  CP  and  CD  as  conjugate  semi-diameters :  draw 
CO  to  the  middle  point  of  DP  and  draw  CJIf  parallel  to  DP] 
then  will  CM  and  CO  he  the  asymptotes,  and  the  axes  will 
be  the  bisectors  of  the  angles  between  them,  and  the  foci  will 
be  the  points  in  which  the  axes  are  cut  by  a  circle  whose  radius 
CB  is  a  mean  proportional  to  PO  and  2  CO. 
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80HOLIT7M  B. 

OoKxcroATB  Htpbbbolas  are  by  no  means  to  be  regarded  as 
organically  related  and  together  making  up  one  continuous  curve; 
but  the  'one  is  a  sort  of  auxiliary  curve  to  the  other^  as  the  circle  on 
ita  major  axis  is,  for  example,  to  the  Ellipse. 

(i)  The  two  branches  of  a  single  hyperbola  are  to  be  regarded 
as  constituting  one  continuous  curve  as  was  pointed  out  on  p.  10, 
and  as  may  be  further  illustrated  in  the  following  way.     Let  the 
Iiyperbola  be  considered  to  be  traced  by  the  extremity  P  of  a  focal 
vector  8P  (see  fig.  p.  145)  moving  lound  in  the  direction  of  the 
Lands  of  a  watch  from  the  initifd  position  8 A.    As  8F  turns 
through  an  infinitesimal  angle  its  extremity  passes  to  a  eonsseutws 
point  on  the  curve,  till  at  length  by  the  continuous  rotation  of  the 
focal  vector  the  point  F  recedes  to  infinity,  8P  having  become 
parallel  to  the  asjrmptote  C£:   it  then  passes  instantaneously  to 
the   opponU  position  at  infinity,   that  is  to  say  {SP  revolving 
gradiudly  as  before)  the  point  P  passes  at  once  from  the  extremity 
of  the  line  CEco    to  the  extremity  of  the  line  UCooi    at  this 
infinitely  distant  point  the  curve  eroeses  its   Mymptote^    and   P 
proceeds  to  trace  the  opposite  branch  in  the  direction  p'A'^  and 
BO  forth.    The  two  infinitely  distant  extremities  of  an  asymptote 
or  of  any  straight  line  may  therefore  be  regarded  as  consecutive 
points,  which  likewise  results  from  considering  any  straight  line 
as  (1)  a  circle  of  infinite  radius  in  its  own  plane,  or  (2)  as  one  of 
the  great  circles  of  a  sphere  whose  radius  has  become  infinite. 
Carrying  on  the  latter  illustration,  we  see  that  (since  the  length 
of  a  great  circle  on  any  sphere  is  constant)  any  finite  straight  Ime 
in  a  given  plane  together  with  its  complement  (p.  77)  may   be 
regarded  as  making  up  a  constant  infinite  length ;  as  was  implicitly 
assumed  in  Chap.  iv.  Scholium  C  (p.  102),  for  if  the  bifocal  pro- 
perty of  the  hyperbola, 

ffP^8P^AA\ 

be  equivalent  to  JSToo  P  +  SP  ^AooA', 

then  RP^JTao  P^AA'  +  A<x>  A'. 

(ii)  It  may  be  useful  at  this  stage  to  give  a  conspectus  of  the 
severed  ways  of  viewing  those  diameters  of  the  hyperbola  which 
are  not  geometrically  terminated  by  the  curve. 

0.  By  introducing  the  conception  of  imaginary  points  we  may 
treat  the  hyperbola  as  a  quasi-eliipse,  and  ignore  the  distinction 
between  intersecting  and  non-intersecting  diameters  of  the  curve. 

h  If  we  assign  certain  real  magnitudes  to  the  non-intersecting 
diameters  (Art.  34) — arbitrarily,  indeed,  but  in  accordance  with  a 
partial  analogy — we  may  then  proceed  to  shew  (Art.  57)  that  any 
such  diameter  is  equal  to  the  intercept  on  the  parallel  tangent 
made  by  the  asymptotes,  and  may  pro^e  as  in  Art.  58,  Cor.  2  that 
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the  difference  of  the  Bquares  of  any  two  conjugate  diameterB  is  of 
oonstant  magnitude. 

0.  The  non-intersecting  diameters  may  also  be  treated  as  ter> 
minated  by  the  conjugate  hyperbola,  as  in  Arts.  45  and  60.  The 
objection  to  this  mode  of  treatment  is  that  it  not  only  proceeds 
upon  an  artificial  analogy  but  tends  to  obscure  the  fact  of  the 
essential  continuity  and  oneness  of  the  two  branches  of  tiie 
hyperbola. 

d.  Another  method — ^rery  simple  in  practice,  but  presenting 
of  course  the  same  difficulties  at  the  outset — ^is  to  start  with  the 
Equilateral  Hyperbola  (some  of  the  properties  of  which  can  be 
proved  in  terms  applicable  likewise  to  the  cirde  or  Equilateral 
lUlipse)  and  to  transfer  the  results  thus  obtained  to  the  genera) 
hyperbola  by  the  method  of  Orthogonal  IVojection. 

(iii)  Apollokitjs,  in  Lib.  i.  prop.  14  of  his  Oonics,  defines  the 
two  branches  of  a  hyperbola  as  Opposite  Sections  (^ArriKeifuvai). 
At  the  end  of  the  same  book  (prop.  56)  he  shews,  quite  indepen- 
dently of  the  asymptotes,  how  to  construct  two  pairs  of  opposite 
sections  with  one  and  the  same  given  pair  of  conjugate  diameters, 
and  he  defines  the  curves  so  drawn  as  Conjugate  (Sv^vyclc)-  He 
afterwards  proves  in  Lib.  ii.  prop.  15  that  opposite  sections  have 
the  same  asymptotes,  and  in  Lib.  ii.  prop.  17  that  conjugate 
opposite  sections  have  the  same  asymptotes.  The  term  Conjugate 
has  also  been  sometimes  applied  to  the  two  branches  of  a  single 
hyperbola,  as  for  example  in  prob.  36  of  the  Aritkmetica  Universalis^ 
where  the  words  '^conveniant  ad  conjugatam  Hyperbolam"  refer 
to  the  further  branch. 
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391,  The  eccentric  circle  of  any  point  with  respect  to  a 
hyperbola  cuts  the  directrix  at  two  points  lying  upon  radii 
which  are  parallel  to  the  asymptotes.  Trace  the  hyperbola 
by  the  method  of  Art.  4,  shewing  that  the  two  pointe  in 
which  the  circle  cuts  the  directrix  correspond  to  the  points 
at  infinity  upon  the  asymptotes,  and  the  segment  of  the  circle 
beyond  the  directrix  to  the  further  branch  of  the  hyperbola, 

392.  The  circle  described  about  either  focus  of  a  hyperbola 
so  as  to  bisect  the  semi-latus  rectum  cuts  the  hyperbola  at  points 
whose  focal  distances  are  parallel  to  the  asymptotes;  and  the 
concentric  circle  which  touches  the  asymptotes  has  its  diameter 
equal  to  the  conjugate  axis. 
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393.  Express  the  eccentricity  of  a  hyperbola  as  a  function 
of  the  angle  between  its  asymptotes.  If  the  eccentricity  and 
two  points  on  the  curve  be  given,  and  if  one  asymptote  pass 
through  a  third  fixed  point  in  the  same  straight  line  with  the 
former  two,  the  locus  of  the  centre  will  be  a  circle. 

394.  If  the  abscisses  upon  either  asymptote  of  any  number 
of  points  on  a  hyperbola  be  in  arithmetical  progression,  their 
ordinates  will  be  in  harmonical  progression,  and  conversely. 

395.  The  ordinates  to  either  asymptote  of  the  extremities 
of  any  chord  of  a  hyperbola  and  the  point  of  contact  of  a  parallel 
tangent  are  proportionals. 

396.  The  intercept  made  by  the  directrices  of  a  hyperbola 
on  either  asymptote  is  equal  to  the  transverse  axis. 

397.  A  hyperbola  being  regarded  as  the  locus  of  a  point 
whose  distance  from  a  given  point  is  equal  to  its  distance  from 
a  fixed  straight  line  estimated  in  a  given  direction,  prove  that 
the  given  direction  is  that  of  an  asymptote.  Shew  also  that 
the  straight  line  drawn  from  a  focus  to  the  nearer  directrix 
parallel  to  an  asymptote  of  a  hyperbola  is  equal  to  the  semi- 
latus  rectum  and  is  bisected  by  the  curve. 

398.  The  distance  of  any  point  on  a'  hyperbola  from  either 
focus  is  equal  to  the  intercept  on  either  asymptote  between  the 
ordinate  of  the  point  and  the  corresponding  directrix.  Hence 
prove  in  Art.  60  that  if  8  and  H  be  the  foci, 

SRHP^  cor-  CA'=^  CD\ 

Also  prove  that  the  difference  of  the  distances  of  the  ends  of 
two  conjugate  radii  of  a  pair  of  conjugate  hyperbolas  from  their 
nearer  foci  is  equal  to  the  difference  of  the  semi-axes. 

399.  Every  chord  drawn  to  a  hyperbola  from  a  fixed  point 
on  one  asymptote  is  divided  harmonically  by  that  point  and  a 
fixed  parallel  to  the  said  asymptote,  and  is  bisected  by  a  fixed 
parallel  to  the  other. 

400.  The  tangents  at  the  vertices  of  a  hyperbola  meet  its 
asymptotes  on  the  circumference  of  the  circle  of  which  the 
straight  line  joining  the  foci  is  a  diameter. 
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401.  For  what  position  of  the  tangent  to  a  hyperbola  is  its 
intercept  between  the  asymptotes  a  minimum  ? 

402.  The  tangent  to  a  hyperbola  from  the  intersection  of 
an  asymptote  with  a  directrix  touches  the  curve  upon  a  focal 
vector  which  is  parallel  to  that  asymptote. 

403.  The  intercept  on  any  tangent  between  the  asymptotes 
subtends  at  the  further  focus  an  angle  equal  to  half  the  angle 
between  the  asymptotes:  it  also  subtends  a  constant  angle  at 
the  intersection  of  the  corresponding  normal  with  either  axis 
of  the  curve. 

404.  Every  chord  of  a  branch  of  a  hyperbola  which  subtends 
&t  its  focus  an  angle  equal  to  the  angle  between  the  asymptotes 
touches  a  certain  fixed  parabola. 

405.  Find  the  relation  between  the  intercepts  made  by  any 
tangent  to  a  hyperbola  on  two  fixed  straight  lines  parallel  to  the 
asymptotes.*  If  OA  and  OB  be  two  straight  lines  given  in 
position  and  AB  the  intercept  which  they  make  on  any  tangent 
to  a  fixed  conic  which  touches  them,  deduce  from  £x.  378  that 
the  locus  of  the  point  P  which  completes  the  parallelogram 
OAPB  is  a  hyperbola  whose  asymptotes  are  parallel  to  OA 
and  0B\  and  examine  the  case  in  which  the  fixed  conic  is  a 
hyperbola  having  its  centre  at  0,  Also  find  the  locus  of  Q  if 
A  and  B  be  the  points  of  contact  of  the  given  lines  with  any 
parabola  which  likewise  touches  a  third  given  line. 

406.  The  chords  of  intersection  of  any  circle  with  the  asymp- 
totes of  a  hyperbola  are  equally  inclined  to  either  axis;  the 
products  of  the  segments  of  any  two  intersecting  chords  of  the 
asymptotes  are  as  the  parallel  focal  chords ;   and  if  0  be  any 


*  If  ^  and  V  be  the  redprocals  of  the  intercepts  made  by  a  yariable  Btraight  line 
on  two  fixed  axes,  the  general  condition  that  the  variable  line  should  envelope  a  conic 
is  that  £  and  v  should  be  connected  by  an  equation  of  the  second  d^ree.  This 
system  of  "  tangential  coordinates  "  is  f uUy  developed  in  A  Dreatitt  on  Mome  Kew 
Geometrical  Methods  (vol.  I.,  1873)  by  the  late  Dr.  James  Booth,  who  had  also  given 
an  account  of  his  method  in  a  separate  tract  published  thirty  years  earlier.  His 
discovery  had  however  been  anticipated  by  Prof.  Pliicker  of  Bonn,  whose  method 
given  in  Crelle^s  Joumaly  vol.  vi.  pp.  107—146  (1830),  and  dated  Oct  1829,  is  in  leahtj 
identical  with  the  above.  See  the  obituary  notice  of  Dr.  Booth  in  the  Monthly  Notices 
of  the  Royal  Agronomical  Society,  vol.  XXZIX.  pp.  219—225  (Feb.  1879), 
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point  on  a  chord  PQ  parallel  to  the  radius  CD  of  the  hyperbola, 
and  Ly  if  the  points  in  which  it  meets  the  asymptotes,  then 

OL.OM-^OP.OQ^^CB". 

407.  The  tangent  to  a  hyperbola  at  P  meets  one  asymptote 
in  T  and  TQ  is  drawn  parallel  to  the  other  to  meet  the  curve 
in  Q]  prove  that  if  PQ  meet  the  asymptotes  in  L  and  Mj  the 
line  LM  will  be  trisected  at  P  and  Q. 

408.  The  straight  ]ines  joining  the  points  in  which  any  two 
tangents  to  a  hyperbola  meet  the  asymptotes  are  parallel ;  and 
the  intercepts  which  the  tangents  make  upon  the  asymptotes  are 
bisected  by  their  chord  of  contact. 

409.  If  one  diagonal  of  a  parallelogram  whose  sides  are 
parallel  to  the  asymptotes  of  a  hyperbola  be  a  chord  of  the 
carve,  the  other  diagonal  will  lie  upon  the  conjugate  diameter; 
and  conversely  if  the  three  sides  of  a  triangle  be  taken  as 
diagonals  of  three  parallelograms  whose  sides  are  paraUel  to 
two  given  straight  lines,  their  other  three  diagonals  will  pass 
through  the  centre  of  a  hyperbola  which  circumscribes  the  tri- 
angle and  whose  asymptotes  are  parallel  to  the  given  lines. 

410.  In  Art.  39,  if  CM  and  CN  be  the  central  abscissa  of 
the  points  in  which  the  tangent  meet  the  asymptotes,  then 

CV.CT^CM.CN^CP". 

411.  If  the  ordinate  of  a  point  on  the  hyperbola  to  a  given 
diameter  be  equal  to  the  conjugate  semi-diameter,  the  product 
of  the  corresponding  abscissae  will  be  equal  to  the  square  of 
half  the  given  diameter. 

412.  Given  the  asymptotes  of  a  variable  hyperbola  and  a 
line  parallel  to  one  of  them,  if  from  the  point  in  which  it  meets 
the  curve  a  parallel  to  the  other  asymptote  be  drawn  equal 
to  either  of  the  semi-axes,  the  locus  of  its  extremity  will  be 
a  parabola. 

413.  If  an  ellipse  and  a  branch  of  a  confocal  hyperbola 
intersect  in  P  and  Q^  the  asymptotes  of  the  hyperbola  pass 
through  the  points  on  the  auxiliary  circle  of  the  ellipse  which 
correspond  to  P  and  Q. 
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414.  A  variable  ellipse  having  its  centre  on  a  hyperbola  and 
toaching  its  asymptotes  has  in  every  position  the  ttntTimnin 
area:  shew  that  its  chord  of  contact  with  the  asymptotes  will 
envelope  a  similar  hyperbola  having  the  same  asymptotes. 

415.  A  parabola  being  drawn  to  touch  the  axes  of  a  hyper- 
bola at  an  extremity  of  each,  prove  that  one  asymptote  is  a 
diameter  of  the  parabola  and  that  the  other  is  parallel  to  Its 
ordinates. 

416.  If  a  parallelogram  be  formed  by  drawing  two  pairs  of 
parallels  to  the  asymptotes  of  a  hyperbola,  its  sides  wiU  meet 
the  curve  at  the  extremities  of  two  chords  which  intersect  upon 
a  diagonal  of  the  'parallelogram ;  and  further,  if  any  three 
hyperbolas  have  their  asymptotes  parallel,  three  and  three,  their 
three  common  chords  will  cointersect. 

417.  The  tangents  to  an  ellipse  at  P  and  Q  being  the 
asymptotes  of  a  hyperbola,  prove  that  a  pair  of  their  common 
chords  are  parallel  to  PQ,  and  that  if  the  tangent  to  the  hyper- 
bola at  an  extremity  of  one  of  these  chords  pass  through  P  the 
tangent  at  its  other  extremity  will  pass  through  Q. 

418.  With  two  conjugate  diameters  of  an  ellipse  as  asymp- 
totes a  pair  of  conjugate  hyperbolas  are  drawn ;  prove  that  if 
one  of  them  touch  the  ellipse  the  other  will  touch  it,  and  that 
the  diameters  through  the  points  of  contact  will  be  conjugate. 

419.  If  from  any  point  P  on  a  hyperbola  whose  centre  is  0 
straight  lines  PM  and  PN  be  drawn  parallel  to  and  terminated 
by  the  asymptotes,  and  if  an  ellipse  be  drawn  having  GM  and 
CN  for  conjugate  radii,  the  direction  conjugate  to  CP  will  be 
the  same  in  both  curves. 

420.  Given  the  base  of  a  triangle  and  the  difference  of  its 
base  angles,  or  given  the  base  of  a  triangle  one  of  whose  base 
angles  is  double  of  the  other,  it  may  be  shewn  that  the  locos 
of  the  vertex  is  a  hyperbola.  Determine  the  asymptotes  and 
the  eccentricity  of  each  by  supposing  the  vertex  of  the  triangle 
to  be  at  infinity. 
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421.  If  tangents  be  drawn  to  a  hyperbola  from  any  point 
on  the  conjugate  hyperbola,  their  chord  of  contact  will  touch 
the  opposite  branch  of  the  latter  and  be  bisected  at  its  point 
of  contact. 

422.  The  four  normals  to  a  hyperbola  and  its  conjugate  at 
points  lying  upon  a  perpendicular  to  either  axis  meet  one  another 
upon  that  axis. 

423.  Find  the  locus  of  the  centre  of  gravity  and  the  locus 
of  the  centre  of  the  circumscribing  circle  of  a  triangle  of  con- 
stant area  contained  by  one  variable  and  two  fixed  straight 
lines. 

424.  A  parabola  and  a  hyperbola  have  a  common  focus  and 
the  asymptotes  of  the  latter  touch  the  former ;  prove  that  the 
tangent  at  the  vertex  of  the  parabola  is  a  directrix  of  the 
hyperbola,  and  the  tangents  to  the  parabola  where  it  meets 
the  hyperbola  pass  through  the  further  vertex  of  the  latter. 

425.  Any  two  semi-diameters  of  a  hyperbola  contain  the 
same  area  with  the  tangent  at  the  extremity  of  either. 

426.  The  asymptotes  and  any  two  conjugate  diameters  of 
a  hyperbola  divide  any  straight  line  harmonically. 

427.  The  chords  joining  any  point  on  a  hyperbola  to  two 
given  points  on  the  same  intercept  a  constant  length  on  either 
asymptote ;  and  the  intercepts  on  a  given  parallel  to  an  asymp- 
tote between  the  curve  and  two  such  chords  are  in  a  constant 
ratio. 

428.  If  parallels  to  the  asymptotes  of  a  hyperbola  be  drawn 
from  any  point  on  the  curve,  any  diameter  will  meet  the 
parallels  and  either  branch  of  the  curve  in  three  points  whose 
central  distances  are  in  continued  proportion. 

429.  If  any  two  tangents  to  a  hyperbola  and  their  chord 
of  contact  intersect  any  parallel  to  either  asymptote,  the  square 
of  the  intercept  on  the  parallel  between  the  curve  and  the  chord 
of  contact  will  be  equal  to  the  product  of  its  intercepts  between 
the  curve  and  the  tangents. 
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430.  On  a  straight  line  drawn  In  a  given  direction  to  meet 
the  three  sides  of  a  triangle  a  point  Is  taken  whose  <^iiitMi^^ftf^ 
from  the  three  sides  are  in  continued  proportion ;  prove  that  die 
locus  of  the  point  is  a  parabola  or  a  hyperbola  touching  the 
two  sides  from  which  the  extremes  are  measured  at  the  extre- 
mities of  the  third  side. 

431.  On  a  straight  ]ine  drawn  through  a  fixed  point  G  to 
intersect  two  given  straight  lines  a  length  CD  is  estimated 
a  mean  proportional  to  the  intercepts  between  the  fixed  point 
and  the  two  points  of  section;  prove  that  the  locus  of  Z>  is 
a  hyperbola  whose  asymptotes  are  the  parallels  through  O  to 
the  fixed  lines. 

432.  A  diameter  of  a  parabola  and  the  tangent  at  its 
extremity  being  taken  as  the  asymptotes  of  a  hyperbola,  what 
are  the  magnitudes  to  which  the  ordinate  and  abscissa  of  their 
point  of  concourse  with  respect  to  that  diameter  are  a  pair 
of  mean  proportionals?  Conversely  shew  how  to  find  a  pair 
of  mean  proportionals  to  two  given  magnitudes. 

433.  The  intercept  on  any  parallel  to  an  asymptote  of  a 
hyperbola  (or  to  the  axis  of  a  parabola)  between  any  point  upon 
it  and  the  polar  of  that  point  is  bisected  by  the  curve. 

434.  The  intercept  made  upon  any  straight  line  through 
either  vertex  of  a  hyperbola  by  parallels  drawn  to  the  aaymp- 
totes  through  the  other  vertex  Is  bisected  at  the  point  in  which 
the  straight  line  meets  the  curve  again ;  the  locus  of  the  middle 
point  of  the  Intercept  made  upon  any  straight  line  through 
a  fixed  point  by  two  given  straight  lines  Is  a  hyperbola  to 
whose  asymptotes  they  are  parallel ;  and  fiirther,  if  the  latter 
intercept  be  cut  In  any  other  constant  ratio,*  the  locus  of  the 
point  of  section  will  still  be  a  hyperbola.  In  what  case  will 
the  eccentricity  of  the  locus  be  Independent  of  the  ratio  in  which 
this  Intercept  Is  divided? 

435.  If  Q  be  a  point  on  a  hyperbola  and  B  a  point  on 
the  nearer  asymptote,  and  If  QE  be  drawn  parallel  to  that 


*  See  the  Arithmetica  Universalis^  prob.  25. 
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asymptote  to  meet  the  diameter  conjagate  to  QN  in  E^  then  will 
the  area  of  the  quadrilateral  CEQN  be  equal  to  half  the  triangle 
cat  off  bj  any  tangent  from  the  asymptotes ;  and  if  the  diameter 
parallel  to  Q^meet  QE  in  i^and  QI  be  drawn  in  the  conjugate 
direction  to  meet  the  same  asymptote  in  7,  the  quadrilateral 
CIQF  will  have  the  same  constant  magnitude. 

436.  If  0  be  any  point  in  a  chord  QQ"  of  a  hyperbola 
parallel  to  the  tangent  at  P  and  CE  an  asymptote  meeting  that 
tangent  in  E^  and  if  QR  and  OT  be  drawn  parallel  to  the 
a^rmptote  to  meet  the  diameter  which  bisects  the  chord,  prove 
that 

QO.  OQ  :  P^  «  quadrilateral  QETO  :  triangle  CEP. 

437.  If  P  be  any  point  on  a  hyperbola  and  CD  be  con- 
jugate to  CPj  shew  that  a  pair  of  straight  lines  PEj  PF  drawn 
parallel  to  the  axes  or  to  any  other  pair  of  conjugate  diameters 
meet  CD  in  points  E  and  F  such  that 

CE.CF^  CD". 

438.  A  parabola  which  has  an  asymptote  of  a  hyperbola  for 
one  of  its  diameters  meets  the  hyperbola  in  general  in  three 
points  such  that  the  ordinates  of  two  of  them  to  that  diameter 
are  together  equal  to  the  ordinate  of  the  third. 

439.  From  any  point  P  on  a  hyperbola  a  parallel  is  drawn 
to  one  asymptote  to  meet  the  other  in  Mj  and  an  ellipse  is 
drawn  through  P  and  M  having  its  diameter  which  bisects  PM 
parallel  to  the  latter  asymptote  and  in  a  constant  ratio  to  its 
conjugate  diameter,  viz.  in  the  ratio  of  PE  to  PM^  where  PE 
is  a  perpendicular  to  the  latter  asymptote ;  prove  that  the  ellipse 
meets  the  hyperbola  again  in  three  points  such  that  the  distances 
of  two  of  them  from  the  latter  asymptote  are  together  equal  to 
the  distance  of  the  third  point  from  the  same.* 

440.  If  two  ellipses  touch  a  hyperbola  and  have  its  asymp- 
totes for  conjugate  diameters,  any  straight  line  whose  pole  with 


*  For  Examples  425, 435—9  and  others  see  De  la  Hire's  Secttotus  Coniec^  libb.  iy.|  T. 
The  references  are  given  in  detail  in  Walton^s  Problems  in  iUuttration  of  the  principles 
0/ Plane  Coordinate  Geometry^  pp.  276—292  (Gakbbidor,  186!). 

M 


162  EXAMPLES. 

respect  to  one  of  them  lies  on  the  hyperbola  has  it  pole  witb 
respect  to  the  other  on  the  h3rperbola. 

441.  \i  ABCD  be  a  convex  quadrilateral,  and  AD  be  pro^ 
duced  to  K  and  BG  to  £  so  that  KL  may  be  parallel  to  AB^ 
then  will  DL  and  GK  be  parallel  to  the  asymptotes  of  a  certain 
hyperbola  described  about  the  quadrilateral ;  and  If  oB^j  fiOy^ 
yDSj  BAa.  be  the  sides  of  a  parallelogram  and  be  parallel  to 
the  asymptotes,  the  straight  lines  drawn  from  a,  ffj  7,  S  to 
bisect  AB^  BG^  GD^  DA  respectively  wilt  cointersect  at  the 
centre  of  the  hyperbola. 

442.  If  an  ellipse  pass  through  the  centre  and  have  its 
foci  on  the  asymptotes  of  a  hyperbola,  and  if  the  hyperbola 
passes  through  the  centre  of  the  ellipse,  the  axes  of  each  carve 
are  a  tangent  and  normal  to  the  other,  and  the  two  axes  whicb 
are  normals  are  of  equal  length. 

443.  If  a  diameter  be  taken  at  right  angles  to  one  asymp* 
tote  of  a  hyperbola  and  parallels  be  drawn  to  the  other 
asymptote  from  its  extremities,  any  two  supplemental  chords 
from  those  points  will  make  intercepts  whose  difference  is 
constant  upon  the  parallels. 

444.  The  axes  of  the  two  parabolas  which  have  a  common 
focus  and  pass  through  two  given  points  are  parallel  to  the 
asymptotes  of  the  hyperbola  which  passes  through  the  common 
focus  and  has  the  given  points  for  foci. 

445.  Awf  circle  which  touches  both  branches  of  a  hyper* 
bola  makes  an  intercept  equal  to  the  transverse  axis  on  either 
asymptote;  the  tangents  to  it  where  it  meets  the  asymptotes 
pass  through  one  or  other  of  the  foci,  and  those  which  pass 
through  the  same  focus  contain  a  constant  angle  equal  to  the 
angle  between  the  asymptotes ;  and  two  of  the  chords  of  inter- 
section  of  the  circle  with  the  asymptotes  are  tangents  one  to 
each  of  two  fixed  parabolas  whose  foci  are  at  the  foci  of  the 
hyperbola. 

446.  If  two  conjugate  diameters  of  a  hyperbola  be  equal, 
every  two  conjugate  diameters  must  be  equal  and  the  asymp* 
totes  must  be  at  right  angles. 
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447*  If  two  parallel  chords  of  a  conic  meet  anj  tangent 
to  the  same  in  T  and  t^  and  if  any  straight  line  meet  the 
chords  in  0  and  o  and  the  tangent  in  L^  then 

OT\oi^OL\oL. 

Hence  shew  that  the  ratio  of  any  two  infinite  parallel  chords 
of  a  conic  is  finite,  being  a  ratio  of  equality  in  the  case  of 
the  parabola,  and  being  equal  to  the  ratio  of  the  distances 
of  the  chords  from  the  parallel  asymptote  in  the  case  of  the 
hyperbola.* 

448.  From  two  points  0  and  o  parallels  are  drawn  to  the 
asymptotes  of  a  hyperbola,  the  parallels  to  one  asymptote 
meeting  the  curve  in  JIf  and  m  and  the  paraUels  to  the  other 
meeting  the  curve  in  N  and  n ;  shew  that  if 

OM :  ON—  am, :  a/i, 

the  points  0,  o  must  lie  either  on  one  diameter  or  on  a  pair  of 
conjugate  diameters. 

449.  Prove  by  the  Cartesian  method  or  otherwise  that  if 
CA^  CB  and  Co,  Cfi  be  semi-axes  of  a  fixed  and  a  variable 
confocal  ellipse  respectively,  P  a  point  of  contact  of  the  latter 
with  an  ellipse  drawn  through  the  four  extremities  of  the  axes 
of  the  former,  and  PAT  the  principal  ordinate  of  P,  then 

CNx  PN^  GA.CoL :  OB.CP. 

Deduce  that  the  locus  of  P  is  a  hyperbola ;  and  likewise  deter- 
mine its  foci  and  asymptotes  by  considering  special  cases  of 
the  theorem. 

450.  Every  ellipse  drawn  through  the  four  extremities  of 
the  axes  of  a  given  ellipse  Is  cut  orthogonally  by  a  hyperbola 
confocal  with  the  given  ellipse  and  having  its  equal  conjugate 
diameters  for  asymptotes.t 


*  Bee  the  notes  on  Geometrical  EvaluaHons  by  B.  W.  Gteneee,  M.A.|  in  the 
Meeeenger  of  MatkemaikM,  vol.  IT.  pp.  154^6  (1875). 

t  See  Wolstenholme's  MathemtOieat  Problmt,  No.  1182  (ed.  2, 1878). 
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451.  Find  the  locus  of  a  paint  wliose  polar  with  respect 
to  a  conic  cuts  off  a  constant  area  from  the  ^ace  between  two 
given  conjugate  diameters;  and  find  the  enrelope  of  the  polar 
of  a  point  whose  ordinates  cut  off  a  constant  parallelogram  from 
the  same. 

452.  Having  given  the  asjrmptotes  of  a  hyperbola  and  a 
point  on  the  curve,  determine  its  foci  and  directricea. 

453.  Having  given  a  focus  and  two  points  of  a  hyperbola 
and  the  direction  of  one  of  its  asymptotes,  or  having  given  a 
focus  and  one  point  and  the  directions  of  both  asymptotes^ 
shew  how  to  construct  the  curve.* 

454.  Given  the  centre  of  a  hyperbola  and  three  points  on 
the  curve,  determine  the  directions  of  its  asymptotes. 

455.  Having  given  the  centre  of  a  hyperbola  and  a  self- 
conjugate  triad,  determine  the  directions  of  its  asymptotes. 

456.  Having  given  four  points  and  the  eccentricity  of  a 
hyperbola,  or  four  points  and  the  direction  of  an  asymptote,  or 
three  points  and  the  direction  of  an  asymptote  and  the  eccea* 
triclty,  shew  how  to  construct  the  curve. 

457.  If  three  straight  lines  be  drawn  from  three  giv^n 
poles  and  two  of  their  intersections  lie  on  fixed  directrices, 
their  third  intersection  will  trace  a  curve  of  the  second  order. 
By  the  above  system  of  radiants  or  otherwise  describe  a 
hyperbola  having  given  one  asymptote  and  three  points  or  the 
directions  of  both  asymptotes  and  three  points  on  the  curve.f 


*  Five  data  in  general  determine  a  oonic.  An  asymptote  is  eqaivalent  to  twG 
data,  viz.  to  a  tangent  and  its  point  of  contact  or  two  coincident  points  on  the  curre  : 
haying  given  the  direction  only  of  an  asymptote  we  have  one  of  the  two  points  at 
infinity  on  the  curve:  a  focus  will  be  seen  to  be  equivalent  to  two  oonditiona. 
Compare  the  note  at  the  end  of  Salmon's  Conic  Sections,  "  On  the  Problem  to  describe 
A  Conic  under  Five  conditions." 

t  See  Leslie's  Geometry  0/ Curve  Lines,  Book  II.  props.  10,  21,  22. 
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458.  Having  given  four  points  on  any  conic  and  one  point 
on  its  director,  or  having  given  four  tangents  to  an  equilateral 
hyperbola,  shew  how  to  construct  the  curve.* 

459.  The  area  of  the  sector  of  a  hyperbola  made  by  joining 
any  two  points  on  it  to  the  centre  is  equal  to  the  segment 
cut  off  from  the  space  between  the  curve  and  its  asymptotes  by 
the  ordinates  of  the  same  two  points  to  either  asymptote ;  any 
other  two  ordinates  in  the  same  ratio  as  the  formerf  cut  off  an 
equal  segment ;  and  the  segment  cut  off  by  any  two  ordinates 
is  bisected  by  the  ordinate  which  is  a  mean  proportional  to 
them.  Prove  also  that  if  two  equal  hyperbolas  have  two  of 
their  asymptotes  coincident  and  the  other  two  parallel,  any 
parallel  to  their  common  asymptote  will  cut  off  from  the  space 
between  two  adjacent  branches  produced  to  infinity  an  area 
equal  to  the  parallelogram  contained  by  the  said  parallel  and 
the  three  asymptotes. 

460.  If  0,  P,  Q^  R...  be  any  number  of  points  on  a  branch 
of  a  hyperbola  whose  abscissas  GK^  CL^  GM^  GN...  on  either 
asymptote  are  in  continued  proportion,  the  hyperbolic  sectors 
OGFj  OGQ^  0GB...  will  be  in  arithmetical  progression,  and 


•  The  fiist  case  of  Ex.  458  may  be  made  to  depend  apon  the  second  by  recipro- 
cating the  conic  with  respect  to  the  point  on  its  director,  as  is  done  in  Gaskis'b 
The  Geometrical  Construction  of  a  Conic  Section  subject  to  Five  Conditions  of  pasting 
through  given  points  and  touching  given  straight  lines^  deduced  from  the  jyToperties 
oflfwolulion  and  Anharmonic  Itatio,  with  a  variety  of  general  Projjerties  of  Curves  of 
the  Second  Orders  p.  63  (Cambridge,  1852).  It  is  in  this  very  able  tract  that  the  term 
DiRBcrrOB  seems  to  have  been  first  used  to  denote  the  locus  of  intersection  of  tangents 
at  right  angles  to  a  conic.  The  term  is  defined  on  p.  26,  and  in  the  Preface  we  ^^ead  : 
"  By  a  well  known  property  of  conic  sections,  the  locus  of  the  point  of  intersection 
of  two  tangents  at  right  angles  to  one  another  is  in  general  a  circle  concentric  with 
the  conic  section,  and  when  the  cur7e  is  a  parabola  the  locus  is  the  directrix.  There 
are  seveial  remarkable  properties  of  this  locos  which,  as  far  as  the  author  is  aware, 
have  not  been  hitherto  noticed,  and  he  has  found  it  convenient  to  denominate  it  the 
Bi&BOTOR  of  the  conic  section,  which  in  the  case  of  the  parabola  coincides  with  the 
directrix." 

t  It  is  easily  seen  that  the  four  ordinates  to  either  asymptote  of  the  extremities 
of  any  two  parallel  chords  are  proportionals,  and  that  the  ordinate  of  the  point  of 
contact  of  any  tangent  is  a  mean  projwrtional  to  the  oixlinatcs  of  the  cxti^mities  of 
any  parallel  chord. 
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the  segmentB  OKLP^  OKMQ^  OKNB...  will  be  In  aritlimetical 
progreasion.  Given  any  three  terms  of  a  geometrical  series 
and  the  logarithms  of  two  of  them,  shew  how  to  determine 
geometrically  the  logarithm  of  the  third.* 


*  For  the  fint  part  of  Ex.  460  see  Grboorxi  a.  S.  YncOBiiTio  0pv9  Owme- 
trifum  Queuiraiurm  Oirculi  et  Sectionum  C&ni,  lib.  Yl.  prop.  126,  p.  594  (AntreipuB^ 
1647),  and  his  Opui  Gwmetricvm  Posthumvm  ad  Meaolabium,  prop.  24,  p.  262  (GrandaTi, 
1668).  The  second  part  may  be  solved  bj  taking  hyperbolic  segments  in  arithmetics! 
progression  to  represent  the  logarithms  of  a  corresponding  series  of  abeciasn  which  are 
in  geometrical  progression,  as  was  shewn  by  Alf .  Ant.  de  Sarasa  in  a  tract  pabhdied 
(Anty.  1649)  in  rindication  of  Greg,  de  Bt.  Vincent  against  some  aspeiaioiis  of 
Harinns  Meisennus.  Logarithms  may  also  be  lepiesented  by  the  "  residual  arcs"  of 
^  pfi|»bola  (Booth's  New  Geometrical  MethodSf  vol.  i.  p.  298). 
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CHAPTER  VI. 

THU  EQUTTiATERATi  HYFEBSOLA* 

61.  The  EquHaterql  Hyperbola  is  a  hyperbola  whose  latns 
rectam  is  equal  to  its  axis  or  latus  [transTersum  ;*  it  is  also 
called  Rectangular  since  its  asymptotes  are  at  right  angles* 
This  curve  and  the  circle,  which  is  an  equilateral  ellipse,  may 
be  together  designated  the  Equilateral  Conies. 

The  properties  of  the  equilateral  hyperbola  may  for  the  most 
part  be  derived  from  those  of  the  general  hyperbola  by  equating 
its  axes  to  one  another  and  to  the  latus  rectum,  or  by  sup- 
posing the  angle,  between  its  asymptotes  to  become  a  right 
angle ;  but  since  several  of  the  special  results  thus  obtainable 
may  also  be  proved  independently  with  peculiar  ease,  some  of 
them  in  terms  equally  applicable  to  the  circle  also,  we  shall 
here  treat  the  hyperbola  in  question  to  a  great  extent  ab  initio^ 
leaving  it  to  be  shewn  in  the  sequel  how  certain  ^  of  the 
properties  of  the  equilateral  conies  may  be  transferred  to  central 
conies  in  general  by  the  method  of  Orthogonal  Projection. 

62.  The  latus  rectum  being  supposed  equal  to  the  axis, 
it  follows  from  Art.  33  that 

PAT*  =  AN.  A'N^  CN*  -  CA% 

which  will  however  be  proved  independently  in  Art,  63. 

The  axes  being  equal,  the  radius  of  the  director  circle 
vanishes  (Art.  40),  or  the  equilateral  hyperbola  has  no  tangents 
at  right  angles  except  its  asymptotes.  Again,  it  follows  from 
Art.  45  that  every  diameter  is  equal  to  its  conjugate,  which 
leads  to  many  further  simplifications;  but  in  this  chapter  we 


•  In  other  words,  this  hyperbola  is  called  equilateral  because  the  tides  of  the 
FIOITRB  upon  its  axis  (SchoL  A,  p»  82)  are  equal. 
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bIuiII  oommence  by  defining  any  diameter  which  does  not  meet 
the  carve  as  equal  in  length  to  its  conjngate,  in  parsoance 
of  the  analogy  between  the  equilateral  hyperbola  and  the 
circle  or  equilateral  ellipse. 

It  b  to  be  noted  at  the  outset  (Arts.  39,  54}  that  the  eccen- 
tricihf  of  the  equilateral  hyperbola  ta  the  ratio  of  the  diagonal 
to  the  eide  of  a  SQUARE,  that  the  foot  X  of  the  directrix  bisects 
C8^  and  that 

PROPOSITION  I. 

63.  The  principal  ordinate  of  any  point  on  an  equHateral 
hyperbola  is  a  mean  proportional  to  its  absciseee. 

If  X  be  the  foot  of  the  )S-directrix  and  therefore  the  middle 
point  of  CBj  and  if  FN  be  the  principal  ordinate  of  any  point 
P  on  the  curve,  then 

par* + iSiV" « iSP« = 2Jor", 

nod  CN'+8N*^2CX^  +  2NX^i 


therefore  CN'  -  PAT"  =  2  GX"  =  CA% 

or  PN^  is  equal  to  CN^  -  C4"  or  AN.  AN. 
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It  18  further  evident  from  the  figure  that  if  Jh  be  an  ordinate 
to  the  conjugate  axis, 

B»  might  also  have  been  inferred  from  tbo  consideration  that  the 
square  of  the  conjugate  semi-axis  is  —  CA*. 


PROPOBITION  II. 

64.  Any  two  conjugate  diameters  of  an  equilateral  hyperbola 
make  complementary  angles  mth  either  axis  and  make  equal 
angles  with  either  asymptote. 

(i)  If  F  be  any  point  on  the  du-ectrix  and  8Z  be  at  right 
angles  to  8V^  it  is  evident  that  OV  and  8V  9x%  equally 
inclined  to  the  axis  and  CV  and  SZ  make  complementary 
angles  with  the  axis.  The  proposition  then  follows  at  once 
as  a  special  case  of  Art.  14;  it  may  also  be  proved  inde- 
pendently as  below. 

(ii)  Let  Q  and  q  be  any  two  points  on  the  curve,  QM  and 
gm  their  principal  ordinates,  0  the  middle  point  of  Qq  and 
OL  its  ordinatOi  qK  a  parallel  to  the  axis  meeting  QM  in  K^ 
and  n  the  point  in  which  Qq  meets  the  axis. 

Then  since  QiT+CLl"  is  equal  to  OJf*  and  qm^-^-CA* 
to  Om\ 

Q 


therefore  QM*  -  qm*  =  CM*  -  6W, 

or  QM-^  qm  :  Cif -f  Cm  =  (7Jf -**  Cm  :  ^Jf -f  qm ; 

that  b  to  say, 

20L:2CL  =  qK:  QK^ 
or  the  angle  OCL  is  equal  to  the  angle  qQK. 
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Hence  if  the  chord  Qq  be  parallel  to  a  fixed  diameter,  the 
locus  of  its  middle  point  0  will  be  a  second  fixed  diameter, 
and  the  inclinations  of  the  two  diameters  to  either  axis  will 
be  complementary,  and  their  inclinations  to  either  asymptote 
will  therefore  be  equal,  and  conversely. 

Corollary  1. 

It  is  evident  that  any  two  diameters  which  are  either 
conjugate  or  at  right  angles  must  lie  on  opposite  sides  of  an 
asymptote,  and  therefore  that  one  of  the  two  and  one  only 
meets  the  curve.  It  is  likewise  evident  that  if  two  eqnal 
diameters  be  taken  on  opposite' sides  of  either  axis,  the  one 
will  be  equal  and  at  right  angles  to  the  conjugate  to  the  other, 
and  conversely  that  any  tvoo  diameters  at  right  angles  are  equoL 

Corollary  2. 

If  the  normal  at  P  meet  the  axes  in  G  and  g  and  the 
conjugate  diameter  in  F^  it  is  evident  that  PCQ  is  an  isosceles 


triangle  having  each  of  its  angles  at  C  and  G  complementary 
to  FCGy  and  hence  that  PG^PC^Pg^  or  P  is  in  this  case 
the  centre  of  the  circle  of  Art.  59.  Hence  or  by  Art.  45,  Cor.  1 
the  normal  is  also  equal  to  CD. 

Corollary  3. 

The  angles  hetvoeen  any  two  diameters  or  chords  are  equal  to 
the  angles  hetioeen  the  diameters  conjugate  thereto.  For  example, 
if  PQ  and  PQ  be  any  two  chords  drawn  from  the  same  point  P 
on  the  curve  and  FQ  and  FQ  be  the  chords  supplemental 
to  the  former  from  the  further  extremity  P  of  the  diameter 
through  P,  the  angles  between  the  former  will  be  equal  to 
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angles  between  the  latter  (Art.  44),  or  any  chord  QQ  of  an 
equilateral  hyperbola  subtends  at  the  extremities  of  any  diameter 
JPJE^  angles  which  are  either  equal  or  supplementary.  It  will  be 
seen  that  the  angles  subtended  are  supplementary  when  the 
diameter  and  the  chord  intersect  within  the  carve  (as  in  the 
figure  of  Prop,  iv.)  and  equal  when  thej  intersect  without 
the  carve. 

Corollary  4. 

The  locus  of  the  centre  of  an  equilateral  hyperbola  circum^ 
scribing  a  given  triangle  is  its  nine^int  circle^  since  the 
diameters  to  the  middle  points  of  its  sides  contain  two  and  two 
the  same  constant  angles  as  the  sides  to  which  thej  are 
conjugate.*  More  generally  it  may  be  shewn  that  the  circum' 
acrtbed  circle  of  any  eelf^onjugate  triangle  passes  through  the 
centre^  since  the  diameters  to  its  angalar  points  are  conjagate 
to  the  directions  of  its  opposite  sides. 

PROPOSITION  in. 

65.  Hie  projections  of  any  two  conjugate  semirdiameters  upon 
the  axes  are  alternately  equal  to  one  another^  and  the  triangle  of 
which  they  are  adjacent  sides  is  of  constant  area, 

(i)  If  OP  and  CD  be  conjagate  semi-diameterSi  and  FN 
and  DB  be  principal  ordinates  and  Dn  an  ordinate  to  the 


*  Since  each  side  and  ita  perpendicnlar  conatitate  a  hyperbola  (Art.  54),  their 
inteEMCtknia  belong  to  the  above  locus :  hence  a  fxeah  proof  that  the  feet  of  the 
peipendicolaiB  lie  on  the  ciide  which  biaecte  the  aides. 
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oonjagate  axiS|  we  haye  to  shew  that  Cn  or  DR  is  eqaal  to  CN" 
and  that  CR  is  equal  to  PN\  which  follows  at  once  from  the 
equality  of  the  radii  CP,  CD  and  of  the  angles  PCN^  DCn 
(Prop.  il). 

Hence  also  by  Prop,  i., 

Ci^-  CE^^DB^^PIP^  CN^^PIP=  CA\ 

(ii)   The  triangles  DCR  and  PCN  being  equal,  therefore 

A{DCR+DOP^  GOR)^PCN+DOP^  COR, 

or  £iPCD^DRNP^\{CN^  CR) {CN^  CR) 

which  is  an  equivalent  of  the  theorem  that  the  conjugate 
circumscribing  parallelogram  of  an  equilateral  hyperbola  is 
eqnalto4(7il'(Art.46). 

PROPOSITION  IT. 

66.  The  hose  ef  a  triangle  and  the  sum  or  difference  of  its 
base  angles  being  given,  the  locus  of  its  vertex  is  an  equilateral 
conic.* 

(i)  If  the  base  and  the  sum  of  the  base  angles  of  a  triangle 
be  given,  the  third  angle  is  constant  and  the  locus  of  the  vertex 
is  a  circle. 

(ii)  Let  P'CPhe  a  fixed  diameter  of  an  equilateral  hyper- 
bola,  V  any  point  in  CP  produced,  and  Q  any  point  on  the 
curve.  Then  since  QP  and  QP'  are  supplemental  chords, 
the  sum  of  the  acute  angles  which  these  make  with  the 
axis  is  equal  to  a  right  angle  (Prop.  Ii),  and  the  sum  of 
their  inclinations  to  the  fixed  diameter  PP*^  is  therefore 
constant. 

The  latter  constant  is  at  once  seen,  viz.  by  removing  Q 
to  infinity,  to  be  equal  to  twice  the  angle  which  the  nearer 
asymptote  makes  with  PP\ 

*  This  propoBitaon  forma  piob.  35  of  the  Ariikmetica  VnioermlU,  and  was  sug- 
gested by  End.  iix.  21,  aa  is  shewn  by  the  preamble :  '*  Ubi  angulua  ad  Tertioem,  ssre 
(quod  perinde  est)  ubi  summa  angolomm  ad  basem  datar,  docoit  Endides  locam 
Tertlcia  esse  drcumferentiam  circuli;  proposuimus  igitur  inventionem  lod  ubi 
differentia  angulomm  ad  basem  datur."  Newton  also  stated  the  oozoUaiy  givea 
above  in  the  text  for  the  case  in  which  the  subtended  angles  are  equal. 
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It  follows  that  the  angle  at  P  or  Its  supplement,  In  the 
triangle  QPP\  exceeds  the  angle  at  P'  or  its  supplement  by  a 
constant  quantity;  and  conversely,  that  if  the  base  PP'  of 
a  triangle  be  given  and  the  angle  at  P  or  its  supplement 
exceed  the  angle  at  P'  or  its  supplement  by  a  constant  quantity, 
the  locus  of  the  vertex  Q  of  the  triangle  will  be  an  equilateral 
hyperbola  whereof  PP'  is  a  diameter,  as  was  to  be  proved. 

Corollary, 

Hence  it  may  be  deduced  that  the  angles  which  any 
chord  of  an  equilateral  hyperbola  subtends  at  the  extremities 
of  any  diameter  are  either  equal  or  supplementary,  as  was 
shewn  independently  in  Art.  64,  Cor.  3. 

PROPOSITION  V. 

67.  At  any  point  of  an  equilateral  hyperbola  the  ordinate 
to  any  diameter  which  meets  the  curve  is  a  mean  proportional 
to  the  abscisses  on  that  diameter. 

Let  ^  F  be  the  ordinate  of  any  point  Q  on  the  curve  to  the 
diameter  PP'\  then  since  the  directions  of  PV  and  QV  zxii, 
likewise  the  directions  of  PQ  and  P'Q  are  conjugate,  the 
angle  PQFis  equal  to  ^PT  (Art.  64,  Cor.  3),  and  the  triangles 
PQF  and  ^PTare  similar,  so  that 

PVi  QV^QViP'V] 

therefore  QV  is  equal  to  PF.P' Tor  Cr'-CP\ 


174  THE  EQUILATERAL  HYPERBOLA. 

Bj  changing  the  sign  of  CP*  we  obtain  the  corresponding 
property,  viz. 

of  a  diameter  which  does  not  meet  the  curve  in  real  points. 

PROPOSITION  VI. 

68.  The  prodvLCt  of  the  segments  of  any  chord  drawn  through 
ajtxed  point  to  an  equilateral  hyperbola  varies  as  the  squcere  of 
the  parallel  radius. 

Let  QQ'  he  any  chord  drawn  through  a  fixed  point  Oand 
V  the  middle  point  of  Q(/^  and  let  CF  be  the  semi-diameter 
parallel  to  the  chord,  q  the  point  in  which  CO  meets  the  curve 
or  the  conjugate  rectangular  hyperbola,  and  qv  the  ordinate  of 
q  to  the  diameter  GV. 

Then  by  Prop,  v.,  taking  for  example  the  case  in  which 
CP  and  Cq  are  terminated  by  the  curve, 


Hence  07"-  QV^+  CP^ :  CP*=  OF* :  ji;«=  GO" :  Cq\ 

which  is  a  constant  ratio  since  0  and  q  are  fixed  points. 

It  follows  that  OV^-QV^  or  OQ.OQ^  varies  as  CP',  and 
if  ROJff  be  any  second  position  of  the  chord  and  CP'  the  radios 
parallel  thereto, 

OQ.OQ  :  OB.  OE=CP' :  CP'". 
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PBOPOSITION  VII. 

69.  If  an  equilateral  hyperbola  circumscribes  a  triangle  it 
passes  through  its  orthocentre^  and  conversely  ;*  and  every  conic 
which  passes  through  the  four  points  of  concourse  of  two  equi^ 
lateral  hyperbolas  is  itself  an  equilateral  hyperbola. 

If  ABC  be  any  triangle  and  AD  one  of  its  perpendiculars, 
anj  equilateral  hyperbola  which  circumscribes  the  triangle  will 
have  its  diameters  parallel  to  AD  and  BC  equal  to  one  another. 


The  hyperbola  therefore  meets  AD  again  in  a  point   0 

such  that 

AD.DO^BD.DC] 

that  is  to  say,  it  passes  either  through  the  orthocentre  of  the 
triangle  or  through  the  point  in  which  AD  produced  meets  its 
circumscribing  circle. 


*  This  theorem  was  derived  from  Pascal's  hexagram  in  a  memoir  by  MM.  Bri- 
AVGHON  et  FoNGBLBT  contribated  to  Gergonne's  Annales  (tome  Zi.  pp.  205 — 220) 
at  the  commencement  of  the  year  1821,  under  the  title :  Recherchta  sur  la  determination 
dune  JTifperhoh  Equilateref  au  moyen  de  quatrt  conditions  donnees — viz.  thns.  Let  a 
hyperbola  be  described  throngh  A,  B^  (7,  and  the  orthocentre  0^  and  let  B  and  F 
be  the  two  points  at  infinity  on  the  curve ;  let  JET,  /,  K  denote  the  three  points  of 
concourae  {AB,  OB),  {EF,  CB),  {AF,  CO) ;  then  HIK  is  a  straight  line  parallel  to  BC 
(since  7  is  at  infinity)  or  perpendicular  to  AO,  whence  it  readily  follows  that  M  is  the 
orthooentre  of  the  triangle  AOK  and  that  OE  the  direction  of  one  asymptote  is  at 
right  angles  to  A K  or  OF  the  direction  of  the  other.  The  remainder  of  Prop.  YIX. 
follows  independently  from  the  fact  that  by  adding  together  two  equations  of  the 
form  a(x^  —  t/')  +  bx'^ctf  +  d=0  we  arrive  at  a  third  equation  of  the  same  form : 
the  property  of  the  orthooentre  of  any  triangle  is  a  special  case  of  this  latter  theorem 
(Art.  54).  See  Prof.  Cayley's  Note  on  the  Rectangular  Hyperbola  in  the  Oxford^ 
Cambridge,  and  Dublin  Messenger  oj  JlifathematicSf  vol.  X.  p.  77  (1862). 
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Bat  it  cannot  pass  through  the  latter  point,  for  if  so  AD  and 
BC  would  be  equally  inclined  to  its  axes  (Art.  16,  Cor.  2)  and 
parallel  to  its  asymptotes,  and  either  B  or  C  would  be  at  infinity: 
it  therefore  passes  tiirough  the  orthocentre. 

Conversely,  any  conic  which  passes  through  the  three  angtdar 
points  and  the  orthocentre  of  a  triangle  must  be  an  equilateral 
hyperbola. 

Moreover,  if  three  of  the  points  of  intersection  of  any  two 
equilateral  hyperbolas  be  taken  as  the  vertices  of  a  triaogle, 
both  curves  will  pass  through  its  orthocentre;  and  therefore 
every  conic  through  their  four  points  of  concourse  must  likewise 
be  an  equilateral  hyperbola. 

From  this  proposition  it  is  manifest  that  when  three  points 
of  an  equilateral  hyperbola  are  given  a  fourth  can  be  found; 
and  hence  that  when  four  points  are  g^ven  the  curve  ib  in 
general  determined. 

Corollary. 

If  BA  C7  be  a  right  angle,  the  points  A  and  0  coalesce  and 
AD  touches  the  curve  at  A.  Hence  the  tangent  at  any  point 
A  on  an  equilateral  hyperbola  may  be  determined  by  dlrawing 
any  two  chords  AB  and  AG  Sit  right  angles  and  drawing  AD^ 
perpendicular  to  BG.  If  ul  be  a  fixed  point,  BC  b  constantly 
parallel  to  the  normal  thereat.* 

PROPOSITION  yiii. 

70.  The  product  of  the  distances  from  the  centre  at  tohioh  any 
tangent  and  the  ordinate  of  its  point  of  contact  to  any  diameter 
meet  the  same  is  constant ;  and  the  product  of  the  intercepts  on 
any  tangent  between  tJie  curve  and  any  two  conjugate  diameters  is 
equal  to  the  square  of  the  parallel  radius, 

(i)  Let  the  tangent  at  Q  meet  any  diameter  CP  in  7*,  and 
let  QVh^  an  ordinate  to  that  diameter. 

Then  since  CP  and  CQ  are  conjugate  to  ^F  and  QT 
respectively,  they  contain  equal  angles  (Art.  64,  Cor.  3),  so  that 


*  The  fixed  point  on  the  normal  (Ex.  279)^  through  which  BC  passes  is  otherwise 
seen  to  be  at  infinity  since  when  AB  and  ^C  ore  parallel  to  the  asymptotes  BC 
becomes  the  straight  line  at  infinity. 
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CV:QV^QV:VT. 
Therefore      CV.  OT^  CF"  ^CV.  VT^  C7"  -  Q  P 

f  il)  If  the  tangent  at  Q  makes  intercepts  CT  and  Ct  on  any 
two  conjugate  diameters,  it  may  be  shewn  in  like  manner  that 

or  QT.Qt^Ci^^Ciy, 

where  CD  is  the  radius  conjugate  to  CQ. 

SOHOLITTlf. 

An  excellent  machine  for  describing  any  number  of  Bectant 
otTiiUt  Htpbbbolas  having  the  same  a83rmptot6s  was  constructed 
by  Mr.  H.  H.  S.  Ounynghame,  of  St.  John's  College  (1873),  on  the 
following  principle.  Let  a  fixed  straight  line  meet  the  axis  of,  a 
rectangular  hyperbola  at  right  angles  in  jET;  from  any  point  P  on 
the  curve  draw  PM.  and  Pi\r  perpendicular  to  the  fixed  line  and  the 
axis;  and  on  (TZT produced  take  HO  equal  to  CA.    Then 

OM+PM-'  (7Jr+  PMu:  CH\ 

and  conversely  if  0  be  a  fixed  point  and  2£P  a  variable  perpen- 
dicular to  the  fixed  line  HM^  then  provided  that  the  leuKth  OMP 
is  constant  the  point  P  will  describe  a  rectangular  hyperbola,  and 
its  centre  C,  which  is  determined  by  taking  HC  equal  to  OMP^ 
will  be  tndependsnt  of  the  distance  OS,  The  machine  itself  consists 
of  a  fixed  bar  HM  and  a  sliding  cross  bar  placed  in  a  horizontal 

Slane:  a  string  fixed  at  0  is  kept  stretched  by  a  weight  in  the 
irection  OMP :  and  a  pencil  attached  at  a  point  P  to  the  string 
traces  an  arc  of  a  rectangular  hyperbola  by  the  motion  of  the 
cross  bar.    By  varying  the  length  OH  any  number  of  rectangular 

N 
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hyperbolas  haTing  the  same  asymptotes  can  be  traced  witli  the 
same  length  of  string. 

In  a  note  On  the  Mechanieal  Deicription  of  the  Cartman^  by  J. 
Hammond,  Batht  England  {Ameriean  Journal  of  MathematicBy  pwre 
and  applied,  vol.  i.  no.  3,  p.  283,  1878),  the  following,  applicable  to 
the  Hyfebbola.,  is  giyen.  Suppose  two  thin  circular  discs  A  and 
B  rigidly  attached  to  each  other  to  rotate  about  their  common 
centre,  and  suppose  the  opposite  ends  of  a  fine  string  (which  passes 


through  small  rings  at  C  and  2)  and  is  kept  stretched  by  the  point 
of  a  pencil  at  P)  to  be  unwound  ^m  the  two  discs.  Then  wiU  the 
increments  of  the  lengths  CP  and  DP  be  as  the  radii  a  and  h  of  the 
discs,  and  P  will  describe  a  curve  having  the  property 

a .  DP  -  h .  CP  =  a  constant, 

which  becomes  a  hyperbola  when  the  discs  are  equal.  If  one  end 
of  the  string.be  wound  on  to  its  disc  whilst  the  other  is  unwound 
the  curve  traced  will  have  the  property 

a  .[JDP-^  h .  CP=  a  constant, 

and  will  become  an  ellipse  when  the  discs  are  equal. 

The  mechanical  description  of  the  ellipse  by  the  property  of 
Ex.  219  was  effected  by  Quido  Ubaldi,*  who  was  considered  to  have 
made  an  important  discovery;  but  the  property  is  mentioned  by 
Froclus  (on  Eucl.  i.  def.  4)  as  was  remarked  in  the  first  volume 
of  the  jSiJrarium  Philosophia  Mathematical  auctore  Mario  Bettino, 
Lib.  I.  pp.  38 — 45  (BononisB,  1648). 


EXAMPLES. 

461.   Trace  the  locus  of  the  middle  point  of  a  straight  line 
which  cuts  off  a  constant  area  from  a  comer  of  a  square. 


*  Guidiubfddi  Planisphaeriorwn   Universalium  Theorica,  Lib.  II,  end  (PSflanri, 
1579). 
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462.  Place  in  a  rectangular  hyperbola  a  chord  which  shall 
be  equal  to  and  be  bisected  bj  a  diameter  of  given  length. 

463.  The  chords  connecting  the  ends  of  a  fixed  diameter 
of  a  circle  and  of  any  double  ordinate  of  the  same  intersect 
upon  an  equilateral  hyperbola. 

464.  In  the  rectangular  hyperbola  the  diameter  conjugate 
to  the  normal  at  any  point  is  at  right  angles  to  the  diameter 
through  the  point;  any  two  diameters  at  right  angles  bisect 
chords  at  right  angles,  and  conversely;  and  any  chord  sub- 
tends equal  or  supplementary  angles  at  the  extremities  of 
a  perpendicular  chord. 

465.  The  centre  of  an  equilateral  hyperbola  circumscribing 
an  equilateral  triangle  is  upon  the  inscribed  circle  of  the 
triangle,  and  the  centre  of  the  circle  is  on  the  h]q[>erbola. 

466.  The  tangents  drawn  from  opposite  foci  of  a  hyperbola 
to  any  circle  which  touches  both  branches  intersect  upon  one 
of  two  rectangular  hyperbolas,  each  of  them  having  one  asymp- 
tote in  common  with  the  original  hyperbola  and  having  the 
line  joining  the  foci  of  the  latter  for  a  diameter;; and  these 
two  rectangular  hyperbolas  will  coalesce  if  the  original  hyper- 
bola be  rectangular. 

467.  K  two  points  P  and  Q  move  with  equal  velocities 
along  the  arms  AB  and  BO  of  a  right  angle,  the  one  starting 
from  A  and  the  other  simultaneously  from  J9,  and  if  AA^  be 
dra¥ni  equal  to  AB  and  in  the  direction  opposite  to  BQ^  shew 
that  A'P  and  AQ  intersect  upon  a  branch  of  a  rectangular 
hyperbola,  and  determine  its  centre  and  asymptotes. 

468.  The  circles  described  upon  the  six  common  chords  of 
any  two  rectangular  hyperbolas  as  diameters  cut  one  another 
orthogonally  in  opposite  pairs. 

469.  If  a  parallel  to  either  asymptote  of  a  rectangular 
hyperbola  meet  any  principal  double  ordinate  PQ  in  0  and 
the  curve  in  J?,  shew  that 
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through  the  vertices  meets  the  carve  again  at  the  extremities 
of  one  of  its  own  diameters. 

476.  If  PQ  and  P'Q  be  any  pair  of  supplemental  chords  of 
a  rectangular  hyperbola,  and  if  the  tangent  at  Q  and  its  ordinate 
to  PP'  meet  that  diameter  in  T  and  Fj  shew  that  the  bisectors 
of  the  angle  PQP'  are  parallel  to  the  asymptotes,  the  segments 
CJ?  and  TJP'  subtend  equal  angles  at  Qy  and  the  circle  around 
C7Q  7  touches  QV.  Shew  also  that  any  chord  subtends  supple- 
mentary angles  at  its  pole  and  the  centre  of  the  curve,  and  that 
the  inclinations  of  any  two  tangents  to  their  chord  of  contact 
are  equal  or  supplementary  to  the  angles  which  they  subtend 
at  the  centre. 

477.  If  a  conic  pass  through  the  centres  of  the  four  circles 
which  touch  the  sides  of  a  triangle  it  must  be  a  rectangular 
hyperbola,  and  its  centre  will  lie  on  the  circumscribed  circle  of 
the  triangle. 

478.  The  foci  of  all  the  ellipses  which  can  be  inscribed  in  a 
given  parallelogram  lie  on  a  rectangular  hyperbola  passing 
through  its  four  vertices. 

479.  The  lines  connecting  the  extremities  of  any  two  chords 
drawn  through  a  focus  parallel  to  Conjugate  diameters  of  an 
equilateral  hyperbola  pass  through  fixed  points  on  the  asymptotes. 
Examine  the  cases  in  which  the  focal  chords  coalesce  or  are 
parallel  to  the  axis. 

480.  The  axis  of  the  rectangular  hyperbola  which  touches 
an  ellipse  and  has  its  axes  for  asymptotes  is  a  mean  proportional 
to  the  axes  of  the  ellipse. 

481.  Construct  a  rectangular  hyperbola  having  given  the 
centre  and  a  tangent  and  a  point  on  the  curve,  or  having  given 
an  asymptote  and  a  tangent  and  its  point  of  contact,  or  having 
given  a  diameter  and  one  other  point  on  the  curve. 

482.  The  common  tangents  to  the  circles  described  on  any 
two  parallel  chords  of  opposite  branches  of  a  rectangular  hyper- 
bola as  diameters  subtend  right  angles  at  the  extremities  of  the 
diameter  which  bisects  the  chords. 
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470.  Of  two  chords  at  right  angles  or  conjugate  in  direction 
in  an  equilateral  hyperbola  one  and  one  only  is  a  chord  of  a 
single  branch.  Explain  the  apparent  failure  of  the  proof  of 
Art.  16,  Cor.  2  which  arises  from  the  equality  of  diameters  which 
are  conjugate  or  at  right  angles  in  the  equilateral  hyperbola;* 
and  shew  that  no  circle  can  intersect  the  cur^e  or  its  asymptotes 
at  the  extremities  of  a  pair  of  chords  which  are  parallel  to  two 
such  diameters. 

471.  The  foci  of  an  ellipse  being  situated  at  any  two  diame- 
trically opposite  points  of  a  rectangular  hyperbola,  shew  that 
the  tangents  and  normals  to  the  ellipse  at  the  points  in  which  it 
meets  the  hyperbola  are  parallel  to  the  asymptotes  of  the  latter; 
and  shew  that  the  tangents  to  the  ellipse  from  any  point  of  the 
hyperbola  are  parallel  to  conjugate  diameters  of  the  latter. 

472.  If  GA  be  a  semi-axis  of  a  rectangular  hyperbola,  and 
a  perpendicular  (7Fbe  drawn  to  the  tangent  at  P,  the  triangles 
AGPm^AGY wiU  be  simUar. 

473.  Prove  that  the  feet  of  the  perpendiculars  of  any  triangle 
are  a  conjugate  triad  with  respect  to  any  equilateral  hyperbola 
which  circumscribes  the  triangle ;  and  shew  that  the  same  result 
may  also  be  deduced  from  Example  76. 

474.  Given  a  chord  of  an  equilateral  hyperbola  and  the 
polar  of  a  given  point  on  the  chord,  shew  how  to  determine 
two  other  points  on  the  curve.f 

475.  The  circle  described  on  the  line  joining  the  foci  of  an 
equilateral  hyperbola  as  diameter  meets  the  asymptotes  at  points 
lying  upon  the  tangents  at  the  vertices;  and  the  circle  described 
about  any  point  on  the  conjugate  axis  as  centre  so  as  to  pass 


*  It  is  only  in  Accordance  with  a  convention  which  is  not  strictl^r  aocmate  that 
such  diameters  are  said  to  be  equal.  See  Chap,  iv,  Scholium  G,  p.  101.  If  ABC  be 
a  triangle  Bimultaneoi)3l7  inscribed  in  a  circle  and  on  equilateral  hyperbola^  and  if 
the  perpendicular  from  A  to  BC  meet  the  circle  in  2),  the  hyperbola  in  E^  and  BC 
itself  in  f,  then  FB,FC:x  FA,FJ)  =  ^  FA,FE. 

t  On  the  given  chord  AB  as  diameter  describe  a  circle  cutting  the  polar  of  the 
given  point  0  in  X  and  Y;  then  will  the  points  {AX,  SF)  and  (AYf  BX)  be  the 
jBztremities  of  the  chord  throu^  0  at  right  angles  to  AB, 
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through  the  vertices  meets  the  corye  again  at  the  extremities 
of  one  of  its  own  diameters. 

476.  If  PQ  and  PQhe  any  pair  of  supplemental  chords  of 
a  rectangular  hyperbolay  and  if  the  tangent  at  Q  and  its  ordinate 
to  PF'  meet  that  diameter  in  T  and  F,  shew  that  the  bisectors 
of  the  angle  FQP'  are  parallel  to  the  asymptotes,  the  segments 
CP  and  TP  subtend  equal  angles  at  Q,  and  the  circle  around 
C7QT  touches  QV.  Shew  also  that  any  chord  subtends  supple- 
mentary angles  at  its  pole  and  the  centre  of  the  curve,  and  that 
the  inclinations  of  any  two  tangents  to  their  chord  of  contact 
are  equal  or  supplementary  to  the  angles  which  they  subtend 
at  the  centre. 

477.  If  a  conic  pass  through  the  centres  of  the  four  circles 
which  touch  the  sides  of  a  triangle  it  must  be  a  rectangular 
hyperbola,  and  its  centre  will  lie  on  the  circumscribed  circle  of 
the  triangle. 

478.  The  foci  of  all  the  ellipses  which  can  be  inscribed  in  a 
g^ven  parallelogram  lie  on  a  rectangular  hyperbola  passing 
through  its  four  vertices. 

479.  The  lines  connecting  the  extremities  of  any  two  chords 
drawn  through  a  focus  parallel  to  Conjugate  diameters  of  an 
equilateral  hyperbola  pass  through  fixed  points  on  the  asymptotes. 
Examuie  the  cases  in  which  the  focal  chords  coalesce  or  are 
parallel  to  the  axis. 

480.  The  axis  of  the  rectangular  hyperbola  which  touches 
an  ellipse  and  has  its  axes  for  asymptotes  is  a  mean  proportional 
to  the  axes  of  the  ellipse. 

481.  Construct  a  rectangular  hyperbola  having  given  the 
centre  and  a  tangent  and  a  point  on  the  curve,  or  having  given 
an  asymptote  and  a  tangent  and  its  point  of  contact,  or  having 
given  a  diameter  and  one  other  point  on  the  curve. 

482.  The  common  tangents  to  the  circles  described  on  any 
two  parallel  chords  of  opposite  branches  of  a  rectangular  hyper- 
bola as  diameters  subtend  right  angles  at  the  extremities  of  the 
diameter  which  bisects  the  chords. 
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483.  If  two  right  angles  revolve  about  oppomte  extremitieB 
of  a  diameter  of  a  reetangolar  hyperbola  so  that  the  point  of 
concourse  of  two  of  their  arms  is  always  a  point  on  the  curve, 
their  other  two  arms  will  make  equal  intercepts  on  the  normal 
at  that  pointy  and  will  themselves  intersect  upon  the  curve. 

484.  Tangents  (or  normals}  are  drawn  in  a  given  direction 
to  a  series  of  confocal  conies :  prove  that  the  points  of  contact 
lie  on  a  rectangular  hyperbola  passing  through  the  foci  and 
having  an  asymptote  in  the  given  direction. 

485.  The  lines  connecting  the  extremities  of  any  chord  and 
any  diameter  of  a  rectangular  hyperbola  intersect  in  two  points 
which  are  concyclic  with  the  extremities  of  the  diameter :  deter- 
mine the  condition  that  they  may  intersect  on  9k  faced  circle. 

486.  Find  the  points  on  an  equilateral  hyperbola  at  which 
the  normal  is  parallel  to  a  given  chord. 

« 

487.  The  locus  of  the  pole  of  any  chord  of  a  parabola  which 
subtends  a  right  angle  at  the  focus  is  a  rectangular  hyperbola. 

488.  The  subnormal  at  any  point  of  an  equilateral  hyperbola 
is  equal  to  the  central  abscissa;  the  tangent  £rom  the  foot  of 
the  ordinate  to  the  auxiliary  circle  is  equal  to  the  ordinate ;  the 
projection  of  the  normal  (terminated  by  either  axis)  upon  either 
focal  vector  is  equal  to  the  semi-axis;  and  the  intercept  made 
on  any  tangent  by  the  asymptotes  subtends  a  right  angle  at  the 
point  in  which  the  normal  meets  either  axis. 

489.  Any  two  supplemental  chords  of  a  rectangular  hyper- 
bola form  an  isosceles  triangle  with  either  asymptote,  and  con- 
versely. 

490.  Any  two  conjugate  diameters  of  an  equilateral  hyper- 
bola contain  equal  and  similar  triangles  with  the  ordinates  and 
abscissffi  of  their  extremities  to  any  other  diameter. 

491.  The  sum  or  difference  of  the  inclinations  of  any  two 
conjugate  diameters  of  an  equilateral  conic  to  a  fixed  diameter 
is  constant :  distinguish  between  the  several  cases. 
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492.  Any  circle  drawn  through  the  extremities  of  a  diameter 
of  a  rectangular  hyperbola  meets  the  curve  again  at  the  extre* 
mities  of  a  diameter  of  the  circle,  and  its  tangents  at  those  points 
are  ordinates  of  the  diameter  of  the  hyperbola. 

493.  The  circles  described  on  parallel  chords  of  a  rectangular 
hyperbola  as  diameters  have  a  common  radical  axis. 

494.  The  ends  of  the  equal  conjugate  diameters  of  a  series 
of  confocal  ellipses  lie  on  the  confocal  rectangular  hyperbola. 

495.  The  straight  line  joining  the  feet  of  the  perpendiculars 
from  any  point  of  a  rectangular  hyperbola  to  two  conjugate 
diameters  is  parallel  to  the  normal  at  the  point. 

496.  The  opposite  arcs  cut  off  by  any  two  diameters  of  a 
rectangular  hyperbola  subtend  equal  angles  at  any  point  on 
the  curve. 

497*  Any  two  rectangular  hyperbolas  so  placed  that  the 
axes  of  the  one  coincide  with  the  asymptotes  of  the  other  inter- 
sect at  right  angles,  and  each  of  their  common  tangents  subtends 
a  right  angle  at  the  centre ;  and  if  two  tangents  to  a  pair  of 
conjugate  rectangular  hyperbolas  be  at  right  angles,  the  straight 
line  joining  their  points  of  contact  subtends  a  right  angle  at  the 
centre. 

498.  If  on  opposite  sides  of  any  chord  of  a  rectangular 
hyperbola  equal  segments  of  circles  be  described,  the  four  points 
in  which  the  completed  circles  meet  the  hyperbola  again  will 
be  the  angular  points  of  a  parallelogram ;  and  if  parallels  be 
drawn  from  any  point  on  a  rectangular  hyperbola  to  the  sides 
of  an  inscribed  parallelogram,  they  will  meet  its  opposite  sides 
in  two  pairs  of  points  lying  on  a  circle. 

499.  The  foot  of  the  focal  perpendicular  upon  any  chord  of 
a  rectangular  hyperbola  which  subtends  a  right  angle  at  the 
focus  lies  on  a  fixed  straight  line. 

500.  The  normal  at  any  point  P  of  a  rectangular  hyperbola 
meets  the  curve  again  in  Q,  and  RE  is  a  chord  parallel  to  the 
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normal:  prove  that  PBj  QR  and  PR^  QB  intersect  on  the 
diameter  at  right  angles  to  GPJ^ 

501.  In  any  right  angled  triangle  inscribed  in  an  equilateral 
hjpefbola  the  perpendicular  upon  the  hypotenuse  is  the  tangent 
at  the  right  angle.  Hence  shew  how  to  find  a  third  point  on 
the  curve  when  two  points  and  the  tangent  at  one  of  them  are 
given ;  and  shew  that  the  curve  is  determined  when  two  points 
and  the  tangents  thereat  are  g^ven,  or  three  points  and  the 
tangent  at  one  of  them,  or  two  points  and  the  tangent  at  one 
of  them  and  a  second  tangent. 

502.  Given  the  middle  points  and  the  directions  of  two 
chords  of  an  equilateral  hyperbola,  the  two  points  and  the 
intersection  of  the  parallels  through  each  point  to  the  opposite 
chord  determine  a  circle  which  passes  through  the  centre  of 
the  hyperbola. 

503.  If  through  each  of  two  points  a  parallel  be  drawn  to 
the  polar  of  the  other  with  respect  to  an  equilateral  hyperiK>la| 
the  circle  through  the  two  points  and  the  intersection  of  the 
parallels  will  pass  through  the  centre  of  the  hyperbola. 

504.  Given  the  centre  of  a  rectangular  hyperbola  and  a 
self'-conjugate  triad,  determine  its  as3anptotes.t 

505.  Two  equilateral  hyperbolas  can  be  inscribed  in  a  given 
quadrilateral,  and  their  centres  are  at  the  points  in  which 
the  diameter^  of  the  quadrilateral  meets  the  circumscribed  circle 
of  the  triangle  formed  by  its  three  diagonals. 


*  Examples  471,  488,  484,  492^500  and  others  ate  from  WolBtenholme's  MaA^ 
matieal  ProbJmm. 

t  If  (7  be  the  centze  and  PQR  the  conjugate  triad,  let  CP  meet  Q/2  in  F,  and 
upon  OR  take  points  Q'  and  R  such,  that  Q'F=  IPV^  CV;  then  wUl  CQ^  and  CBT 
be  the  asymptotes.  The  following  method  applies  to  ths  general  hyperbola  (Ex.  455). 
Draw  CP',  CCt,  CR  paiaUel  to  QR,  RP,  PQ,  and  find  the  two  double  lines  of  the 
inyolutlon  determined  by  the  pairs  of  conjugate  rays  CP,  CP';  CQ,CQ!\  CR,  CR. 

^  By  a  theorem  of  Nbwtoh  {Prineipia,  Lib.  I.  sect.  ▼.  lemma  25,  cor.  3)  the 
centres  of  all  the  conies  inscribed  in  a  quadrilateral  lie  upon  the  straight  line  (Ex.  872) 
whkh  W9  haye  called  the  DiAMiTxa  of  the  quadrilateral  (p.  188).     See  also  Ex.  518. 
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506.  The  three  pairs  of  chords  connecting  any  four  points 
on  an  equilateral  hyperbola  intersect  npon  the  circumference 
of  a  circle  which  passes  through  its  centre. 

507.  The  nine-point  circles  of  the  four  triangles  determined 
by  four  given  points  cointersect  at  the  centre  of  the  equilateral 
hyperbola  which  passes  through  the  four  points.* 

508.  Four  points  being  taken  at  random  in  a  plane,  there 
exists  in  geneiul  one  other  point  in  the  same  and  one  only 
such  that  the  lines  radiating  therefrom  to  the  middle  points 
of  the  six  lines  connecting  the  four  points  are  inclined  at  the 
same  angles  as  the  lines  which  they  severally  bisect. 

509.  Given  any  two  points  in  the  plane  of  a-n  equilateral 
hyperbola  and  the  directions  conjugate  to  the  diameters  passing 
through  them,  determine  a  circle  on  which  the  centre  lies. 
If  a  chord  and  the  direction  of  the  polar  of  a  point  upon  it 
be  given,  this  circle  passes  through  the  point  and  bisects  the 
chord  and  has  its  tangent  at  the  middle  point  of  the  chord 
in  the  given  direction. 

510.  Determine  the  centres  of  the  four  equilateral  hyperbolas 
which  pass  through  two  given  points  and  touch  two  given  lines.t 

511.  Given  two  points  of  an  equilateral  hyperbola  and 
two  tangents  to  the  same,  determine  the  four  positions  of  the 
chord  of  contact.} 

*  Three  other  circles  may  be  determined  by  Ex.  502  and  another  by  Ex.  606| 
making  in  all  bight,  which  pass  through  the  same  point. 

t  If  ^  and  A!  be  the  given  points,  C  the  intersection  of  the  tangents,  and  X  and 
Y  the  points  in  which  they  meet  AA\  the  points  A^  A'  and  JT,  Y  determine  an 
involution  through  one  of  whose  foci  P  or  Q  the  chord  of  contact  of  the  two  tangents 
most  pass :  let  it  pass  through  P,  of  which  CQ  will  be  the  Polar,  Bisect  AA'  in  J 
and  XY  in  C,  and  draw  a  circle  through  P  and  /  having  its  tangent  at  /  parallel  to 
CQ  (Ex.  609).  Through  the  second  intersection  of  CI  with  the  circle  draw  Px  meeting 
CK  in  X,  and  draw  the  tangent  to  the  circle  and  let  it  meet  CQ  in  y :  then  the 
intersections  of  sey  with  the  circle  determine  two  of  the  required  centres,  and  the 
other  two  are  determined  by  interchanging  P  and  Q.  This  construction  is  given  by 
POHOSLST  in  Gergonne's  Annales,  tome  xil.,  where  he  corrects  (p.  244)  the  mis- 
statement of  the  joint  article  by  Brianchon  and  Poncelet  (xi.  2  IS)  that  the  Jour  centres 
He  on  OHB  circle, 

X  Determine  as  before  the  point  P  on  the  chord  of  contact  and  its  polar  CQ ; 
find  a  third  point  D  on  the  curve  (Ex.  474) ;  and  let  F  and  F*  be  the  foci  of  the 
involntion  determined  hy  A,  D  and  the  pair  of  points  in  which  the  tangents  meet 
AJ>,    Then  will  PF  and  PF'  be  two  positions  of  the  chord  of  contact. 
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5X2.  Oiven  that  the  centres  of  all  the  equilateral  hyperbolaa 
circnmscribmg  a  triangle  lie  on  a  circle,  deduce  the  fundamental 
property  of  the  nine-point  circle  of  any  triangle. 

513.  The  three  circles  whose  diameters  are  the  diagonals 
of  any  quadrilateral  belong  to  a  coaxal  system,*  whose  limiting 
points  are  the  centres  of  the  two  inscribed  equilateral  hyper- 
bolas. 

514.  The  director  circles  of  all  the  central  conies  touching 
the  same  four  lines  have  a  common  radical  axis^t  which  is 
also  the  directrix  of  the  inscribed  parabola;  and  if  the  conies 
touch  but  three  lines,  their  director  circles  have  a  common 
radical  centre. 

515.  The  circumscribed  circle  of  any  triangle  which  is  self 
conjugate  with  respect  to  a  conic  cuts  its  director  circle  ortho- 
gonally:} '^  the  conic  be  an  equilateral  hyperbola  the  circle 
passes  through  its  centre :  if  it  be  a  parabola  its  directrix  passes 
through  the  centre  of  the  circle. 

516.  The  base  of  an  isosceles  triangle  being  upon  a  fixed 
straight  line  and  each  of  its  equal  sides  passing  through  a  fixed 
point,  whereof  one  is  on  the  fixed  line,  shew  that  the  locus 
of  the  vertex  of  the  triangle  is  an  equilateral  hyperbola  passing 
through  the  fixed  points  and  having  an  asymptote  parallel  to 
the  fixed  line. 


*  See  TowNSBND's  Chapters  on  the  Modem  Geometry  of  the  Pointy  Line,  and  Cirde, 
Art.  189  (vol  I.  p.  263). 

t  This  follows  from  Prop.  Til  by  reciprocation,  as  in  the  Oxford,  Camhridge  and 
Dublin  Messenger  0/  Mathematics,  Yol.  I.  p.  159.  A  direct  proof  by  involution  ifl 
given  in  vol.  in.  p.  31  of  the  same,  by  "  W.  K.  0."  [Clifford.] 

X  It  may  be  shewn  that  the  circnmacribed  circle  of  the  triangle  formed  by  the 
!  three  diagonals  of  a  quadrilateral  is  orthogonal  to  the  ciroies  on  its  three  diagonals 

I  as  diameters.    Ex.  615  then  follows  with  the  help  of  Ex.  614  by  regarding  the  sides 

of  any  self  conjugate  triangle  as  the  diagonals  of  a  quadrilateral  which  euvdopeB 
'  the  conic.    This  theorem  is  due  to-  Gaskin,  who  proved  it  by  the  Cartesian  method 

in  his  work  (p.  33)  already  referred  to  in  the  note  on  Ex.  468.  Eight  years  later 
the  equivalent  theorem :  "  On  donne  un  triangle  conjugue  a  une  eliipse„.la  tangeMU 
menee  du  centre  de  ^ellipse  an  cercle  circonscrit  au  triangle  est  egale  h  la  corde  dn 
quadrant  d^ellipse,"  was  proposed  by  Cap.  Faure  as  Quest.  624  in  the  Nouvelles 
Annates,  tome  XIZ.  p.  234  (1860).  See  also  XIX.  290,  845;  zx.  26,  77;  t.  308 
(2me  86rie). 
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517.  If  through  five  concyclic  points  taken  in  fours  five 
equilateral  hyperbolas  be  dravm,  their  centres  will  lie  on  a 
second  circle  of  diameter  equal  to  the  radius  of  the  former. 

518.  The  locus  of  the  centres  of  all  the  conies  which  pass 
through  four  given  points  is  a  conic.  Prove  that  the  locus 
will  reduce  to  a  circle  if  any  two  of  the  conies  through  the 
four  points  be  equilateral  hyperbolas,  and  to  an  equilateral 
hyperbola  if  the  four  points  lie  on  a  circle. 

519.  The  angular  points  and  the  centroid  and  orthocentre 
of  any  triangle  determine  ten  triangles  whose  nine-point  circles 
meet  in  a  point;  and  this  point  lies  on  the  circumference  of 
the  maximum  ellipse  that  can  be  inscribed  in  the  original 
triangle.* 

520.  Shew  that  the  centre  of  any  equilateral  hyperbola 
inscribed  in  an  obtuse  angled  triangle  lies  upon  the  circle 
with  respect  to  which  the  triangle  is  self  conjugate. 

521.  The  angular  points  of  a  triangle  and  the  extremities 
of  any  diameter  of  its  circumscribing  circle,  taken  four  together, 
determine  five  equilateral  hyperbolas  whose  centres  lie  on  the 
nine-point  circle  of  the  triangle. 

522.  A  variable  triangle  circumscribes  an  equilateral  hyper- 
bola and  its  nine-point  circle  passes  through  the  centre  of  the 
curve :  prove  that  the  locus  of  the  centre  of  its  circumscribed 
circle  is  the  hyperbola  in  question. 

523.  Prove  that  the  opposite  sides  AB  and  CD  of  a  paral- 
lelogram inscribed  in  a  rectangular  hyperbola  subtend  either 
equal  or  supplementary  angles  at  any  point  P  on  the  curve; 
the  circumscribed  circles  of  the  triangles  PAB^  PBG^  PGDy 
PDA  are  equal;  and  the  product  of  the  perpendiculars  from 
P  to  each  pair  of  opposite  sides  of  the  parallelogram  is  the  same. 

524.  With  the  extremities  of  any  diameter  of  the  circum- 
scribed circle  of  a  triangle  as  foci  two  parabolas  are  drawn 

*  See  Mathemaiical  Quotums,  4^,  from  the  Ej>uoatiokal  Times,  toL  xv,  p.  89. 
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touching  the  sides  of  the  triangle;  prove  that  the  tangents  at 
their  vertices  are  the  asymptotes  of  one  of  the  series  of  rect- 
angular hyperbolas  which  pass  throogh  the  vertices  of  the 
triangle. 

525.  Given  the  base  of  a  triangle,  prove  that  if  the  bisectors 
of  its  vertical  angle  be  parallel  to  fixed  lines,  or  if  its  tvro 
sides  make  equal  angles  with  two  fixed  stndght  lines,  the 
locus  of  its  vertex  will  be  a  rectangular  hyperbola  whose 
asymptotes  bisect  the  base  of  the  triangle  and  are  parallel  to 
the  bisectors  of  its  vertical  angle. 

526.  Given  two  fixed  tangents  to  a  variable  parabola  and 
a  fixed  pobt  on  its  axis,  prove  that  the  locus  of  its  focus  is 
a  rectangular  hyperbola  having  its  asymptotes  parallel  to  the 
bisectors  of  the  angle  between  the  fixed  tangents  and  its  centre 
at  the  bisection  of  the  line  joining  their  point  of  concourse  to 
the  fixed  point  on  the  axis. 

527.  If  a  rectangular  hyperbola  has  double  contact  with 
a  parabola,  the  line  joining  the  intersection  of  their  common 
tangents  with  the  centre  of  the  hyperbola  is  bisected  by  the 
directrix  of  the  parabola. 

528.  The  circle  described  with  any  diameter  of  an  equi- 
lateral hyperbola  as  radius  meets  the  curve  again  in  three 
points  which  determine  an  equilateral  triangle ;  and  conversely, 
the  circumscribed  circle  of  any  equilateral  triangle  inscribed 
in  an  equilateral  hyperbola  has  one  of  its  radii  coincident 
with  a  diameter  of  the  hyperbola.  If  OA  and  OB  be  the 
bounding  radii  of  a  circular  arc  ABj  shew  that  a  point  of 
trisection  of  the  arc  lies  upon  the  rectangular  hyperbola  which 
has  OA  for  a  diameter  and  passes  through  the  point  of  con- 
course of  OB  with  the  tangent  at  A  to  the  circle.  Deduce 
from  the  above  that  the  problem,  to  trisect  a  given  angle,  admits 
of  three  solutions.  Prove  also  that  that  if  points  P  and  Q  be 
taken  on  AB  such  that 

arcu4P=2arc  jB^, 

the  intersection  of  ^P  and  OQ  will  lie  on  the  hyperbola. 
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529.  A  pair  of  mean  proportionals  to  two  given  magnitades 
911  and  n  maj  be  found  as  follows.  Describe  a  parabola  of  latus 
rectum  equal  to  mj  and  with  its  axis  and  the  tangent  at  its 
vertex  as  asymptotes  describe  a  hyperbola  whose  semi-latus 
rectum  is  a  mean  proportional  to  m  and  2n;  then  will  the 
distances  of  their  point  of  concourse  from  the  asymptotes  be 
the  two  mean  proportionals  which  were  to  be  found.* 

530.  The  circle  described  on  any  radius  of  a  rectangular 
hyperbola  as  diameter  meets  the  curve  in  two  points  whose 
distances  from  the  asymptotes  are  in  continued  proportion; 
and  conversely,  the  hyperbola  drawn  through  the  point  of 
concourse  of  two  sides  of  a  rectangle  so  as  to  have  the  other 
two  sides  for  asymptotes  meets  the  circle  circumscribing  the 
rectangle  in  a  second  point  whose  distances  from  the  asymptotes 
are  a  pair  of  mean  proportionals  to  the  sides  of  the  rectangle. 
Hence  shew  how  to  find  a  pair  of  mean  proportionals  to  two 
given  magnitude8.t 

531.  The  difference  of  the  ordinates  of  the  points  in  which 
any  tangent  to  an  equilateral  hyperbola  meets  the  directrices  is 
to  the  difference  of  their  distances  from  the  centre  as  the  diagonal 
to  the  side  of  a  square ;  and  their  distances  from  the  centre  are 
to  one  another  as  the  focal  perpendiculars  upon  the  tangent.} 

*  This  oonstmction  alao  (cf.  Art.  20,  Cor.)  is  ascribed  to  Menaechmos. 

t  The  Deiian  problem  of  the  Duplication  or  the  Cubb  (t.6.  the  constraction 
of  a  cabe  of  twice  the  volnme  of  a  given  cube),  which  so  exercised  the  ancient 
geometers,  was  redaced  by  Hippocrates  of  Chios  to  the  problem  of  finding  a  pair 
of  mean  proportionals  to  two  given  magnitudes  (Art.  20,  Cor.  and  Ezx.  482,  529,  630). 
See  Reimer's  Historia  ProbUmatis  de  CuBi  Duplioatione  (Gottings,  1798) ;  Walton's 
Problems  in  UltutraUon  of  the  principles  of  Plane  Coordinate  Geometn/f  p.  167 ; 
Bretschneider's  Die  Geometrie  und  die  Geometer  vor  Euklidbs,  §  78.  The  method 
of  Ex.  530  is  employed  in  Gr^goire  de  St  Yincent's  Opus  Geometrieum  Quadrature 
Circuli  (lib.  Yi.  prop.  138,  p.  602),  and  elsewhere.  The  Trisection  op  THE  AnGLB 
(Ezx.  308,  390,  628)  like  the  former  problem  is  eqaivalent  to  the  eolation  of  a  cubic 
equation,  and  either  may  be  effected  by  the  intersection  of  a  circle  with  a  parabola 
as  was  proved,  in  the  third  book  of  his  Geometria^  by  Dbs  Cartes  ;  who  farther  shews 
that  solid  problems  in  general  can  be  reduced  to  the  same  two  constructions,  and 
gives  his  reasons  for  concluding  a  priori  that  *^Problemata  Solida  construi  non  possint 
t^sque  Sectionibus  ConiciSf  nee  qua  magis  composita  sunt  sine  aliis  lineisj  magis 
eompositis" 

X  Exx.  681—7  are  from  Booth's  New  Geometrical  Methods,  L  291—2  and  i.  343 ; 
Exx.  58S— 40  from  Gregory  St.  Yincent's  Opus  Geam,  Quadrat,  Circulif  lib.  vi. 
props.  146, 156, 166  (pp.  606-16). 
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532.  The  auxiliary  circle  of  an  equilateral  hyperbola  is  the 
envelope  of  the  lines  joining  the  points  in  which  any  two  diameters 
at  right  angles  meet  the  curve  and  its  directrices  respectively. 

533 •  If  tangents  be  drawn  to  an  equilateral  hyp^bola  from 
a  point  on  one  of  its  directrices  and  their  chord  of  contact  be 
produced  to  meet  the  directrix,  the  intercept  upon  it  between 
the  chord  and  the  point  will  subtend  a  right  angle  at  the  centre ; 
and  if  the  tangents  be  drawn  from  any  point  not  on  the  directriX| 
the  focal  distance  and  the  polar  of  the  point  will  intercept  on  the 
directrix  a  length  which  subtends  a  right  angle  at  the  centre. 

534.  The  intercepts  on  either  directrix  of  an  equilateral 
hyperbola  between  any  chord  and  the  tangents  at  its  extremities 
subtend  equal  angles  at  the  centre. 

535.  The  chords  drawn  from  any  two  fixed  points  on  an 
equilateral  hyperbola  to  a  variable  point  on  the  same  intercept 
on  either  directrix  a  length  which  subtends  a  constant  angle  at 
the  centre,  the  constant  angle  being  a  right  angle  in  the  case  in 
which  fixed  points  are  the  vertices ;  and  the  angles  subtended 
at  the  centre  by  the  intercepts  on  the  two  directrices  are  together 
equal  to  the-  angle  subtended  by  the  chord  joining  the  fixed 
points. 

536.  If  a  right  angle  revolve  about  the  centre  of  an  equi- 
lateral hyperbola,  the  abscissa  of  any  point  on  either  arm  varies 
inversely  as  the  abscissa  of  the  point  in  which  its  polar  meets 
the  other  arm. 

537.  If  a  diameter  of  a  parabola  meet  the  curve  in  P  and 
the  directrix  in  M  and  a  length  MPQ  be  taken  on  it  equal  to 
the  normal  at  P,  the  locus  of  Q  will  be  a  rectangular  hyperbola 
having  its  centre  at  the  vertex  of  the  parabola.  K  M'P'Q 
be  any  second  position  of  MPQ^  shew  that  the  hyperbolic  area 
QMM'Q  is  equal  to  the  product  of  the  arc  PP'  of  the  parabola 
and  its  semi-latus  rectum.* 


*  When  the  diameters  are  consecntive  the  distance  between  them  is  to  the  azc 
PP*  as  the  subnormal  at  P  to  the  normal,  whence  the  required  result  readily  follows. 
Thus  the  quadbaturb  of  the  Hyperbola  is  reduced  to  the  bbotification  of  the 
Parabola. 
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538.  A  hyperbola  having  for  asymptotes  the  axis  of  a 
parabola  and  the  tangent  at  its  vertex  cuts  the  parabola  in  0^ 
and  APQ  is  drawn  from  the  vertex  of  the  parabola  to  meet  it 
in  Q  and  to  cut  the  hyperbola  in  P]  prove  that  if  the  ordinate 
of  Q  cut  the  hyperbola  in  R^  the  segment  A  OP  is  equal  to  one- 
third  of  the  segment  APR\  and  if  from  the  latter  segment 
A  OP  be  cut  off  equal  to  one-third  of  its  area,  then  will  A  O 
and  the  ordinate  of  O  meet  QB,  and  AQ  respectively  on  a 
parallel  through  0  to  the  axis  of  the  parabola. 

539.  If  from  any  two  points  Q  and  Q  on  the  above  hyper- 
bola parallels  be  drawn  to  its  asymptotes  meeting  the  curve  in 
3f,  Jf'  and  N,  N\  the  areas  OQM,  OQN,  OqM\  OQN'  will 
be  proportionals. 

540.  If  through  the  point  Q  a  second  parabola  be  drawn 
having  the  asymptotes  for  its  axis  and  the  tangent  at  its  vertex, 
the  arcs  of  the  two  parabolas  will  trisect  the  area  QMN. 

irOTE   OIT  THE  NINE-POnrT  OIBO;«E. 

The  property  of  the  Nine-point  Circle  was  stated  and  proved  by 
Brianchon  and  Poncelet  in  Gergonne's  Annalei,  xl.  215  (1B21). 
See  above,  p.  175,  note.  The  property  may  be  verified  as  suggested 
in  Ex.  512,  viz.  thus.  Each  of  the  six  chords  connecting  a  triad 
ABC  and  its  orthocentre  0  (Art.  69)  is  a  diameter  of  one  of  the 
series  of  equilateral  hyperbolas  which  can  be  drawn  through 
Ay  B,  C:  these  six  chords  are  therefore  bisected  by  the  locus  of 
centres  (a  circle),  which  also  contains  the  three  intersections 
2),  JS,  F  of  the  chords  taken  in  opposite  pairs  (Art.  54  and  p.  171, 
note).  A  short  proof  by  inversion  of  the  theorem  (Salmon's  Conie 
SeetionSf  Art.  131,  Ex.),  that  the  nine-point  eirele  of  a  triangle  touches 
its  inscribed  and  exscrihed  circles,  was  given  by  Mr.  J.  P.  Taylor, 
Fellow  of  Clare  College,  in  the  Quarterly  Journal  of  Mathematics^ 
vol.  xm.  p.  197.  The  same  nine-point  circle  touches  the  sixteen 
inscribed  and  exscribed  circles  of  the  four  triangles  determined  by 
a  triad  and  its  orthocentre. 
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71.  An  nnlimited  straight  line  which  passes  through  a  fixed 
point  in  space  and  moves  round  the  circumference  of  a  fixed 
circle  generates  a  surface  which  is  called  a  Cone.*  The  line  in 
any  of  its  positions  Is  called  a  Side  or  a  Q^neraUng  Line  of  the 
cone ;  the  fixed  point  is  called  the  Vertex^  and  the  straight  line 
joining  it  to  the  centre  of  the  circle  is  called  the  Axis  of  the 

eone.t 

When  the  axis  is  at  right  angles  to  the  plane  of  the  circle 

the  surface  generated  is  a  Right  Circular  cone :  in  other  cases 

the  cone  is  called  Oblique  or  Scalene.    In  this  chapter  we  shall 

shew  that  the  curve  of  intersection  of  a  cone  with  a  plane  is  a 

parabola,  an  ellipse,  or  a  hyperbola ;  and  we  shall  derive  their 

elementary  properties  from  the  cone  itself,  confining  our  attention 

in  general,  for  the  sake  of  simplicity,  to  the  right  circular  cone. 

In  the  particular  case  in  which  the  section  of  a  right 
circular  cone  is  taken  at  right  angles  to  its  axis,  it  is  evident 
that  the  section  is  a  circle.  Any  circular  section  may  be 
regarded  as  the  Base  of  the  cone. 

The  Focal  Spheres  of  any  plane  section  of  a  right  circular 
cone  are  the  spheres  which  can  be  inscribed  in  the  cone  so  as 
to  touch  the  plane  of  section.  Their  points  of  contact  may  be 
defined  as  the  Foci^  and  the  intersections  of  their  planes  of 
contact  with  the  plane  of  the  section  as  the  Directrices  of  the 

*  The  complete  cone  consists  of  two  infinite  portions  on  opposite  sides  of  the 
▼ertex.  The  (right)  cone  as  defined  by  EuoLiD  (Book  xi.  def.  18)  is  the  finite 
figure  (p.  193)  described  by  the  reTolntion  of  a  right-angled  triangle  about  one  of 
the  sides  containing  the  right  angle. 

t  The  cone  and  its  axis  are  thus  defined  by  Apollovius  at  the  beginning  of  his 
TTapl  Kc«if(cf0V  (p.  13|  ed.  Halley).  In  the  oblique  cone,  which  has  two  sets  of 
circular  sections,  this  definition  gives  two  lines,  either  of  which  may  be  called  the 
<'  axis/'    In  analytical  treatises  on  Solid  Greometry  the  term  axis  is  not  used  as  aboie. 
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section.    We  shall  shew  that  these  points  and  lines  are  identical 
with  the  foci  and  directrices  as  hereinbefore  defined. 

In  what  follows  suppose  a  plane  through  the  axis  and  at 
right  angles  to  the  base  of  the  cone  to  be  taken  as  the  FlaanB 
of  B^erence  and  the  SecHon  to  be  made  by  a  plane  at  right 
angles  thereto. 

THE  OBDINATE. 

PB0P06ITI0N  I. 

72.  The  square  of  the  principal  ordinate  in  any  section  variee 
as  the  prodvxtofihe  corresponding  abscisses. 

(i)  Let  A  and  A'  be  the  vertices  of  the  section,  PP  a 
principal  double  ordinate  meeting  AA'  in  N^  and  let  the  plane 
of  circular  section  through  PP  meet  OA'  in  Z,  and  OA  in  Mj 
the  point  0  being  the  vertex  of  the  cone. 

Then  in  the  circle  PIP  is  equal  to  LN.MN.  And  as  LM 
moves  parallel  to  itself,  MN  varies  as  AN  and  LN  varies  as 


A*N,     Therefore  PN^  varies  as  AN.A'N^  or  the  square  of  the 
ordinate  varies  as  the  product  of  the  abscisses. 

When  the  section  cuts  all  the  generating  lines  on  the  same 
side  of  the  vertex  it  is  an  Ellipse^  and  when  it  cuts  both 
branches  of  the  cone  (fig.  p.  199)  it  is  a  Hyperbola* 

0 
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(ii)  If  the  axis  AN  of  the  section  be  parallel  to  the  ude  OL 
of  the  cone,  then^  in  the  figure  of  Art.  74,  sinoe  the  length  LN 
is  constant  whilst  NB  varies  as  the  abscissa  AN^  therefore  PN^ 
(or  LN.  NB)  varies  as  AN^  and  the  section  is  a  Pora&oZa. 

Hence  it  appears  that  whatever  be  the  vertical  angle  of  the 
cone  the  section  is  a  parabola,  a  hyperbola  or  an  ellipse  according 
as  the  angles  LOA  and  OAN  are  together  equal  to  or  greater 
or  less  than  two  right  angles. 

Corollary  1. 

Since  in  the  former  part  of  the  proposition 

PN^ :  AN.  A'N^  LN.  MN :  AN.  A'N^  AH.  A'K :  AA", 

where  AH  and  AK  are  the  diameters  of  circular  sectionSy  it 
follows  that  Oie  conjugate  axis  of  the  section  is  a  mean  proportional 
to  the  diameters  of  the  circular  sections  through  its  vertices^  and 
the  semi-axis  conjugate  is  a  mean  proportional  to  their  radii 
or  to  the  perpendiculars  from  the  vertices  of  the  section  upon 
the  axb  of  the  cone. 

Corollary  2. 

Hence  it  readily  follows  that  the  orthogonal  projection  of  the 
section  upon  a  plane  of  circular  section  is  a  conic  having  a  focus 
upon  the  axis  of  the  cone.* 

SOHOLIUM  ▲. 

MxtJBKJBXUB  (or  Menechmus)  is  said  to  have  been  the  difloorerer 
of  the  conic  sections,  which  have  been  accordingly  called  after  him 
the  Jlkimachmian  7Viad%.  Thus  Proclus  in  the  second  book  of  his 
commentaries  on  the  First  Book  of  Euclid,  writing  on  De£  4,  statos 
upon  the  authority  of  Geminus:  ''But  with  respect  to  these 
sections,  the  conic  were  invented  by  Meenechmus  {sic,),  which  also 
Erastostiienes  relatins^  says,  Nor  in  a  com  Msmeehmian' tsmariss 
divid^^  (Thos.  Taylor^s  Proclus,  i.  134);  and  see  the  end  of  the 
letter  of  Erastothenes  to  Ptolemy,  given  by  Eutokius  in  his  com- 
mentary on  Archimedes,  De  Sphar.  et  Cyl,  (Archim.  (>p.,  p.  146, 
ed.  Torelli),  where  the  same  verse, 

lirfie  Meye^fidovQ  Ktavorofiiiv  rpidEac, 


•  This  property  was  given  by  W.  H.  Talbot,  of   Cambridge,   in  GergonnelB 
Annates,  xir,  126. 
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appears  in  its  original  oontezt.  The  authorities  are  given  as  above 
in  Bretschneider  s,  Die  QeomeUr  und  die  Qeometrie  var  EuUidei^ 
§116,  p.  155. 

The  parabola,  the  ellipse,  and  the  hyperbola  were  anciently 
regarded  as  Hie  sections  of  right  circular  cones  of  different  angles 
by  planes  at  right  angUe  to  their  sidei^  and  were  accordingly  known 
as  the  sections  of  the  right-angled,  the  acute-angled,  and  the 
obtuse-angled  cones  respectively.  Apollonius  shewed  that  they 
could  all  be  cut  from  one  and  the  same  right  or  scalene  cone,  and 
he  gave  them  their  names  Fardbolay  Mlipse,  JSyperhela,  for  the 
reason  assigned  above  in  Ohap.  iv.  Scholium  A,  p.  82.  See  Pappi 
Alex.  Collection  lib.  vii.  §  30  (p.  672,  ed.  Hultsoh) ;  and  J.  H.  T. 
MiiUer's  JBeitrdge  %ur  Terminologie  der  Qrieehisohen  Mdthematiierf 
p.  25  (Leipzig,  1860).  Archimedes  is  sometimes  wrongly  sup- 
posed to  have  employed  the  term  Parabola,  for  the  reason  that  one 
of  his  treatises  came  to  be  known  by  the  title,  'Apx^fiV^ovQ  rerpa- 
ytivifffjun  Uapa^Xrjtf  whereas  throughout  the  treatise  the  author 
uses  only  the  periphrasis,  i}  tov  SpOoyiaylov  Ktayov  rofid.  In  like 
manner  he  calls  the  ellipse  17  rov  o^vyutyiov  Kiayov  rofid,  and  the 
exceptional  occurrence  of  the  term  ElUpee  itself  in  his  work  De 
Cotmd.  et  Spharoid.  (lib.  i.  cap.  9,  &c.)  is  rightly  attributed  to  an 
error  of  transcription. 

Eutokius,  at  the  commencement  of  his  commentary  on  the  Coniee 
of  ApbLLomxTS  (p.  9,  ed.  Halley)  explains  the  names  of  the  three 
conies  as  follows.*  Let  L  OR  be  the  angle  of  the  cone,  AN  the  axis 
of  the  section  supposed  at  right  angles  to  the  side  OR,  and  A  the 
vertex  of  the  section,  which  will  be  a  Parabola,  a  Hyperbola,  or  an 
Ellipse,  according  as  the  angle  of  the  cone  is  equal  to,  or  ffreater  or 
less  than  a  right  angle.  The  Parabola  is  accordingly  said  to  be  so 
called  because  AN  is  parallel  to  OL :  the  Hyperbola  because  the 
angles  LOA  and  O^iV together  exceed  two  riffht  angles,  or  because 
NA  falls  beyond  the  vertex  and  meets  the  side  LO  produced :  and 
the  Ellipse  because  the  angles  LOA  and  OAN  are  together  Use 
than  two  right  angles,  or  because  it  is  a  defective  circle  {kvkKov 
eXXfcTT^).  If  however  the  names  in  question  were  first  introduced 
by  ApoIiLOnius,  it  is  clear  that  they  are  to  be  explained  as  on  p.  82. 
The  property  of  the  ordinate  there  given  is  used  by  him  to  discri- 
minate between  the  three  conies  and  forms  the  actual  basis  of  his  iu- 
vesti^tions,  so  that  having  once  obtained  it  he  makes  in  reality 
very  litde  fdrther  use  of  the  cone. 

THE  ASYMPTOTES. 

PROPOSITION  II. 

73.  The  sections  of  a  cone  hy  parallel  planes  are  similar 
curves ;    and  the  asymptotes  of  the  hyperbolic  sections  made  hy 

*  The  passage  ia  given  in  the  Greek  at  the  end  of  Walton's  geometrical  Problems 
(see  above,  Ex.  530,  note). 
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parallel  planes  are  parallel  to  the  Mes  of  the  eone  wJdeh  Ue 
on  the  parallel  plane  through  its  vertex. 

If  any  fixed  straight  line  through  the  vertex  0  of  the  cone 
meet  a  pair  of  parallel  planes  in  M  and  Ny  and  if  a  Tariable 
plane  through  OMN  meet  the  sections  made  by  those  planes  in 
P and  Qy  then 

MFiNQ^OM:  ON; 

or  the  parallel  vectors  MP  and  NQ  are  in  a  constant  ratio,  and 
the  sections  are  therefore  similar. 

If  M  and  N  be  the  centres  of  a  pair  of  hyperbolic  sections 
the  vectors  IfP  and  NQ  become  infinite  together:  hence  the 
asymptotes  of  any  two  parallel  hyperbolic  sections  are 
parallel  to  one  another,  and  therefore  also  to  the  sides  of  the 
cone  determined  by  the  parallel  plane  through  the  vertex,  since 
thb  is  a  limiting  position  of  one  of  the  planes  of  section* 

Corollary. 

The  angle  between  the  asymptotes  of  a  hyperboKc  section 
cannot  exceed  the  vertical  angle  of  the  cone;  and  conversely 
in  order  to  cut  a  hyperbola  of  given  eccentricity  from  a  cone 
we  must  take  a  cone  whose  vertical  angle  is  not  less  than  that 
between  the  asymptotes. 

THE  FOCAL  SPHERES. 

PROPOSITION  IIF. 

74.  T7te  distance  of  any  point  of  a  section  from  the  point  of 
contact  of  its  plane  with  either  focal  sphere  is  in  a  constant  ratio 
to  the  distance  of  the  point  from  the  plane  of  contact  of  the  sphere 
with  the  concy  or  to  its  distance  from  the  line  in  which  that  plane 
meets  the  plane  of  section.* 

Let  S  be  the  point  in  which  the  plane  of  the  section  touches 


*  The  reader  who  prefers  to  define  a  conic  as  the  section  of  a  cone  by  a  plane 
may  define  its  foci  and  directrices  by  means  of  the  focal  spheres  (p.  192),  as  Pieiee 
Morton  (SchoL  B)  proposed  to  do.  The  proposition  will  then  take  the  form  that 
"  The  distance  of  any  point  on  a  conic  from  either  focus  is  in  a  constant  ratio  to  its 
distance  from  the  corresponding  directrix." 
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either  of  its  focal  spheres,  and  ilX  the  line  in  which  it  meets 
the  plane  of  contact  of  the  sphere  with  the  cone. 

Take  any  point  P  on  the  section,  and  let  Q  be  the  point 
in  which  the  side  of  the  cone  through  P  touches  the  sphere, 
and  let  Pii  be  supposed  parallel  to  the  ajils  of  the  section. 

(I)  Then  the  tangent  P5  to  the  sphere  is  equal  to  the 
tangent  PQ,  and  the  perpendicular  from  P  to  the  plafie  of 
contact  varies  as  PQ^  and  likewise  as  PM\  and  therefore  8P 
varies  as  that  perpendicular,  and  likewise  as  PM.^ 

fience  the  point  of  contact  8  and  the  line  MX  are  a  Focmb 
and  Directrix  in  accordance  with  their  definition  on  p.  1. 

(ii)  This  result  is  usually  obtained,  rather  less  directly,  as 
follows. 

Having  made  the  same  constructlonj  let  the  side  of  the  cone 
through  the  vertex  A  of  the  section  touch  the  sphere  in  JE 


and  meet  the  plane  of  circular  section  through  Pin  B;  let  PN 
be  the  ordinate  of  P  to  the  axis  AN  of  the  section,  and  let  X 
be  supposed  to  lie  in  the  plane  of  reference. 

*  If  a  mnd  /3  be  the  indinations  of  the  axis  of  the  oone  to  the  axis  of  the  section 
and  to  a  side  of  the  cone  respectiyely,  then  5P  =  coe  a .  sec  /3 .  PAf;  or  the  eccaUrieU^ 
is  equal  ooect.sec/S,  and  is  therefoic  limited  by  the  vertical  angle  of  the  cone  and 
cannot  exceed  see  /3. 
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Then  since  BP  is  eqaal  to  PQ,  and  PQ  is  equal  to  BE^ 
therefore  8P  is  equal  to  BE. 
Hence  and  by  parallels, 

SP:  NX=BE:NX=AE:  AX 

^ABiAX, 

or  8P  is  to  PM  or  NX  in  the  constant  ratio  of  8A  to  AX 

In  the  case  of  a  bifocal  conic  the  second  focus  and  directrix 
are  determined  In  like  manner,  as  is  indicated  in  the  diagrams 
of  Art.  75. 


PEOPOSinON  IV. 

75.  The  sum  or  diffsrmce  of  the  distances  cf  any  paint  on 
a  section  from  the  points  of  contact  of  its  plane  with  the  focal 
spheres  is  constant^  being  equal  to  the  intercept  mads  by  the  planes 
qf  contact  of  the  spheres  upon  any  side  of  the  cone. 

Let  S  and  H  be  the  foci,  or  points  of  contact  of  the  focal 
spheres,  and  Q  and  B  the  pomts  in  which  the  spheres  meet 
the  generating  Ime  through  any  point  P  of  the  section. 
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(I)  Then  since  the  tangents  from  P  to  either  sphere  are 
eqoal,  therefore  by  addition  in  the  case  of  the  ellipse, 

8P+HP^PQ  +  PB^QB, 
"which  is  the  same  for  all  positions  of  P  on  the  section, 
(ii)  And  by  subtraction  in  the  case  of  the  hyperbolai 


8P^HP:=iPQ'^PB^  QBf 
which  is  constant,  as  in  the  former  case. 

Oorolhry. 

In  the  first  figm'e  if  OA  and  0A\  drawn  from  the  vertex 
of  the  ccme  to  the  vertices  of  the  section,  touch  the  /S^sphere 
in  ^  and  E',  then 

or  OA'  '^  OA  is  eqnal  to  8ff.    In  the  second  figure  it  may  be 
shewn  in  like  manner  that  OA*  +  OA  is  equal  to  8H.    Hence 
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the  eooentricitj  b  the  ratio  of  OA'  ±  OA  to  AA'^  and  the 
diitance  of  the  foci  from  the  centre  is  \  (OA'  ±  OA). 

.   pfiOPOsrriON  v. 

76.  7%e  tangent  at  any  point  cf  a  section  makes  equal  angles 
mik  the  focal  distances  and  toith  the  side  of  the  oone.^ 

Let  TPt  be  the  tangent  at  anj  point  P  to  the  section,  and 
let  the  side  OP  of  the  cone  meet  the  focal  spheres  in  jp  andj''* 

Then  since  the  tangents  P8  and  Pp  to  the  /S-sphere  are 
eqnal|  and  likewise  the  tangents  T8  and   2^,  theiefore  the 


*  Thifl  property  and  its  applioationfl  were  pointed  out  by  me  in  an  aitide  go 
An  AngU-properiy  •/  ihe  Right  dreular  C<me  oontribated  in  June  1871  to  the 
MeitMffer  <if  Mathmnat%e$  (toIi  i.  p.  67),  and  in  snbeeqnent  artidee.  The  same 
methods  were  employed  in  Booth's  TheaHte  on  Conia  pabUahed  aome  yeaza  later  in 
the  second  Tolnme  of  his  New  Geometric^  Methodt;  bnt  from  the  intiodactba  to 
that  volume  we  learn  (p.  x)  that  the  sabstance  of  the  treatiae  had  been  read  beEon 
the  Soyal  Izish  Academy  in  1837|  although  not  publiahed  till  forty  yean  after; 
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triangles  T8P  and  TpP  are  equal  in  all  respects,  having  their 
angles  at  T  equal  and  their  angles  at  P  and  their  supplements 
equal. 

In  like  manner  it  may  be  shewn  that  the  angles  at  T  and 
those  at  P  in  the  triangles  TEP  and  TpP  are  equal. 

Hence  L  8Pt  ^pPt = p'PT  =  HPT, 

or  the  tangent  TPt  makes  equal  angles  with  the  focal  distances 
8P  and  HP  and  with  the  side  OP  of  the  cone.* 

PROPOSITION  VI. 

77.  If  tangents  he  dravm  to  a  section  from  any  point  in  its 
jplane,  and  a  side  of  the  cone  be  dravm  through  either  point  of 
contact,  the  intercept  upon  it  between  the  focal  spheres  subtends 
<U  the  point  of  concourse  of  the  tangents  an  angle  equal  to  the 
angle  between  them^ 

It  maj  be  shewn  as  in  Art.  76  that  the  angles  8TP  and  pTP 
aro  equal,  where  T  is  any  point  on  the  tangent  at  P;  and  in 
like  manner  that  the  angles  HTP  and  pTP  are  equal. 

Hence      /.pTp'  =  52!?+  HTP^  STH-\-  28TP. 

If  TB  be  the  second  tangent  from  T  to  the  sectioui  and 
if  the  side  of  the  cone  through  B  meet  the  spheres  in  q  and  q'^ 
k  may  be  shewn  in  like  manner  that 

z  jTj'  =  8TB  +  HTB  =  8TH+  28TB. 

And  since  the  triangles  j^T^?'  and  qTq*  have  their  sides  which 
touch  the  spheres  equal  and  their  bases  pp'  and  qq'  equal,  their 
angles  at  2^  are  equal.  Hence  a  fresh  proof  that  the  angle  8TP 
is  equal  to  HTB  (Art.  50) ;  and  it  follows  that 

JLPTB=pTp=qTq', 
as  was  to  be  proved.! 

Corollary* 

UPTB  be  a  right  angle,  pl^'  ia  2k  right  angle  and  T  lies 
on  a  certain  sphere.    The  locus  of  7  is  therefore  the  section 

*  This  may  also  be  proTod  by  the  metihod  of  Art.  48  (i),  sinoe  OP  ^  SP  ia 

t  Obsenre  that  the  triangle  Tpp'  is  identically  equal  to  the  triangle  STU'  of 
Art.  50  (Cor.  2  and  Scholiom  D). 
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of  a  sphere  by  a  plane ;  that  is  to  aaj,  it  is  the  cinde  which 
is  called  the  Director  Circle. 

PEOPOBITION  VII. 

78.    The  corgugaie  axis  of  any  section  ia  a  mean 
to  the  diametera  of  its  focal  spheres^  and  its  lotus  rectum 
as  the  perpendicular  to  the  plane  of  section  from  the  vertex  of 
the  cane* 

Let  AA'  be  the  axis  of  the  section  and  /  and  F  the  oentres 
of  its  focal  spheres. 


(i)  Then  since  fA  and  FA  bisect  the  supplementary  angles 
between  AA'  and  the  side  of  the  cone  through  A^  therefore 
by  similar  triangles /^^,  FffA^ 

f8:A8^AE:FHj 

and  therefore         f8.FH:=^A8.AE^  CB\ 

or  OB  is  a  mean  proportional  to  the  radii  of  the  spheres,  and 
2CB  to  their  diameters. 
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(ii)  Draw  OL  perpendicular  to  AA\  and  draw  fk  and  FK 
to  the  points  of  contact  of  the  apherea  with  the  side  OA  of 
the  cone. 

Then  since  OK  is  equal  to  the  semi-perimeter  of  the  triangle 
OAA', 

fTc.OK^i^OAA^\OL.AA, 

where  OK  varies  as  the  radius  FK. 

Therefore  OL .  A  A  varies  as /A .  FK  or  GB^ ;  that  is  to  say, 
OL  ia  in  a  constant  ratio  to  the  latus  rectum. 

If  a  sphere  be  described  about  the  vertex  of  the  cone  as 
centre,  the  latus  rectum  of  the  section  made  by  any  plane 
touching  it  will  be  constant,  and  will  be  equal  to  the  diameter 
of  the  circular  sections  whose  planes  touch  the  sphere. 

PBOPOSITION  VIII. 

79.  The  sphere  of  which  the  line  joining  the  centres  of  the 
focal  apherea  of  any  secHan  ia  a  diameter  containa  the  auxiliary 
circle  of  the  aection. 

^)  Since  fF  (in  Art.  78)  subtends  right  angles  at  A  and  A\ 
the  sphere  on  fF  as  diameter  cuts  the  plane  of  section  in  the 
drcle  on  AA  as  diameter,  which  b  the  auxiliary  circle  of  the 
section. 

The  annexed  duplicate  proof  further  establishes  the  relation 
between  the  auxiliary  circle  and  the  tangent. 

(ii)  Through  any  tangent  YZ  to  the  section  draw  a  plane 
through  /  and  likewise  a  plane  through  F.  These  bisect  the 
supplementary  angles  between  the  plane  of  section  and  the 
tangent  plane  through  YZ  to  the  cone,  and  are  therefore  at 
right  anglea. 

If  SY  and  HZ  be  the  focal  perpendiculars  upon  the  tangent, 
fY  is  at  right  angles  to  YZ  and  to  the  plane  FYZ. 

Hence  fY  is  at  right  angles  to  FY^  and  the  sphere  on  fF 
as  diameter  passes  through  F,  and  its  trace  on  the  plane  of 
section  is  a  circle,  whereof  AA  is  evidently  a  diameter. 
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Corollary. 
The  right  angled  triangles /iSF  and  ^J9Z  being  similar, 

8Y.  HZ^fS.  FH^  CB\ 

or  the  product  of  the  focal  perpendlcalars  npon  the  tangent  is 
constant. 
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The  conBtmctions  for  the  Foci  and  Directrices  of  the  sections  of 
the  cone  are  due  to  Hamilton,  Dandelin,  and  others. 

Hugh  Hamiltok  of  Dublin,  in  lib.  n.  prop.  37  of  his  work 

entitled  De  Sectianihui  ConicU  TraoUUw  Oeometricui  in  quo  «r  natwrti 

9  C<mi  Sectumum  Affeetumes  faeiUivM  d$ducuntur  nuthodo  hmv 

Edini,  1758),  establishes  the  following  properties.  Ixl  ^e 
es  of  Art.  75  (supposing  the  spheres  to  be  omitted)  if  i$  be  a 
focus  and  AE  be  taken  equal  to  AS^  then  (1)  the  iS-direotrix  is 
determined  by  the  intersection  of  the  plane  of  the  conic  with  the 
plane  of  circular  section  £QE' ;  and  (2)  the  vector  SP  to  any  point 
I^  of  the  conic  is  equal  to  the  segment  FQ  cut  off  by  the  same 
circular  section  from  the  side  OF  of  the  cone ;  and  (3)  when  the 
conic  is  bifocal  two  circular  sections  are  thus  determined  which 
intercept  on  any  side  of  the  cone  a  length  QR  equal  to  the 
transverse  axis.  Having  thus  established  the  equality  of  AS,  A.S 
and  of  A 8,  AE\  as  well  as  tlv9  equality  of  OE  and  0E\  he  had 
virtually  proved  that  the  focus  B  might  be  determined  as  ^e  point 
of  contact  of  AA!  with  the  inscribed  circle  or  one  of  the  escribed 
circles  of  the  triangle  OAA\  or  in  other  words  as  the  point  of 
contact  of  a  Focal  Sphere  with  the  plane  of  section.  He  did  not 
however  state  his  conclusion  in  this  form,  but  presupposed  the 
determination  of  8  by  the  relation  A8 .  A' 8  >»  CJB^f  and  Uien  proved 
MX  to  be  the  directrix  by  shewing  that  C8  :  CA^  8A:  AX. 

QxTBTBLBT  Contributed  a  Mimatre  nur  une  naweUe  Thdorie  tha 
Sections  Coniques  eomidMes  dam  U  Solids  (presented  Dec.  23,  1820) 
to  the  Nauveaux  Mimoires  ds  rAeadimis  Eoyale  des  Sciences  ei  Bett&M- 
htiret  de  BruxMee  (tome  n.  pp.  123—153,  1822),  in  which  he 
shewed  inter  alia  (1)  that  the  foci  of  a  seetion  are  detemunedby 
the  relation  OA  %  OA* »  SF[\  and  (2)  that  in  an  elliptic  section 
OF  -  8F  is  constant  and  equal  to  OB  -  CA.  These  results,  so  &r 
as  they  go,  are  identical  with  Hamilton's;  but  Quetelet  (unlike 
Hamilton)  gives  no  construction  for  the  directrices.  In  the  course 
of  the  above  Mimoire  he  refers  to  his  tract  on  the  Curva  Focalie^  or 
"Focale"  (Gandavi,  1819). 

DAi7DSLm,  in  a  Mimotre  eur  qtuilquee  propriith  remarquabUe  de  la 
Foeale  FarahoUque  published  in  the  same  volume  of  the  ITauveaux 
Mimoires  (ii.  171 — 202),  begins  by  inscribing  the  Focal  Sphekes 
and  thus  determining  the  foci  of  the  sections.  In  tome  ni.  (1826) 
he  extends  the  same  construction  to  the  Hyperboloid  of  revolution^ 
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l>ttt  in  neither  case  does  he  make  any  mention  of  the  directrices. 
See  also  tome  rv.  77;  Quetelet's  Corresp<mdanc€  mathimatique  et 
jpkysiquey  i.  82 ;  Oergonne's  AnnaUn^  xy.  392. 

A  complete  determination  of  the  Foci  and  Directrices  of  the 
sections  of  the  cone  by  means  of  the  Focal  Spheres  was  at  length 
proposed  by  Pierce  Morton  (B.A.,  1825)  before  the  Cambridge 
JPhuotaphieid  Society  in  1829  {TVansaotions,  vol.  lu.  pp.  185 — 190, 
1830;  and  see  pp.  228 — 9  of  the  anonymous  Geometry ,  Plane  Solid 
and  Spherical,  in  the  Library  of  Useful  Knowledge,  London,  1830). 
'From  his  introductory  remarks  it  would  seem  that  he  was  not 
acquainted  with  the  investigations  of  Hamilton  and  Dandelin. 

THE  SEGMENTS  OF  CHORDS. 

PROPOSITION  IX. 

80.  A  chord  of  a  cone  being  divided  at  any  pointy  to  determine 
the  rectangle  contained  by  its  segments. 

Upon  the  surface  of  a  right  or  scalene  cone  take  any  two 
points  A  and  A'  (figures  of  Art.  75),  and  in  the  line  AA'  or 
its  complement  take  any  point  X:  it  is  required  to  determine 
the  magnitude  of  the  rectangle  XA .  XA\ 

Take  any  fiixed  circular  section  KBK\  and  from  the  vertex  0 
of  the  cone  draw  a  parallel  to.^^'  to  meet  its  plane  in  Z* 
and  let  the  plane  AOZA'  meet  the  fixed  circular  section  in 
K  and  K'  and  the  parallel  section  made  by  a  plane  through  X 
in  -B  and  E'. 

Then  by  similar  triangles  AEX^  ZKO  and  AE'X^  ZK'O, 

XA .  XA' :  XE,  XE'  =  ZO^ :  ZE.  ZK', 

where  (1)  the  latter  ratio  depends  only  upon  the  direction  of 
AA'j  since  when  this  is  given  the  point  Z  is  known  and  the 
product  ZK.ZK'  is  determined,  and  (2)  the  magnitude  of 
XE*  XE*  depends  only  upon  the  position  of  X  in  space. 

By  taking  A  and  A'  on  a  given  plane  of  section  we  deduce 
the  results  of  Art.  16. 

SCHOLIUM  0. 

The  method  of  Prop.  ix.  is  frequently  attributed  to  Hamilton, 
in  whose  treatise  it  holds  a  prominent  place  {Sectiones  Coniea,  1?68, 
Lib.  I.  props,  x.  xi.).  He  supposed  that  he  had  thereby  settled 
the  old  controversy  about  the  cone  and  the  plane  in  favour  of  the 
ancients,  who  derived  the  ''sections^'  from  the  cone;  not  being 
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aware  that  the  property  in  question  oonld  be  proved  tnoiana  with 
at  least  equal  ease  (Art.  16).  Hamilton's  proposition  had  appeased 
in  the  preceding  century  in  the  TVactatw  xxiv.  D0  SeeiumiduM 
Conteitf  props.  48,  49  (pp.  419 — 20)  appended  to  Eugxxdes 
Adauotus  See*  auctore  J),  Gttarino  Guarino  (Aueastse  TaurinonuB, 
1671)  ;  where  in  prop.  48  the  case  of  two  parallel  chords  cut  bj  a 
single  chord  is  considered,  and  the  property  of  two  pairs  of  paraJlel 
chords  is  deduced  in  prop.  49.  See  also  Synopsis  PaUnariorum 
Matheseos :  or  A  Nino  Introdnetian  to  the  Mathematics,  by  W.  Jonee 
(London,  1706),  Part  n.  §  69  (3),  p.  265  :  «'In  any  Conic  Section, 
if  two  Parallels  are  cut  by  two  others,  and  all  terminate  at  the 
Ourve,  the  Bectangles  of  the  Segments  shall  be  Proportional/' 
These  references  are  given  by  Abr.  Bobertson,  Seetionum  Conicarutn 
lihriseptem,  p.  848  (Oxon.  1792). 

EXAMPLES. 

541.  The  latus  rectum  of  a  parabola  cut  from  a  given 
right  cone  varies  as  the  distance  between  the  vertices  of  the 
section  and  of  the  cone. 

542.  The  foci  of  all  similar  sections  of  a  given  right  cone 
lie  upon  two  other  right  cones. 

543.  Prove  by  means  of  Art.  75,  Cor.  that  the  parallel 
sections  of.  a  cone  have  the  same  eccentricity;  and  give  a 
construction  for  cutting  an  ellipse  of  given  eccentricity  {com 
a  given  right  cone. 

544.  The  eccentricity  of  a  section  is  a  ratio  of  majority 
or  minority  according  as  the  acute  angle  between  the  axes 
of  the  cone  and  of  the  section  is  less  or  greater  than  half  the 
vertical  angle  of  the  cone. 

545.  If  two  or  more  plane  sections  have  the  same  direc- 
trix, the  corresponding  foci  lie  on  a  straight  line  through 
the  vertex  of  the  cone. 

546.  Shew  how  to  cut  from  a  given  right  cone  an  ellipae 
whose  axes  shall  be  of  given  lengths,  or  whose  latus  rectum 
and  area  shall  be  of  given  magnitude. 

547.  The  area  of  the  triangle  through  the  axis^j  in  the  right 

*  Apolloniits  supposed  his  sections  to  be  made  by  planes  at  right  angles  to  the 
plane  drawn  through  the  axis  of  the  cone  (defined  as  on  p.  192)  at  right  angles  to  its 
base.  The  triangle  through  the  axis  (viz.  of  the  cone)  was  the  triangle  determined 
by  the  vertex  of  the  cone  and  the  trace  of  the  conic  upon  the  plane  through  the 
axis.    See  Chasles,  Apei'^u  Htstoriquej  p.  18  (ed.  2,  Paris,  1876). 
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cone,  varies  as  the  square  of  the  minor  axis  of  the  section, 
and  the  yolume  cat  off  from  the  cone  by  the  plane  of  the  section 
Taries  as  the  cube  of  its  minor  axis,  and  is  of  constant  magnitude 
so  long  as  the  minor  axis  is  constant.  Is  the  same  true  of  the 
scalene  cone? 

548.  If  the  minor  axis  of  a  section  be  given  in  length  and 
direction,  the  locus  of  the  centre  of  the  section  Ls  a  hyperbola. 

549.  Given  a  right  cone  and  a  point  within  It,  construct 
the  two  sections  which  have  the  point  for  a  focus;  and  shew 
that  their  planes  make  equal  angles  with  the  straight  line 
joining  the  point  to  the  vertex  of  the  cone. 

550.  The  vertical  angle  of  a  right  cone  being  a  right  angle, 
the  perpendicular  from  the  vertex  to  any  plane  is  equal  to 
the  semi-latus  rectum  of  the  section  made  by  that  plane. 

551.  Shew  how  to  cut  a  section  of  maximum  eccentricity 
from  a  given  cone.  Under  what  conditions  b  it  possible  to 
cat  a  rectangular  hyperbola  from  a  cone  ? 

552.  Shew  how  to  place  a  given  section  (when  possible) 
in  a  given  cone. 

553.  If  from  the  centre  (7  of  a  hyperbolic  or  elliptic  section 
a  line  CW*  be  drawn  at  right  angles  to  the  axis  to  meet  the 
sides  of  the  triangle  through  the  axis,  the  square  of  the  semi-axis 
conjugate  is  equal  to  CV.GV'\  and  the  semi-axis  conjugate  is 
equal  to  the  distance  of  G  from  the  vertex  of  the  cone  in  the 
case  in  which  the  transverse  axis  of  the  section  is  parallel  to 
the  axis  of  the  cone. 

554.  Two  right  cones  of  supplementary  vertical  angles 
being  placed  with  their  axes  at  right  angles  and  their  vertices 
coincident,  shew  how  to  cut  from  them  a  pair  of  conjugate* 
hyperbolas.  Shew  also  that  if  the  two  cones  be  cut  by  a  plane 
perpendicular  to  their  common  generating  line,  the  directrices 
of  one  of  the  sections  will  pass  the  foci  of  the  other. 


*  That  is  to  say,  oonjugate  in  form  and  dimensions,  but  not  lying  in  the  same 
plane. 
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555.  The  locas  of  the  centres  of  the  elliptic  sections  whose 
major  axes  are  equal  is  a  prolate  or  oblate  spheroid. 

556.  If  F  be  the  vertex  of  a  right  angled  cone,  and  PN 
the  ordinate  of  P  in  a  parabolic  section  whose  vertex  is  ^ 
shew  that  the  semi-latos  rectum  is  equal  to  VP—  AN. 

557.  An  ellipse  and  a  hyperbola  lying  in  planes  at  right 
angles  are  so  situated  that  the  foci  of  each  are  at  the  vertices 
of  the  other.  Shew  that  if  8  be  the  vertex  and  A  the  focus 
and  P  any  point  upon  a  branch  of  the  hyperbola,  and  if  Q 
be  any  point  on  the  ellipse,  then 

A8+PQ^AP+8Q. 

558.  If  two  cones  be  described  touching  the  same  two 
spheres,  the  eccentricities  of  their  sections  by  identical  planes 
are  in  a  constant  ratio. 

559.  The  vertex  of  a  right  circular  cone  which  contains 
a  given  ellipse  lies  on  a  certain  hyperbola,  and  its  axis  tenches 
the  hyperbola,  and  conversely. 

560.  Two  parallel  tangents  to  a  section  of  a  right  cone 
meet  in  M  and  M*  a  plane  which  touches  the  focal  spheres 
in  points  Q  and  Qf  on  a  generating  line :  shew  that  a  drcle 
goes  round  MQM*Q. 

561.  Determine  the  asymptotes  of  a  given  section  of  a 
scalene  cone. 

562.  Assuming  that  one  focus  of  the  shadow  of  a  sphere 
standing  on  a  horizontal  plane  and  exposed  to  the  light  of 
the  sun  is  its  point  of  contact  with  the  plane ;  find  the  envelope 
of  the  corresponding  directrix,  and  the  locus  of  the  remaining 
focus,  for  a  given  day  and  place. 

563.  By  properties  of  the  cone,  or  ^otherwise,  find  the  locos 
of  the  extremity  of  the  shadow  of  a  vertical  gnomon  erected 
on  a  horizontal  plane,  on  a  given  day  and  in  a  given  latitude. 

564.  The  centre  of  a  sphere  moves  in  a  room  a  vertical 
plane  which  is  equidistant  from  two  candles  of  the  same  height 
from  the  floor:  determine  its  locus  if  the  shadows  upon  the 
ceilmg  be  always  in  contact. 
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565.  If  a  point  move  in  a  plane  in  such  a  way  that  the  sam 
or  difference  of  its  distances  from  two  fixed  points,  one  of  which 
lies  in  the  plane  and  the  other  without  it,  is  constant,  its  locos 
will  be  a  plane  section  of  a  right  circular  cone  whose  vertex 
is  at  the  external  given  point. 

566.  Prove  in  Art  75  that  8E  and  8E'  bisect  the  diameters 
of  the  circalar  sections  through  A'  and  A  respectively ;  and  that 
80y  AE\  AE  cointersect,  and  hence  that  8  and  E*E  produced 
divide  AA'  harmonically. 

567.  Prove  from  the  cone  that  the  intercept  on  any  tangent 
to  a  conic  between  the  curve  and  a  directrix  subtends  a  right 
angle  at  the  corresponding  focus. 

568.  Prove  also  that  the  tangents  from  any  point  to  a 
section  subtend  equal  or  supplementary  angles  at  either  focus. 

569.  A  tangent  to  a  right  cone  being  drawn,  there  may 
always  be  drawn  through  it  pairs  of  planes  cutting  the  cone  in 
sections  which  have  equal  parameters. 

570.  The  section  of  maximum  parameter  which  can  be 
drawn  through  a  given  point  on  a  right  cone  has  its  plane 
at  right  angles  to  the  generating  line  through  the  point,  and 
has  its  tangent  at  that  point  parallel  to  the  base  of  the  cone. 

571.  Through  a  given  point  on  a  right  cone  there  may  be 
drawn  any  number  of  planes  making  sections  which  have  equal 
parameters ;  and  the  envelope  of  these  planes  is  another  right 
cone,  having  its  vertex  at  the  given  point  and  its  axis  coincident 
with  the  side  of  the  original  cone  through  that  point. 

572.  In  a  given  right  cone,  the  locus  of  the  foci  of  all 
equal  parabolas  is  a  circle  whose  plane  is  parallel  to  the  base ; 
the  locus  of  the  foci  of  all  the  parabolas  whose  planes  are 
parallel  is  a  straight  line  through  the  vertex  of  the  cone ;  and 
the  locus  of  the  foci  of  all  the  parabolas  that  can  be  drawn 
in  the  cone  is  another  right  cone  having  the  same  axis. 

573.  The. sphere  inscribed  in  a  right  cone  so  as  to  pass 
through  a  vertex  of  a  section  intercepts  upon  the  axis  of  the 
section  a  length  equal  to  its  latus  rectum. 
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574*  If  sections  of  a  right  cone  be  made  haTing  ooe  of  tfaeir 
Tertices  at  a  fixed  point  on  the  eone,  th^r  circles  of  enrratiire 
at  that  Teitex  lie  upon  a  sphere  inscribed  in  the  cone* 

575.  The  snm  or  difference  of  the  tangents  from  any  point 
on  a  conic  to  the  circles  of  curratare  at  its  Tertices  ia  ooBstant. 

576.  Ph>Ye  from  the  right  cone  that  a  conic  section  may 
be  regarded  as  the  locns  of  a  point  snch  that  the  amn  or 
difierence  of  the  tangents  therefrom  to  two  fixed  dreles  ia 
constant. 

577.  Frore  from  the  right  cone  that  a  conic  section  is  the 
locos  of  a  point  such  that  the  tangent  therefrom  to  a  fixed  circle 
is  in  a  constant  ratio  to  its  perpendicular  distance  from  a  fixed 
atnught  line ;  and  prove  that  in  the  case  in  which  the  straight 
line  cuts  the  circle  it  is  the  chord  of  real  douile  contact  of  the 
circle  with  the  conic;*  and  prove  that  the  above-mentioned 
constant  ratio  or  modulus  is  equal  to  the  eccentricity  of  the  come 

578.  Two  circles  have  double  internal  contact  with  an 
ellipscit  and  a  third  circle  passes  through  the  four  points  of 
contact.  If  ^1  I*}  T  be  the  tangents  from  any  point  on  the 
ellipse  to  these  three  circles,  prove  that  T*^tC. 

579*  Notice  the  forms  assumed  by  the  several  properties 
of  the  acute-angled  cone  when  its  vertical  angle  is  diminished 
indefinitely,  so  that  the  surface  becomes  a  cylinder. 

580.  An  oblique  cone  or  cylinder  being  described  upon  a 
circular  base,  shew  that  its  subcontrary  sections  are  likewise 
circular4 

*  Henoe  it  appears  that  a  foeu$  of  a  conic  may  be  regarded  at  etn  evaaetcetU  ctrc2e 
kavinff  double  eontad  with  the  conic  at  the  two  imaginary  points  in  which  it  ia 
int^isected  by  the  conesponding  directrix;  and  it  may  he  inferred  that  the  fines 
joining  the  focus  to  the  two  imaginary  points  at  infinity  throngh  whidi  all  oizcks 
pass  are  tangents  to  the  oonic,  and  henoe  that  all  coniee  which  have  the  eame  two  Jod 
may  be  regarded  as  inecribed  in  the  quadrilateral  which  hat  the  two  foci  attd  the  two 
circular  point*  at  ii^ity  for  it*  opposite  vertices.  See  Salmon's  Come  8eciiom»f 
chap.  XlT,  on  Methods  of  Abridged  Notation. 

t  If  CM  be  the  central  abecissa  of  a  point  of  contact,  and  CN  the  abacisaa  d  umj 

CM 

point  on  the  conic,  the  tangent  from  that  point  to  the  circle  is  equal  to e,CN, 

X  Two  sections  are  said  to  be  subcontrary  when  the  traces  of  their  planes 
upon  the  plane  of  reference  are  inclined  to  the  sides  of  the  cone  or  cylinder  at  angles 
which  are  alternately  equal. 
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581.  Extend  the  theorems  of  Art.  73  to  the  oblique  dbne; 
and  shew  that  if  through  any  point  on  a  side  of  the  triangle 
through  the  axis  there  be  drawn  two  planes  of  circular  section 
and  any  other  plane  between  them,  the  third  plane  will  cut 
the  cone  in  an  ellipse,  having  its  minor  axis  in  the  plane  of 
reference. 

582.  If  AA'  be  the  axis  of  a  section  of  a  scalene  conCi 
and  AD  and  Ad  be  diameters  of  its  circular  sections  through 
Aj  shew  that  the  square  of  the  distance  between  the  foci  is 
equal  to  A'D.A'd.  Shew  also  in  the  right. cone,  with  the 
construction  of  Art.  72,  that  the  circle  drawn  with  the  middle 
point  of  AA'  as  centre  to  bisect  AH  and  A'K  passes  through 
the  foci. 

583.  If  a  scalene  cone  be  cut  by  any  plane  at  a  given 
distance  firom  its  vertex,  the  latus  rectum  of  the  section  will 
be  constant* 

584.  The  transverse  axis  of  a  section  of  an  oblique  cone 
being  supposed  to  lie  in  ^the  plane  of  reference,  prove  that  the 
circle  which  touches  the  axis  and  passes  through  the  centres 
of  the  two  circular  sections  which  can  be  drawn  through 
eiiiier  vertex  determines  the  nearer  focus.t 

585.  T£  the  conjugate  axis  lie  in  the  plane  of  reference, 
and  if  two  circular  sections  be  drawn  through  either  of  its 

*  TfaiB  extenirion  of  Art.  78,  Oor.  may  be  proved  as  foUo^rs.  Supposing  the 
transrene  axis  to  lie  in  the  phme  of  reference,  let  DI/  be  the  diameter  (in  that 
plane)  of  the  section  which  is  parallel  to  the  base  and  equidistant  with  the  plane  of 
the  conic  from  the  yertez  0  (fig.  Art.  72)  of  the  cone.  Draw  OYZ  parallel  to  A  A'  to 
meet  AH  in  Fand  Diy  in  Z.  Then  it  may  be  shewn  that  AY=.  OZ,  and  hence 
that  DJy  :  AS  =  A'K :  AA',  The  latns  rectam  is  therefore  equal  to  DI/.  This 
theorem  is  doe  to  James  Bemonilli.  See  the  Leipzig  Acta  Eruiitcruniy  ann.  1689, 
pp.  686-8 ;  and  Ghaales*  Aperquk  HitUirique^  p.  19. 

t  Ezx.  684  and  585  are  from  GhaaW  Apergu  Ei$torique,  Note  it,  p.  285,  where 
it  is  added  that  the  Mceentricity  is  a  mean  proportional  (Ex.  582)  to  the  distances 
of  the  centre  of  the  conic  from  the  centres  of  the  two  circular  sections  through  either 
of  its  yertioes.  It  is  to  be  noted  that  (before  the  directrix  came  into  general  use)  the 
eooenMcity  was  sometimes  defined  (I)  as  the  distance  of  the  foci  from  the  centre,. 

or  (2)  as  the  ratio  of  that  distance  to  the  semi-axis,  or  (3)  as  the  ratio ,  where  b 

denotes  the  semi-latus  rectum  and  a  the  perihelion  distance  of  the  orbit  (Enler's 
Theoria  Motuvm  Phnetartm  et  Cometarum,  prob.  vili.  cor.  1,  p.  86). 

p2 
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extremities,  the  circle  upon  the  lioe  joining  their  centres  as 
diameter  passes  through  the  foci. 

586.  Every  tangent  plane  to  a  cone  cats  the  cjdic  planes 
in  a  pair  of  lines  making  equal  angles  with  the  line  of  contact; 
and  eveiy  plane  through  two  sides  of  the  cone  cnts  the  cyclic 
planes  in  two  lines  which  make  equal  angles  with  those  sides. 

587.  The  sum  or  difference  of  the  angles  which  any  tangent 
plane  makes  with  the  cyclic  planes  is  constant. 

588.  The  sum  or  difference  of  the  lines  drawn  from  the 
vertex  of  a  right  cone  to  the  extremities  of  any  diameter  of 
a  section  is  double  of  the  line  from  the  vertex  to  an  extremity 
of  the  conjugate  axis. 

589.  If  a  sphere  drawn  through  the  vertex  of  an  obliqae 
cone  cuts  the  cone  in  a  circle,  the  plane  of  a  section  sub- 
contrary  thereto  cuts  the  planes  of  any  two  great  circles 
of  the  sphere  in  a  pair  of  lines  inclined  at  the  same  angles  as 
their  planes. 

590.  The  lines  of  intersection  of  any  tangent  plane  to  a 
scalene  cone  with  its  two  cyclic  planes  are  such  that  the  product 
of  the  tangents  of  the  angles  which  they  make  with  the  inter- 
section of  the  cyclic  planes  is  constant. 

591.  The  product  of  the  sines  of  the  angles  which  any  side 
of  a  cone  makes  with  the  two  cyclic  planes  is  constant. 

592.  If  a  section  of  a  cone  be  made  by  a  plane  which  cuts 
the  planes  of  two  subcontrary  circular  sections  and  the  sphere 
containing  them  in  two  right  lines  and  a  circle  respectively, 
and  if  a  chord  be  drawn  to  the  circle  from  any  point  of  the 
section;  the  product  of  the  segments  of  the  chord  is  to 
the  product  of  the  perpendiculars  from  the  assumed  point  to  the 
subcontrary  planes  in  a  constant  ratio.* 


*  For  this  very  general  theorem  and  its  corollaries  see  the  article  by  Kr. 
John  Walkbr  on  Geometrical  PropoeUions  relatitig  to  Foccd  Properties  of  Swrfaees 
and  Curves  of  the  Second  Order  in  the  Cambridge  and  Dublin  Mathematical  Jowmal^ 
vol.  Tii.  pp.  16 — 28  (1862).  The  special  case  of  Ex.  694  is  also  proved  in  the  Jfessenger 
ofMothematicSf  vol.  IX.  pp.  33, 84.  See  also  Mr.  S.  A.  Benshaw's  treatise  on  The  Cone 
and  its  Sections  (London,  1875). 
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593.  The  above-mentioned  constant  ratio  is  the  ratio  of  the 
prodact  of  the  sines  of  the  angles  which  the  CTclic  planes  make 
with  the  plane  of  the  section  to  the  product  of  the  sines  of  the 
angles  which  thej  make  with  any  side  of  the  cone. 

594.  A  sphere  being  drawn  through  two  subcontrary  circular 
sections  of  a  cone,  and  the  planes  of  those  sections  being  pro- 
duced to  meet ;  prove  that  their  line  of  intersection  is  a  directrix 
of  the  section  made  by  either  plane  drawn  through  it  to  touch 
the  sphere,  and  that  the  point  of  contact  is  the  corresponding 
focus. 

595*  From  the  above  construction  deduce  that  any  tangent 
to  a  conic  (from  the  curve  to  either  directrix)  subtends  a  right 
angle  at  the  corresponding  focus. 

596.  All  the  right  cones  which  have  the  same  conic  section 
for  their  base  have  their  vertices  upon  another  conic  section^ 
lying  in  a  plane  at  right  angles  to  that  of  the  former,  the 
foci  of  each  curve  being  at  the  vertices  of  the  other. 

597.  If  a  hyperboloid  of  revolution  and  its  asymptotic  cone 
be  cut  by  a  plane,  their  two  sections  will  be  similar.* 

598.  If  two  spheres  be  inscribed  in  a  conoidf  bo  as  to 
touch  a  given  plane  of  section,  the  two  points  of  contact  will 
be  the  foci  of  the  section. 

599.  All  sections  of  a  conoid  made  by  planes  through 
one  its  foci  have  that  point  for  one  of  their  foci,  and  they 
have  the  intersections  of  those  planes  with  the  directrix  plane 
of  the  conoid  for  their  corresponding  directrices. 

600.  The  cone  whose  vertex  is  at  a  focus  and  whose  base 
is  any  plane  section  of  a  conoid  is  a  right  cone. 


*  For  proofs  of  the  theorems  of  Exx.  597 — ^600  see  Hatton's  A  Course  of  Maiht" 
mattes,  composed  for^the  nae  of  the  Bojal  Military  Academy,  vol.  ii.  pp.  196 — 203 
(12th  edition,  ed.  Thomas  Stephens  Dayies,  ISiS) ;  and  see  Besant's  Conic  Ssctums 
treated  geometrtcally,  chap.  XII. 

t  A  conoid  is  the  surface  generated  by  the  revolution  of  a  conic  about  one  of 
its  axes. 
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OURVATUBB. 

81.  If  FQ  be  a  small  arc  of  a  carve  and  PT  its  tangent 
at  P,  the  angle  QPT  is  called  the  Angle  of  Oontad  of  the 
arc  PQ. 

If  PQ^  be  an  arc  of  a  second  curve  touching  the  former  at  P, 
and  i£  QQf  meet  the  common  tangent  in  T]  then  will  the 
curvature  of  PQ  at  P  be  equal  to  or  greater  or  less  than  the 
curvature  of  PQf  at  P  according  as  the  limiting  ratio  of  the 
angle  of  contact  QPT  to  the  angle  of  contact  Q^PT  (when  PQ 
and  PQ'  are  diminished  indefinitely)  is  a  ratio  of  equalityi 
majorityi  or  minority. 

The  (Xrcle  of  Curvatuure  of  a  conic  at  any  point  P  is  the 
circle  which  has  the  same  curvature  as  the  conic  at  P:  it  is 
therefore  the  limiting  position  of  the  circle  which  touches  4he 
curve  at  P  and  meets  it  again  at  an  adjacent  point  wUdi 
ultimately  coalesces  with  P:  it  is  also  the  limiting  position  of 
the  circle  which  meets  the  curve  at  P  and  at  two  other  points 
which  ultimately  coalesce  with  P.  The  centre,  radius  and 
diameter  of  this  circle  are  called  the  Centre  of  OurtxUure^  the 
Badiua  of  Curvaturfij  and  the  Diameter  of  Curvature  of  the 
conic  at  P,  and  its  chord  in  any  direction  through  P  is  called 
the  Chord  of  Curvature  of  the  conic  in  that  direction. 

It  is  easily  seen  that  a  circle  which  cuts  a  conic  must  cut 
it  in  two  or  four  points,  and  hence  that  the  circle  of  curvature 
at  any  point  P  of  a  conic  will  in  general  cut  as  well  as  touch 
it  at  Pj  and  will  also  cut  it  in  one  other  point.  Any  other 
circle  touchbg  the  conic  at  P  must  lie  wholly  within  or  without 
the  former,  and  since  it  cannot  cut  the  conic  at  P  it  is  easily 
seen  that  it  cannot  pass  between  the  curve  and  its  circle  of 
curvature  at  that  point.    The  circle  of  curvature  is  therefore 
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tlie  circle  of  doaest  contact  with  the  conic  at  P,  and  is  called 
its  Osculaiing  Circle  at  that  point. 

A  circle  which  toachea  a  conic  at  an  extremity  of  either  axis 
-will  in  general  meet  it  again  at  the  two  extremities  of  a  chord 
parallel  to  the  other  axis;  whence  it  readily  follows  that  the 
oirclfi  of  conrature  at  an  extremity  of  an  axis  is  to  be  regarded 
as  meeting  the  conic  in  four  coincident  points.  It  may  also 
be  regarded  as  having  dooble  contact  with  the  conic  at  two 
coincident  points,*  and  it  does  not  cut  the  curve  at  its  point  of 
contact.  It  is  easy  to  determine  the  points  in  which  any  other 
circle  touching  the  conic  at  the  same  point  meets  it  again, 
sud  hence  to  shew  that  no  such  circle  can  pass  between  the 
conic  and  Its  circle  of  cnrvature  $lt  that  pomt 

PROPOSITION  I. 

82.  The  focal  chord  of  curvature  at  any  point  of  a  conic  ts 
egual  to  tie  focal  chord  of  the  conic  parallel  to  the  tangent  at 
that  point 

Let  P3P'  be  any  focal  chord  of  a  conic,  PT  the  tangent 
at  P,  and  BSR  the  focal  chord  parallel  to  PT. 


*  By  regarding  the  oeatre  of  cnrratiue  at  the  rertex  as  the  nltimate  position  of 

the  foot  of  the  normal  at  P  when  P  ooalesoes  with  Ay  we  deduce  from  the  property 

8C  =  ^,8P  (Alt.  10)  that  the  radius  of  curvature  at  A  is  equal  to  AS  {i-^  e),  or 

to  the  semi-latus  rectum.    By  like  oonsideTations  it  may  be  shewn  that  the  radius  of 

CA^ 
cvrvature  at  i?  in  the  ellipse  is  equal  to  -^  . 
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Describe  a  circle  teaching  the  conic  at  P  and  cutting  it  at 
an  adjacent  point  Qj  and  let  TQ  be  taken  parallel  to  PF^  and 
let  it  be  produced  to  meet  the  circle  again  in  H  and  the  cooic 
in  Q.    Then  hj  Art.  16  and  bj  a  property  of  the  circloi 

TQ.TH:  TQ.TQ^  TP" :  TQ.TQ^RR  :  PP, 

or  THiTQ^RRiPF. 

Let  P8  meet  the  circle  again  in  17;  and  let  the  point  Q 
ooaleace  with  P,  so  that  the  circle  becomes  the  circle  of  carrature 
at  P. 

Then  T  likewise  coalesces  with  P,  and  TQ  with  PP^  and 
TH  with  PU\  and  therefore  (from  the  above  proportion]  the 
chord  of  curvature  PU  (being  the  limit  of  TH)  is  equal  to 
the  focal  chord  RB  parallel  to  PT^  as  was  to  be  proved.* 

Oorollary  1. 
It  follows  that  in  a  central  conic  the  chord  of  curvature  at  P 

through  either  focus  is  equal  to    ^  .    (Art.  36,  Cor.):  in  the 

parabola  the  chord  of  curvature  through  the  focus,  or  parallel 
to  the  axiS|t  is  equal  to  4&P:  and  in  the  general  conic  the  focal 

2P(P 
chord  of  curvature  is  equal  to  — j--  (Art  15,  Cor.  and  Ex.  45). 

Corollary  2. 

Qiven  the  chord  of  curvature  at  P  in  any  one  direction,  the 
chord  in  any  other  direction  can  be  determined.  For  let  PU 
be  the  given  chord  and  PV  buj  other,  and  let  a  parallel  to  the 
tangent  at  P  meet  PU  in  K  and  PV  in  P;  then  it  is  evident 
from  the  circle  that 

'PV;PU^PK;PF, 

*  This  proof  ia  due  to  Profefisor  Towhsbnd  (Salmon's  Conic  Sections,  Ait.  397} : 
a  TariatioQ  of  it  will  be  ^ven  in  Prop,  ii.,  where  the  circle  of  oarratnre  is  regarded  as 
the  limit  of  a  circle  which  cuts  the  conic  in  throe  points,  two  of  which  ultimatdy 
ooalesoe  with  the  third. 

t  Draw  a  circle  toaohing  the  parabola  in  P  and  catting  it  in  J?  (fig.  Art.  82),  and 
let  MR  meet  the  circle  again  in  JT.  Then  MR.MK=  MP'  =  ASP. ME  (Art.  », 
CJor.  2),  or  MK=4SP.  Hence  another  proof  of  the  result  given  above  in  the  text 
It  is  to  be  noted  that  any  two  chords  of  the  circle  of  cnrrature  equally  indin^ 
to  the  Qormal  at  P  are  equal. 
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or  the  ratio  of  PV  to  the  given  chord  PU  is  known.  If  f  be 
eapposed  to  coincide  with  8^  then 

PV.  PF^  8P.  PU=  8P.  BR, 

which  gives  an  expression  for  the  chord  of  curvature  PV  in  any 
direction  in  terms  of  the  focal  chord  BR  (of  the  conic)  parallel 
to  the  tangent  at  P.    For  example,  in  the  parabola  it  follows 

at  once  that  the  Diameter  of  Curvature  is  equal  to  -q-^  | 

where  8Yis  the  focal  perpendicular  upon  the  tangent.    In  the 

central  conies,  supposing  JSF  to  pass  through  C,  we  deduce  that 

PU.  CA 
the  Diameter  of  Curvature  is  equal  to  — ^W —  [PU  being 

:i  .1-        u  m        2GZ)*  2GZ?"  2PCP 

drawn  through  flf),  or  --^  ,  or  qj^^j  or  --^  . 

PROPOSITION  II. 

83.  At  any  point  of  a  conic  the  chord  of  curvature  in  any 
direction  is  to  the  chord  of  the  conic  in  the  same  direction  as  the 
focal  chords  {of  the  conic)  parallel  to  the  tangent  and  to  the  chord 
of  curvature. 

Let  a  circle  meet  a  conic  in  three  adjacent  points  Q^  P,  ^,* 
and  let  PU  be  a  chord  of  the  circle,  and  let  it  meet  QQ'  in  V 
and  the  conic  again  in  P. 

*  Complete  the  chord  Q  VQ  in  the  figure  of  Prop.  i. 
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Then  by  a  property  of  the  circle  and  by  Art.  16, 

PV.VU:  PV.Vr^  QV.Vg :  PV.VF'^qip, 

where  p  and  q  are  the  focal  chords  of  the  conic  parallel  to 
PF  and  Qg. 

Therefore  VU:  VF^qip. 

Hence,  if  Q  and  Q  (and  therefore  also  V)  be  supposed  to 
coalesce  with  P,  so  that  the  circle  becomes  the  circle  of  corrar 
tore  and  QQf  becomes  the  tangent  at  P,  it  follows  that  the 
chord  of  corvatare  PU  is  to  the  chord  of  the  conic  PF  In  the 
same  direction  as  its  focal  chord  parallel  to  the  tangent  at 
P  to  its  focal  chord  parallel  to  PF^  as  was  to  be  proved.* 

PROPOSITION  III* 

84.  To  determine  the  length  of  the  centred  chord  of  curtkiture 
at  any  point  of  an  ellipse  or  hyperbola^  and  likewise  the  length 
of  the  chord  of  curvature  drawn  in  any  other  direction* 

(i)  Let  PCF  be  any  diameter  of  a  central  conic,  QK  a 
double  ordinate  of  that  diameter  adjacent  to  its  extremity  P: 
we  have  to  evaluate  the  cettral  chord  of  curvature  of  the  conic 
at  P. 


*  If  any  focal  chord  meet  the  tangent  at  P  in  7*,  it  follows  at  once  by  Ex.  79 
(cL  Ex.  447,  note)  that  the  chord  of  curratnre  at  P  parallel  to  it  is  equal  to 

^^am^  y  B8  was  Tirtoally  shewn  in  Art  82,  Cor.  2.    It  will  be  observed  that 

Prop.  II.  alone  completely  determines  the  curvature  of  a  conic  at  any  point,  but 
it  seemed  desirable  to  regard  the  subject  from  different  points  of  view. 
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Draw  a  circle  touching  the  oomc  at  P  and  cutting  it  at  Q^ 
and  let  it  meet  PP  again  in  U^  and  let  its  chord  SQ  parallel 
to  JPB  meet  the  tangent  at  Pin  21 

Then  mnce  QV^^  TF*^  TQ.TH^ 

therefore  TQ.THi  PV.VP'^CIT  i  GP\ 

or  THiVP^CL^iOP\ 

where  CD  is  the  semi-diameter  conjugate  to  CP. 

By  making  Q  coalesce  with  P,  so  that  the  circle  becomes  the 
ciide  of  conratnre  at  P|  we  deduce  that 

Pt7:PP'-CZD":CP", 

or  Prr.CP-2GZ?', 

where  P{7is  the  central  chord  of  curvature  at  P. 

(ii)  More  generally)  if  QH  and  PU  be  parallel  chords  of 
the  drde  drawn  in  any  direction,  and  if  QV  meet  PCTin  B 
and  CD  in  E^  then  since  QR  :  QF  is  a  ratio  of  equality  when  Q 
coalesces  with  P,*  it  is  easily  seen|  as  in  the  former  case,  that 
ultimately 

PR.  THi  PV.VP'^OV  :  C7P*; 

T 


and  it  follows  by  parallels  that 

PE.  THi  OP.VP'^Ciy  :  CP\ 

*  See  Newtor*b  iVtnc^io,  lab.  i.  Sect.  I.  lemma  7,  oor.  %  Also,  npon  carratore 
in  general,  see  lemma  11  with  the  notes  in  the  edition  by  Mr.  P.  T.  Main  (after 
J.  H.  Byans)  of  Sections  i-ui.  iz.  XI ;  and  see  the  Appendix,  pp.  181-141,  in  that 
edition  (Cambridge,  1871). 
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or  [TS heting  now  coincident  with  the  chord  of  corvatore  PV) 

PU.PE=2CI}!'. 

2Ciy 

The  Diameter  of  Curvature  at  P  is  equal  to  ^-pp- ,  where  PF 

(defined  as  in  Art.  46)  Is  equal  to  the  central  perpendicular  upon 
the  tangent.* 

PROPOSITION  IV. 

85.  To  evaluate  the  common  chord  of  a  conic  and  its  circle  of 
curvature  at  any  point. 

If  three  of  the  four  points  in  which  a  circle  meets  a  conic 
coalesce  at  P  and  their  fourth  common  point  be  Q^  it  follows 
from  Art.  IG,  Cor.  2  that  the  chord  PQ  and  the  tangent  at  P 
are  equally  inclined  to  the  axis ;  that  is  to  say,  the  common  chord 
of  a  conic  and  its  circle  of  curvature  at  any  point  and  their 
common  tangent  at  that  point  are  equally  inclined  to  the  axis. 

(i)  In  the  Parabola,  let  the  common  chord  PQ  meet  the  axis 
in  JB,  and  let  the  common  tangent  at  P  meet  the  axis  in  21 
Then  it  is  easily  seen  that  the  second  tangent  TP'  from  T 
is  parallel  to  PQ,  and  that  PP'  is  a  double  ordinate  to  the  axis, 
and  that  PQ  is  equal  to  four  times  PB  or  TP.f 

(ii)  In  the  Ellipse,  let  the  diameter  CD  parallel  to  the 
tangent  at  P  meet  the  common  chord  PQ  in  X;  then  will 
PX.PQ  be  equal  to  2 CD". 

Take  a  circle  of  radius  CA^  and  take  any  diameter  of  the 
same,  and  draw  the  chord  PQ  making  the  same  angle  therewith 
as  the  tangent  at  P,  and  let  the  diameter  parallel  to  that  tangent 
meet  the  chord  in  X. 


*  The  radios  of  cnnratnre  of  the  general  oonic  may  be  evaloated  by  regarding  the 
centre  of  curvatare  as  the  ultimate  intersection  of  two  conaecntiTe  normals,  and 
aasnming  that  8G  =  e,8P  (Art.  10),  and  PK=  ^  latns  rectnm  (Art.  11).    The  ex- 
PC 
proBsion  ^^  (Art.  82,  Cor.  2)  for  the  radios  of  corratore  has  been  obtained  in  this 

direct  manner  by  Professor  Adams  {Oxf,  Camb,  J)ubl,  Messenger  of  Mfathenuaktf 
vol.  iir.  pp.  97-99). 

t  The  chord  of  cnryatnre  in  any  other  direction  may  be  dedooed.  For  example, 
it  may  be  shewn  by  angle-properties  that  the  circle  meets  P8  produced  in  a  point  V 
lying  on  the  diameter  thioogh  Q  in  the  parabola,  and  hence  that  P  T  is  equal  to  4SP. 
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Then  if  PO  meet  the  circle  again  in  P^ 

PX.PQ  =  P0.PP'^2GA\ 

It  follows  by  Orthogonal  Projection  that  in  the  Ellipse  (the 
same  letters  being  used)  PX.PQ  is  equal  to  twice  the  square 
of  the  semi-diameter  parallel  to  PQ:  therefore,  the  diameters 
parallel  to  PQ  and  the  tangent  at  P  being  equal, 

PX.PQ^2CU'. 

It  is  left  to  the  reader  to  obtain  the  same  result  by  a  method 
applicable  to  the  hyperbola  also.* 

SGHOLnnc. 

AFOLLOimTS  in  treating  of  maxima  and  minima  takes  a  point  on 
the  axis  of  a  conic  at  a  distance  equal  to  the  semi-latus  rectum  from 
its  yertex  {Conies,  Lib.  v.  props.  4 — 6,  &c.),  which  is  in  fact  the 
centre  of  curvature  at  the  yertex,  although  he  does  not  in  any 
direct  manner  touch  upon  the  subject  of  cturyature.  Gf.  Yincentio 
Yiviaui's  treatise,  De  JUaximts  et  Minimii  geomeiriea  divinatio  in 
quintum  Conieorum  Apolhnii  Perffoi  adhue  desideratum  (Florent. 
1 659) ;  and  see  Abr.  Bobertson's  Seeiiimum  Caniearum  lihri  septem, 
p.  372  (Oxon.  1792). 

HcTOHENS  came  yery  near  to  the  subject  of  curvature  when 
he  propounded  his  theory  '<De  linearum  curvarum  evolutione  et 
dimensione"  {Horologium  Osdllatoriumy  Pars  m.  Paris.  1673), 
since  the  evolute  of  a  curve  is  the  envelope  of  its  normals  and  the 
locus  of  its  centres  of  curvature.  The  first  case  of  rectification  of  a 
curve  was  that  of  the  cubical  parabola  by  William  NsiLtf  the 
cycloid  was  rectified  soon  after  by  Christopher  Wrek.  Huyghens. 
had  previously  (1657)  reduced  the  rectincation  of  the  parabola 
Q£x.  535,  note^  to  the  quadrature  of  the  hyperbola  {Horolog.  OseilL 
pp.  72,  77;. 


*  The  proof  in  the  text  is  given  to  indicate  the  applicability  of  Orthogonal 
Projection  (chap,  ix.)  to  the  treatment  of  cnryatore.  If  any  two  lines  (as  PQ  and 
the  tangent  at  P)  eqnaUy  inclined  to  the  axis  of  the  ellipse  be  projected  on  to  its 
auxiliary  circle,  the  projected  lines  will  be  equally  inclined  to  the  axis;  or  if  the 
term  equally  inclined  be  restricted  to  parallels,  we  must  say  that  if  two  lines  make 
equal  or  supplementary  angles  with  the  axis,  their  projections  will  make  equal 
or  sopplementaxy  angles  with  the  axis. 

f  This  was  suggested  by  the  Arithmetica  InfinUorvm  of  Walus  (Oxon.  1666) : 
Yan-Heuraet  seems  to  have  rectified  the  same  curre  independently  (1659)  yery  soon 
after  NeiL  See  Montucla's  KiUoire  des  Afathematiquetf  Part  it.  liy.  vi.  §ii,  tome  il. 
p.  808.  Huyghens  awards  the  palm  to  the  later  discoyerer,  considering  that  Neil's 
inyestigation  was  incomplete  {Hcrolog,  p.  72). 
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The  Osculating  CircU  reoeived  its  name  from  Lbibvrz:  see 
MMtaiio  nova  de  natura  AnguU  Contacttui*  if  OteuU  by  G.  O.  !«.  in 
the  Jeia  ErudiUnrum  for  1686  Tpp.  289—292,  by  misprint  489—892). 
Bee  also  pp.  292—300,  and  the  Acta  for  1692,  pp.  SO — 85, 
110 — 116,  440—6.  The  subject  of  curvature  was  considered  by 
Nbwtoh  in  the  seTonth  and  eighth  chapters  of  his  Omm^rim 
Analytical 

EXAMPLES. 

6oi.  Prove  the  following  construction  for  the  centre  of 
curvature  at  any  point  P  of  a  conic  From  the  point  in  which 
the  normal  meets  the  axis  draw  a  perpendicular  to  the  normal 
meeting  8P  in  Q^  and  from  Q  draw  a  perpendicular  to  8P 
meeting  the  normal  in  0.  Then  0  is  the  centre  of  curvature 
at  P. 

602.  The  circle  which  touches  a  conic  at  P  and  intercepts 
upon  the  diameter  through  P  a  length  equal  to  its  parameterf 
is  the  circle  of  curvature  at  P. 

603.  The  circle  of  curvature  at  any  point  of  a  conic  being 
the  circle  through  that  point  and  two  others  which  ultimately 
coalesce  with  it,  shew  that  the  centre  of  curvature  may  be 
regarded  as  the  point  of  ultimate  intersection  of  two  consecu* 
tive  normak  to  the  conic. 

604.  The  circle  of  curvature  at  any  point  of  a  oonic  may 
be  regarded  as  touching  three  consecutive  tangents  to  tbs 
conic  I 

605.  Determine  the  position  of  the  common  chord  of  a 
parabola  and  its  circle  of  curvature  at  an  extremity  of  the 
latus  rectum. 

606.  The  diameter  at  either  extremity  of  the  latus  rectum 
of  a  parabola  passes  through  the  centre  of  curvature  at  its 
other  extremity. 


*  For  earlier  oontroTermes  on  the  nature  of  the  angle  of  eontaet  see  WAXii*ifl»  D9 
AnffMlo  CotUatitu  ft  Semicirculi  ditqwuiHo  ceomOriea  (Oxon.  1656). 

t  The  parameter  of  any  diameter  of  a  central  conic  is  defined  as  a  third  proper' 
tional  to  that  diameter  and  its  conjngate. 

X  For  pxoolB  of  Ezz.  60a-i  see  the  section  on  oonratare  in  Main's  NiWTOV» 
Apptmdix  (see  above  p.  219,  note). 
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toj.  The  radios  of  carvature  at  any  point  of  a  parabola 
18  double  of  the  portion  of  the  normal  intercepted  between  the 
cnrve  and  the  directrix. 

608.  At  anj  point  of  a  parabola  the  intercept  made  by 
the  circle  of  curvatnre  npon  the  axis  is  a  third  prcportional 
to  the  latus  rectum  and  the  parameter  of  the  diameter  to  the 
point. 

609.  At  any  point  Pof  a  parabola,  if  PYhe  the  projeetioo 
of  SP  upon  the  tangent,  the  chord  of  cnrratnre  through  the 
Tertex  is  a  third  ]HroportionaI  to  AF  and  2PY. 

610.  If  £  be  the  middle  point  of  the  radius  of  curvature 
at  P  in  a  parabola,  PR  subtends  a  right  angle  at  8. 

61 1.  If  the  normal  to  a  parabola  at  P  be  produced  to  any 
point  Oj  express  the  radius  of  curvature  at  P  in  terms  c£  the 
line  OP  and  its  indinations  to  the  tangents  from  O. 

61 2.  The  radius  of  curvature  at  an  extremity  of  the  latus 
rectum  of  a  parabola  is  equal  to  the  projection  upon  the  direc- 
trix of  the  focal  chord  parallel  to  the  tangent  at  that  pomt. 

613.  Given  a  circle  and  a  stnught  line,  it  is  required  to 
find  a  parabola  (see  Ex.  607)  having  the  line  for  its  directrix 
and  the  circle  for  a  circle  of  curvature. 

614.  The  envelope  of  the  common  chords  of  a  parabola  and 
its  several  circles  of  curvature  is  a  parabola,  and  the  locus 
of  their  middle  points  is  a  parabola. 

615.  The  tangent  from  any  point  of  a  parabola  to  the  circle 
of  curvature  at  its  vertex  is  equal  to  the  abscissa  of  the  point. 

616.  If  tangents  TQ  and  TQ^  be  drawn  to  a  parabola 
from  any  point  T  on  the  fixed  diameter  which  meets  the 
curve  in  P  and  the  directrix  in  Mj  the  centre  of  the  circle 
round  TQQ  lies  at  a  constant  distance  2PJIf  from  the  directrix. 
If  0  be  the  centre  of  the  circle,  D  the  projection  of  0  upon 
the  fixed  diameter  V  the  middle  point  of  QQ^  and  X  the 
foot  of  the  directrix,  shew  that 

OD  :  TM^OD  ;  DV ^  MXi  8X. 
Shew  also  that  the  radius  of  the  circle  varies  as  8T. 
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617.  If  from  the  vertex  of  a  parabola  chords  AB  and  A£^ 
be  drawn  equally  inclined  to  the  aziB,  the  normals  at  the 
extremities  of  any  chord  parallel  to  AB  intersect  upon  the 
normal  at  jS*;*  and  the  centre  of  the  curvature  at  the  ex- 
tremity of  the  diameter  which  bisects  AB  lies  upon  the  nonnal 
atJ2'. 

6 1 8.  Triads  of  points  can  be  found  on  a  parabola  such  that 
the  normals  thereat  cointersect.  The  circle  through  any  three 
such  points  passes  through  the  vertex  of  the  parabola,  and 
the  centroid  of  the  triangle  which  they  determine  lies  on  the 
ixis. 

619.  In  Ex.  616  shew  that  the  ordinate  of  the  point  of 
concourse  of  the  normals  at  Q  and  (^  is  to  the  ordinate  of  V 
as  the  product  of  the  ordinates  of  Q  and  Q  to  the  square  of  the 
semi-latus  rectum.  Hence  determine  the  ordinate  of  the  centi^ 
of  curvature  at  P,  and  likewise  the  length  of  the  radius  of 
curvature. 

620.  Give  a  geometrical  method  of  drawing  nonnals  to 
a  parabola  from  a  point  on  the  curve. 

621.  Determine  a  point  on  a  given  conic  at  which  the 
circle  of  curvature  is  of  given  magnitude;  and  in  the  case  of 
the  ellipse  determine  the  limits  of  its  magnitude. 


*  Let  QQ^  in  Ex.  616  be  supposed  parallel  to  AR.     Prodaoe  TO  to  meet  the  cucIb 
again  in  N  (the  point  of  ooncoone  of  the  normals  at  Q,  QOi  draw  the  perpendicular 
NH  to  the  fixed  diameter,  and  take  SK  equal  to  TA£  upon  MH  produced.    Then 
it  is  easily  seen  that  iT  is  a  fixed  point  (the  position  assumed  by  iV  when  (2(2'  passes 
through  S)y  and  NH :  HK  -  2AfX :  SX.    Therefore  N  lies  on  a  fixed  straight  line 
through  Kf  which  may  be  proved  (from  the  property  of  the  subnormal)  to  be  the 
normal  at  /2'.    For  the  aboTe  I  am  indebted  to  the  Rev.  A.  F.  Tony,  Fellow  of 
St.  John's  College.    The  following  method  may  also  be  suggested :  since  the  angle 
OSTiBa.  right  angle  (Ex.  146),  we  have  an  intercept  TO  between  two  fixed  atnigfat 
lines  DO  and  DTat  right  angles  subtending  a  right  angle  at  a  fixed  point  8,  and  we 
have  to  shew  that  the  extremity  N  of  TO  produced  to  double  its  length  lies  opon  a 
fixed  straight  line.    Or  again,  taking  three  positions  of  P  in  Art.  26 — P  and  P'  on 
one  side  and  P"  on  the  other  side  of  the  axis,  and  supposing  the  normals  at  the 
three  points  to  cointersect  at  a  point  whose  projection  upon  ths  axis  is  Z,  we  eisily 
prove  that  PN ,  ZG  =  P'N',  ZG'  ^  P"N",ZG" ;  whence  it  follows,  after  some  re- 
ductions, that  PN^-  P'N'^P"N".    On  the  tetrads  of  concurrent  nomuUa  to  a 
central  conic  see  Ex.  286. 
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622.  If  the  osculatiDg  circle  at  a  vertex  of  an  ellipse  passes 
through  the  further  focus,  determine  the  eccentricity. 

623.  The  circle  of  curvature  at  a  point  on  an  ellipse  passes 
through  a  vertex :  iind  the  point. 

624.  The  circle  of  curvature  at  an  extremity  of  one  the 
equal  conjugate  diameters  of  an  ellipse  passes  through  Its  other 
extremity.     Explain  the  corresponding  result  in  the  hyperbola. 

625.  The  circles  of  curvature  at  the  extremities  of  two 
conjugate  radii  GP  and  CD  of  an  ellipse  meet  the  curve  again 
in  Q  and  R\  shew  that  PR  is  parallel  to  DQ, 

626.  Find  the  points  on  a  central  conic  at  which  the  diameter 
of  curvature  is  a  mean  proportional  to  the  axes. 

627.  Express  the  chord  of  curvature  perpendicular  to  the  axis 
at  any  point  of  an  ellipse  in  terms  of  the  ordinate  of  the  point. 

628.  From  the  point  in  which  the  tangent  to  an  ellipse 
at  P  meets  the  axis  a  straight  line  is  drawn  bisecting  one  of 
the  focal  distances  and  meeting  the  other  in  Q.  Prove  that 
PQ  is  one  fourth  of  the  focal  chord  of  curvature  at  P. 

629.  If  the  circle  of  curvature  at  P  in  an  ellipse  passes 
through  a  focus,  then  P  lies  midway  between  the  minor  axis 
and  the  further  directrix,  and  the  parallel  to  the  tangent  through 
the  focus  divides  the  diameter  at  P  in  the  ratio  of  three  to 
one.  The  circle  of  curvature  cannot  pass  through  either  of 
the  foci  if  the  semi-axis  exceed  the  distance  between  them. 

630.  Shew  that  a  conic  can  be  described  with  a  given  focus 
so  as  to  have  a  given  circle  of  curvature  at  a  given  point.* 

631.  The  foci  of  all  the  ellipses  which  have  a  common  maxi- 
mum circle  of  curvature  at  a  given  point  lie  on  a  circle. 

632.  The  tangent  at  P  in  an  ellipse  meets  the  axes  in  H 
and  K^  and  CP  is  produced  to  meet  the  circle  round  CHK 
in  L :  prove  that  2PL  is  equal  to  the  central  chord  of  curvature 
at  P,  and  that  GL .  GP  is  constant. 


♦  This  is  a  limiting  ci\se  of  tho  problem  to  describe  a  conic  of  which  a  focus  and 
three  points  are  given. 
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633.  A  hyperbola  which  touches  an  ellipse  and  has  a  pair 
of  its  conjugate  diameters  for  asymptotes  has  the  same  curra- 
ture*  as  the  ellipse  at  their  points  of  contact. 

634.  At  any  point  P  of  a  rectangular  hyperbola,  if  FN 
be  a  perpendicular  to  an  asymptote,  the  chord  of  curvature 

in  the  direction  PN  is  equal  to  ^"p^^  • 

635.  At  any  point  of  a  rectangular  hyperbola  the  radios 
of  curvature  varies  as  the  cube  of  the  radius  of  the  curve. 

636.  At  any  point  of  a  rectangular  hyperbola  the  normal 
chord  is  equal  to  the  diameter  of  curvature.. 

637.  At  any  point  of  a  rectangular  hyperbola  the  diameter 
of  the  curve  is  equal  to  the  central  chord  of  curvature. 

638.  If  from  a  given  point  on  an  ellipse  there  be  drawn 
a  double  ordinate  to  either  axis,  and  if  to  the  diameter  through 
its  further  extremity  a  double  ordinate  be  applied  from  the 
given  point,  it  will  be  a  chord  of  the  circle  of  curvature  at 
the  given  point. 

639.  The  normal  chord  which  divides  an  ellipse  most 
unequally  is  a  diameter  of  curvature,t  and  is  inclined  at  half 
a  right  angle  to  the  axis. 

640.  A  chord  of  constant  inclination  to  the  arc  of  a 
closed  curve  divides  its  area  most  unequally  when  it  is  a 
chord  of  curvature. 

641.  Every  chord  of  a  conic  which  touches  the  circle  of 
curvature  at  its  vertex  is  divided  harmonically  by  that  circle 
and  the  tangent  at  the  vertex4 

^  642.  The  radius  of  curvature  at  any  point  of  a  parabola 
is  bisected  by  the  circle  which  touches  the  parabola  at  that 
point  and  passes  through  the  focus. 

•  Curvature  is  measured  by  the  reciprocal  of  the  radius  of  curvature. 

t  The  normal  in  two  consecutive  positions  must  cut  oft  equal  areafl,  aad  must  be 
bisected  at  the  centre  of  curvature. 

X  Exx.  641-3  are  from  the  Mothemoficinn,  vol.  I.  290  (London,  1845). 
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643.  The  radius  of  curvature  at  any  point  of  a  central 
conic  is  cut  harmonically  bj  the  two  circles  which  touch  the 
conic  at  that  point  and  pass  one  through  each  focus. 

644.  If  T  be  the  point  of  concourse  of  the  common  tangents 
of  an  ellipse  and  its  circle  of  curvature  at  P,  and  if  0  be  the 
centre  of  the  circle,  G  the  centre  and  8  either  focus  of  the 
ellipse;  then  7  lies  on  the  confocal  hyperbola  through  P,  and 
0(7  bisects  P?,  and  iSPand  /SPare  equally  inclined  to  08. 

645.  A  circle  through  the  vertex  of  a  parabola  cuts  the 
curve  in  general  in  three  other  points,  the  normals  at  which 
cointersect.  If  the  point  of  cointersection  of  the  three  normals 
describe  a  coaxal  conic  having  its  centre  at  the  vertex  of  the 
parabola,  the  locus  of  the  centre  of  the  circle  will  be  a  conic 
having  its  centre  at  the  focus  of  the  parabola,  and  the  ratio 
of  its  axes  will  be  twice  as  great  as  the  ratio  of  the  axes  of  the 
former  conic. 

646.  Find  a  point  P  on  an  ellipse  at  which  the  common 
tangents  of  the  ellipse  and  its  circle  of  curvature  are  parallel. 
Shew  that  their  common  tangents  and  common  chord  are 
parallel  to  the  asymptotes  of  the  confocal  hyperbola  through  P; 
and  that  their  finite  common  tangent  is  bisected  by  the  common 
chord. 

647.  The  common  chord  of  an  ellipse  and  its  circle  of 
curvature  at  any  point  and  their  common  tangent  thereat  divide 
their  further  common  tangent  harmonically. 

648.  On  the  normal  at  P  to  an  ellipse  PO  is  measured  out- 
wards equal  to  the  radius  of  curvature  :  shew  that  FO  is  divided 
harmonically  at  the  points   Q  and  Q  in  which  it  meets  the 

director  circle,  and  that 

112 


PQ    pq    OP  • 

649.  The  angle  between  the  normals  at  adjacent  points  P 
and  Q  of  an  ellipse  whose  foci  are  8  and  8*  is  equal  to 
\{P8Q'^P8'Q).  Deduce  that,  if  PR  be  the  focal  chord  of 
curvature  at  P, 

PR"  SP'^  S'P' 

Q2 
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650.  Three  points  can  be  found  on  an  ellipse  ^*hose  oscQ' 
lating  circles  meet  a^  a  given  point  on  the  curve  :*  the  three 
points  determine  a  maximum  inscribed  triangle,  and  the  four 
points  lie  on  a  circle. 


*  Let  BCD  be  a  maximnin  inscribed  triangle,  and  A  the  point  in  wfaicb  ^ 
OBcnlating  circle  at  B  meets  the  ellipse  again.  If  jB'  be  a  consecutiTe  positioa  of  B, 
the  triangles  BCD  and  B'CD  must  lie  between  the  same  parallels.  Hence  the 
tangent  at  £  is  i>arallel  to  CD^  which  is  therefore  equally  inclined  to  the  axis  with 
AB  (Alt.  85),  so  that  a  circle  goes  through  ABCD  (Art.  16,  Cor.  2).  Ex.  650  (except 
as  regards  the  area  of  the  triangle)  is  due  to  Steinbr,  who  stated  the  theorem 
without  proof  in  Crelle's  Journal^  toI.  XZXII.  300  (1846):  it  was  proved  in  toI. 
ZXXYI.  95,  by  JOAOHIMBTAL,  who  further  shewed  .that  the  oentroid  of  the  three 
points  is  at  the  centre  of  the  ellipae,  and  that  the  normals  at  the  three  points 
oointersect 
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CHAPTER    IX. 

OETHOGONAIi    PROJECTION. 

86,  The  foot  of  the  perpendicular  from  any  point  in  space 
upon  a  plane  is  called  the  Orthogonal  Projection^  or  briefly  the 
Projection^  of  the  point  upon  the  plane.  The  projection  of  any 
line  or  figure  upon  a  plane  is  the  aggregate  of  the  projections 
of  its  several  points  thereupon.  The  term  Plane  Projection  is 
defined  in  Art.  90. 

The  Parallel  Projection  of  any  figure  upon  a  plane  is  the 
aggregate  of  the  points  in  which  a  system  of  parallels  from  all 
points  of  the  figure  meet  the  plane:  when  the  parallels  are 
taken  at  right  angles  to  the  plane  of  projection  we  come  back 
to  the  special  case  of  orthogonal  projection,  to  which  our  atten- 
tion will  be  in  the  first  instance  confined* 

PROPOSITION    I. 

87.  The  projections  of  parallel  straight  lines  upon  any  plane 
are  parallel  straight  lines^  and  each  line  or  segment  is  in  the  same 
ratio  to  its  prelection. 

(i)  The  projection  of  a  straight  line  upon  a  plane  is  the 
common  section  of  that  plane  with  the  plane  drawn  at  right 
angles^  to  it  through  the  line,  since  their  common  section 
evidently  contains  the  projections  of  all  points  on  the  line. 
The  projections  of  parallel  straight  lines,  being  the  common 
sections  of  the  plane  of  projection  with  a  system  of  planes  at 
right  angles  thereto,  are  themselves  parallel  straight  lines. 

(ii)  If  any  two  parallel  straight  lines  AP  and  BQ  meet  a 
plane  in  -4  and  B  (fig.  Art.  89),  and  if  ^C  and  BD  be 
their  projections  upon  it,  then  by  similar  triangles 

AP:AG^BQxBD, 
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or  each  of  the  parallels  is  In  the  same  ratio  to  its  projection, 
and  in  like  manner  it  may  be  shewn  that  any  segment  of  either 
is  in  the  same  ratio  to  its  projection.  This  ratio  is  the  trigono- 
metrical secant  of  the  angle  between  any  of  the  parallels  and  its 
projection. 

Hence  it  is  evident  that  parallel  straight  lines  (and  the 
segments  of  one  and  the  same  straight  line)  are  to  one  another 
as  their  projections  upon  any  plane. 

If  two  or  more  systems  of  parallels  be  projected  orthogonally, 
each  line  in  any  system  will  be  in  a  constapt  ratio  to  its 
projection,  but  this  ratio  will  change  as  we  pass  from  one 
system  to  another. 

PROPOSITION  II. 

88.  The  points  of  concourse  of  straight  lines  or  curves 
correspond  to  the  points  of  concourse  of  their  projections  :  tangents 
project  into  tangents:  and  a  curve  of  any  degree  or  class  profeds 
into  a  curve  of  the  same  degree  or  class. 

(i)  Since  figures  are  projected  by  projecting  their  several 
points,  if  two  or  more  figures  have  a  point  in  common  their 
projections  must  have  the  projection  of  the  point  in  common. 
Thus  if  a  variable  line  pass  through  9,  fixed  point,  the  projection 
of  the  line  will  pass  through  a  fixed  point. 

(ii)  If  P  and  Q  be  adjacent  points  on  a  curve,  and  p  and  ^ 
be  the  feet  of  the  perpendiculars  from  them  to  the  plane  of 
projection,  then  if  Q  be  made  to  coincide  with  P  the  per- 
pendicular Qq  must  coincide  with  i^,  and  the  point  q  with  p  ; 
in  other  words,  of  PQ  become  the  tangent  at  P,  then  in  the 
projection  pq  will  become  the  tangent  at  p. 

(iii)  It  is  hence  evident  that  a.  curve  and  any  straight  line 
in  its  plane  intersect  in  the  same  number  of  points  as  their 
projections,  and  hence  that  a  curve  and  its  projection  must  always 
be  of  the  same  degree  or  order ;  and  further,  that  the  number 
of  tangents  which  can  be  drawn  from  any  point  to  a  curve  is 
the  same  as  the  number  which  can  be  drawn  from  the  projection 
of  the  point  to  the  projection  of  the  curve,  and  hence  that  a 
curve  and  its  projection  are  always  of  the  same  class. 
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PROPOSITION   III. 

89.  The  areas  of  all  figures  in  one  plane  are  in  the  same 
ratio  to  the  areas  of  their  projections  on  a  given  plane. 

Let  AB  be  the  common  section  of  the  primitive  plane  and 
the  plane  of  projection,  and  let  FA  and  QB  be  drawn  from 

p 


B  D 

any  two  points  P  and  Q  in  the  former  plane  at  right  angles  to 
AB^  and  let  PG  and  QD  bo  perpendiculars  to  the  plane  of 
projection.  Then  since  AP  and  BQ  are  in  a  constant  ratio  to 
their  projections  A  G  and  BQj  the  rectilinear  figure  APQB  is  in 
the  same  constant  ratio  to  its  projection  A  GDB. 

In  like  manner,  if  PP'  be  any  segment  oi  AP  and  QQ  any 
segment  of  BQj  the  rectilinear  area  PP'QQ  is  in  a  constant 
ratio  to  its  projection ;  and  hence  the  aggregate  of  any  number 
of  figures  as  PP'  Q  Q  is  in  the  same  ratio  to  the  aggregate  of 
their  projections. 

But  any  rectilinear  area  in  the  primitive  plane  may  be 
divided  into  elements  as  PP'QQ  by  drawing  planes  at  right 
angles  to  AB^  and  any  curvilinear  area  may  be  regarded  as 
the  limit  of  a  rectilinear  area.  Hence  every  area  is  to  its 
projection  in  a  constant  ratio,  which  is  easily  seen  to  be  equal 
to  the  secant  of  the  angle  between  its  plane  and  the  plane  of 

its  projection. 

• 

90.   Plane  Projection. 

The  above  propositions  all  follow  from  the  constancy  of  the 
ratio  of  AP  to  its  projection,  where  PA  is  the  perpendicular 
from  any  point  P  in  the  primitive  plane  to  its  common  section 
with  the  plane  of  projection.  The  relations  between  the  locus 
of  P  and  its  projection  will  evidently  still  be  of  the  same  kind 


232 


ORTHOGONAL   PROJECTION. 


if  the  former  plane  be  turned  about  AB  into  coincidence  with 
the  latter,  the  situation  of  P  in  its  own  plane  being  supposed 
to  remain  undisturbed.  The  new  position  of  P  will  lie  in  A  C 
produced,  and  will  be  such  that  its  projection  C  now  divides  AP 
io  a  constant  ratio.  Since  all  points  and  their  projections  are 
thus  brought  into  one  plane,  we  shall  speak  of  the  point  C 
which  divides  AP  in  a  constant  ratio  as  the  orthogonal  Plane 
Projection  of  P. 

The  relations  between  a  figure  and  its  plane  projection  may 
of  course  be  obtained  directly  by  plane  geometiy.  Thus  if  PN 
be  an  ordinate  to  a  fixed  axis,  and  if  it  be  divided  (externally 


or  internally)  in  a  constant  ratio  at  pj  it  is  easily  proved  by 
similar  triangles  that  if  the  locus  of  P  be  a  straight  line  meeting 
the  axis  in  T,  the  locus  of  ^  will  be  a  straight  line  meeting  the 
axis  in  the  same  point:  parallels  as  PT,  PT  correspond  to 
parallels ^!r,yy:  and  the  results  of  Props,  i. — iii.  in  general 
may  be  similarly  established  in  piano. 

It  may  be  proved  also  that  if  two  straight  lines  make 
supplementary  angles  with  the  axis  their  projections  make 
supplementary  angles  with  the  axis. 

The  following  examples  will  serve  to  illustrate  the  method 
of  orthogonal  projection. 

91.    The  Ellipse. 

A  cylinder  being  regarded  as  a  cone  whose  generating  lines 
are  parallel,  it  follows  from  Art.  72  that  the  plane  sections  of  a 
right  circular  cylinder  are  ellipses,  which  may  be  of  any  eccen- 
tricity.    It  follows  that  an  ellipse  of  any  eccentricity  may  be 
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projected  orthogonally  into  a  circle  having  its  plane  at  right 
angles  to  the  axis  of  the  cylinder.  This  circle  will  evidently 
be  equal  to  the  minor  auxiliary  circle  of  the  ellipse. 

An  ellipse  may  also  be  projected  orthogonally  in  piano  into 
a  circle  by  producing  its  principal  ordinates  in  the  ratio  of  CA 
to  CB^  or  by  diminishing  the  ordinates  to  its  minor  axis  in  the 
ratio  of  CB  to  CA ;  and  conversely  a  circle  may  be  projected 
in  piano  into  an  ellipse  by  increasing  or  diminishing  every 
ordinate  2?^  in  a  constant  ratio.  [Art.  33. 

a.  Let  an  ellipse  and  a  circle  be  projectively  related.  Let 
PQ  be  any  one  of  a  system  of  parallel  chords  in  the  ellipse : 
pq  the  corresponding  chord  of  the  circle,  which  will  itself  belong 
to  a  system  of  parallels. 

The  middle  point  0  of  PQ  corresponds  to  the  middle  point  o 
ofpq'y  and  if  the  locus  of  the  one  be  a  straight  line,  the  locus 
of  the  other  will  be  a  straight  line.  But  the  locus  of  o  in  the 
circle  is  a  straight  linCi  and  therefore  in  the  ellipse  the  locus  of 
the  middle  points  of  any  system  of  parallel  chords  is  a  straight 
line.  From  this  it  is  further  evident  that  conjugate  diameters 
in  the  ellipse  correspond  to  diameters  at  right  angles  in  the 
circle. 

b.  Next  let  0  be  a  fixed  point  and  PQ  any  chord  of  the 
ellipse  passing  through  it:  then  pq  in  the  circle  will  pass 
through  the  corresponding  fixed  point  o. 


Let  CD  be  the  radius  of  the  ellipse  parallel  to  PQj  and  Cd 
the  corresponding  radius  of  the  circle,  which  will  be  parallel 
to  pq.     Then  by  Prop.  I. 

OP  :  OQ  :  CD  =  op  :  oq  :  Cd. 
Therefore        OP. OQ  ;  CJDf'  =  op.oq:  Cd\ 
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or  {ap.oq  and  Cd  in  the  circle  being  constant]  OP.OQ  varies  as 
the  square  of  the  parallel  semi-djameter  CD, 

c.  Since  the  ordinates  FN  and  pN  in  the  second  figure  of 
Art.  33  are  as  CB  to  GA^  the  area  of  any  segment  or  sector 
of  the  ellipse  is  to  the  area  of  the  corresponding  segment  or 
sector  of  the  circle  as  CB  to  CA^  and  the  area  of  the  whole 
ellipse  is  to  that  of  the  circle  in  the  same  ratio.  The  area 
of  the  ellipse  is  therefore  equal  to  tt.CA.CB^  and  it  is  a  mean 
proportional  to  the  areas  of  its  major  and  minor  anxiliarj 
circles. 

d.  Any  maximum  or  minimum  or  constant  area  related  to 
the  ellipse  projects  into  an  area  similarly  related  to  the  circle. 
ThuSy  the  greatest  triangle  which  can  be  inscribed  in  a  circle 
being  equilateral,  the  greatest  triangle  which  can  be  inscribed 
in  an  ellipse  may  be  shewn  to  be  that  which  has  its  sides 
parallel  to  the  tangents  at  its  angular  points  and  its  centroid 
at  the  centre  of  the  ellipse. 

92.  The  Equilateral  Conies. 

Any  hyperbola  can  be  projected  into  an  equilateral  hyper- 
bola in  the  same  way  that  an  ellipse  can  be  projected  into  a  circle 
(Art.  33] ;  and  thus  from  certain  properties  of  the  equilateral 
conies  (Art.  61)  we  can  deduce  corresponding  properties  of 
central  conies  in  general.  For  example,  having  proved  for  the 
equilateral  hyperbola  (Art.  65)  as  well  as  for  the  circle,  that 
the  conjugate  parallelogram  is  equal  to  4C4*,  we  infer  that 
in  any  central  conic  the  conjugate  parallelogram  is  equal  to 
AA\BB\  In  like  manner  other  projective  properties  which 
have  been  established  for  the  two  equilateral  conies  are  at  once 
seen  to  be  capable  of  extension  to  central  conies  in  general. 

93.  Properties  of  Polars, 

Using  the  same  letters  as  in  Art.  41  but  supposing  the  curve 
to  be  a  circle^  we  have  the  angles  at  o  and  T  right  angles,  and 
therefore 

CO.CT=Co.Ct=CA% 

or  Tia  a  fixed  point  and  tTsi  fixed  straight  line. 
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lu  other  words,  if  a  chord  of  a  circle  pass  through  a  fixed 
point  0  the  tangents  at  its  extremities  intersect  on  a  fixed 
straight  line  tT^  and  conversely.  The  same  follows  at  once 
for  the  ellipse  bj  orthogonal  projection. 

94.  Property  of  a  QuadrilateraL 

If  ABCD  be  a  fixed  qnstdrilateral  inscribed  in  a  circle,  PQ  a 
variable  diameter  of  the  circle,  Pa,  PJ,  Pc^  Pd  perpendiculars 
to  -4-B,  CD^  A  Oj  BD  respectively ;  then  by  Euc.  vi.  C  the 
rectangle  Pa.PQ  is  equal  to  PA.PB^  and  thus 

Project  the  circle  into  an  ellipse.  Then  (still  using  the  same 
letters)  Pa.Pb  in  the  ellipse  varies  as  Pc.Pdj  and  the  lines 
Poj  Pb^  Pcy  Pd  meet  the  sides  of  ABCD  at  constant  angles, 
and  therefore  vary  severally  as  the  perpendiculars  from  P  to 
those  sides. 

The  theorem  is  inferred  to  be  true  for  the  hyperbola  regarded 
as  a  quasi-ellipse  (Scholium  C,  p.  101),  as  also  for  the  parabola. 
Hence  the  products  of  the  perpendiculars  from  any  point  on  a 
conic  to  the  sides  of  a  fixed  inscribed  quadrilateral^  taken  in 
opposite  pairs^  are  in  a  constant  ratio;  and  conversely,  if  a 
point  be  thus  related  to  a  fixed  quadrilateral,  its  locus  will  be 
a  conic  circumscribing  the  quadrilateral. 

It  follows  by  supposing  two  opposite  sides  of  the  quadri- 
lateral to  vanish  that  the  product  of  the  perpendiculars  to  any  ttoo 
fixed  tangents  to  a  conic  from  a  variolic  point  on  the  curve  varies 
as  the  square  of  the  perpendicular  from  that  point  to  their  chord 
of  contact. 

95.  Curvature. 

The  common  chord  of  an  ellipse  and  its  circle  of  curvature 
at  any  point  and  their  common  tangent  at  that  point  make 
supplementary  angles  with  the  axis  (Art.  85),  and  may  there- 
fore be  projected  into  a  chord  and  tangent  at  a  point  of  a 
circle  making  supplementary  angles  with  a  given  diameter. 

[Art.  90. 
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Given  a  point  0  on  a  circle,  three  positions  may  bo  fuand 
on  the  curve  of  the  point  P  such  that  OP  and  the  tangent  at  P 
make  supplementary  angles  with  a  given  diameter,  and  the 
three  positions  of  P  determine  an  equilateral  triangle. 

Hence  it  may  be  deduced  that  there  are  three  points  on  an 
ellipse,  lying  at  the  vertices  of  a  maximum  inscribed  triangle, 
whose  osculating  circles  cointersect  at  a  given  point  on  the 
circumference  of  the  ellipse.  [Ex.  650. 

PARALLEL  PROJECTION. 

96.  The  parallel  projections  of  straight  lines,  being  the 
common  sections  of  parallel  planes  drawn  through  them  with 
the  plane  of  projection,  are  themselves  parallel  straight  lines;  and 
it  is  easily  deduced  that  Props,  i.— ill.  in  general  are  applicable 
to  parallel  projection.  Moreover  it  is  to  be  noted  that  in  the 
figure  of  Art.  90  the  ordinate  PN  may  be  supposed  to  meet 
the  axis  at  any  constant  angle  and  not  necessarily  at  right 
angles.  We  may  therefore  "project"  a  point  obliquely  also 
in  piano  by  increasing  or  diminishing  its  ordinate  [drawn  in 
any  given  direction)  in  a  constant  ratio. 

Although  parallel  projection  is  not  essentially  more  general 
than  orthogonal  projection,  it  enables  us  to  effect  some  con- 
structions with  greater  ease  and  directness,  as  will  appear  firom 
the  next  article. 

97.  Any  two  angles  of  a  triangle  may  heprcgected  into  angles 
of  given  magnitude. 

(i)  Given  the  angles  SUP  and  ESP^  it  is  required  to  project 
them  into  angles  equal  to  SHg  and  HSg  respectively.  This 
may  be  effected  most  simply  by  parallel  projection  {in  plwio  or 
in  space]  as  follows. 

Take  SHm  the  axis  of  projection,  and  let  It  meet  gP  in 
G.  Then  (1)  i(  gG  :  PG  be  taken  as  the  projecting  ratio,  the 
triangle  SPH  may  be  projected  in  piano  by  ordinates  parallel  to 
PG  into  the  triangle  SgH]  or  (2)  if  the  triangles  be  situated 
in  different  planes  (having  SH  for  their  common  section),  the 
one  may  be  projected  into  the  other  by  lines  parallel  to  Pg. 
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It  is  hence  evident  that  any  triangle  may  he  projected  by 
parallel  lines  into  an  equilateral  triangle ;  and  in  like  manner 
that  any  parallelogram  may  be  projected  into  a  square. 

(li)  To  project  any  triangle  BFH  orthogonally  Into  an  equi- 
lateral triangle,  let  an  ellipse  be  described  about  It  so  as  to 
have  its  centre  at  the  centroid  of  the  triangle.  Then  if  the 
ellipse  be  projected  into  a  circle,  SPH  will  at  the  same  time 
project  into  an  equilateral  triangle  Inscribed  in  the  circle,  since 
each  side  of  the  projected  triangle  will  be  parallel  to  the  tangent 
at  the  opposite  vertex. 

LAMBERT'S  THEOREM.* 

98.  The  intercept  on  any  focal  vector  of  aii  ellipse  between  the 
curve  and  any  chord  parallel  to  the  tangevit  at  its  extremity  is 
equal  to  the  diametral  sagitta  of  the  arc  cut  off  by  the  corre" 
spending  chord  in  the  auxiliary  circle. 

In  an  ellipse  take  any  focal  vector  SP,  let  the  diameter 
conjugate  to  CPmeet  SPm  A",  and  let  any  chord  QQ  parallel 
to  GK  meet  8P  in  0. 

Produce  the  ordinates  of  P,  Q,  Q  outwards  to  meet  the 
auxiliary  circle  in  p^  q^  q\  and  let  m  and  o  be  the  middle  points 
of  QQ^  and  qq\  which  will  lie  on  a  common  ordinate  omM, 


♦  This  name  is  given  to  the  theorem  in  elliptic  motion  deduced  below  in  the 
Scholium  from  Art.  99. 
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Then 


rO  :  PK^Pm  :  PC=po  \pG 
/I 


by  parallels;  and  PK  is  equal  to  pG  (Art.  38,  Cor.  3);  and 
therefore  PO  and  po  are  equal,  as  was  to  be  proved. 

If  0'  and  o'  be  any  second  positions  of  0  and  o,  it  follows 
that  0(7  is  equal  to  oo':  thus  by  taking  (/  at  8  we  infer  that 
SO  is  equal  to  the  altitude  of  the  triangle  Sqq'.  If  the  parallel 
from  8  to  qq'  meet  Cp  in  «,  it  is  thus  evident  that  every 
segment  of  the  line  K80P  is  equal  to  the  corresponding 
segment  of  the  radius  Csop,     Hence 

K8.KO^C8.Co=^C8.GM, 

since  the  angles  at  a  and  M  are  right  angles. 

99.  If  in  two  ellipses  described  on  equal  major  axes  there  be 
taken  equal  chords  QQ  such  that  SQ+8Q'  is  of  the  same 
magnitude  in  both  ellipses^  the  areas  of  the  two  focal  sectors  SQQ 
ioill  be  in  the  subduplicate  ratio  of  the  latera  recta  of  their  ellipses. 

In  each  of  two  ellipses  having  equal  major  axes  make  the 
same  construction  as  in  Art.  98,  with  the  proviso  that  8P*  and 
PO  shall  be  of  the  same  lengths  in  both  ellipses;  then  will  QQ' 
and  8Q  +  8^  be  of  the  same  lengths  in  both  ellipses,  and  the 
areas  8QQ^  will  be  in  the  subduplicate  ratio  of  the  latera  recta 
of  their  ellipses,  and  conversely. 

(i)  For  the  semi-diameter  GD  parallel  to  QQ\  being  a  mean 
proportional  to  8P  and  AA'  —  /SP,  is  of  the  same  length  in 


*  Take  SP  at  random  in  the  less  eccentric  ellipse,  and  find  an  equal  SP  in 
the  other. 
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both  ellipses ;  and,  the  sagittsB  po  in  the  two  circles  being  equal 
(Art.  98),  the  chords  qq  are  equal ;  whence  it  follows  in  virtue 
of  the  projective  relation 

QQ:  CD^qi\  CAy 

that  the  chords  QQ  are  equal  in  the  two  ellipses. 

(ii)  And  since  CM  is  the  abscissa  of  the  middle  point  of 
QQ^  therefore 

SQj,8Q^AAl-^^.GM,^ 

where  CS.GM^  or  KS.KO  (Art.  98),  is  the  same  in  both 
ellipses ;  and  therefore  also  8Q  +  SQ  is  of  the  same  magnitude 
In  both. 

(iii)  It  is  further  evident  that  the  segments  qp^  are  equal 
and  the  triangles  Sqq  are  equal  in  both  circles,  and  hence 
that  the  two  sectors  Sqq  are  equal.  It  follows  by  projection 
that  (the  major  axes  of  the  two  ellipses  being  equal)  the  focal 
sectors  SQQ  are  in  the  ratio  of  the  minor  axes  of  their  ellipses, 
or  in  the  subduplicate  ratio  of  their  latera  recta.  Conversely, 
if  two  focal  sectors  SQQ  of  any  pair  of  ellipses  described  on 
equal  major  axes  be  thus  related,  then  will  QQ  and  SQ-^-  SQ 
be  of  the  same  lengths  in  both  ellipses. 

100.  The  area  of  any  focal  sector  SQQ  of  a  central  conic 
divided  by  ike  square  root  of  its  latus  rectum  may  he  expressed 
in  terms  of  QQ^  SQ  +  SQ^  and  the  tranverse  axis,  and  is 
independent  of  the  magnitude  of  the  conjugate  axis. 

This  may  be  infeiTed  from  Art.  99  for  the  ellipse :  or  it  may 
be  proved  by  the  following  method,  which  will  be  seen  to  be 
applicable  to  the  hyperbola  as  well  as  to  the  ellipse. 

In  an  ellipse  whose  axes  are  AA'  and  BB'  take  any  diameter 
PCJP'j  and  let  PS  meet  the  conjugate  diameter  CD  in  K  and 
the  tangent  at  P*  in  iT,  so  that  FK  is  equal  to  CA  and  FU 
to  AA'. 


*  Aasume  that  at  any  point  P  on  the  curve  SP  =  CA  ±  e .  C^V.    27otioe  also  in 
Art.  100  (ii)  that  SK=  PK -  SP  =  CA  -SP  =  e,  CX. 
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With  8  as  focus  and  P  and  H  as  vertices  describe  a  second 
ellipse,  and  let  KL  be  its  semi-axis  conjugate.  Then  if  S' 
be  the  further  focus  of  the  first  ellipse, 

CD'  =  8P.P8'  =  8P.  8H^KL\ 

(i)  Let  QOQhQ  any  double  ordinate  to  PF^  let  it  meet  PR 
in  0,  and  let  qoq  be  a  double  ordinate  to  PH  in  the  second 
ellipse.     Then  bj  the  nature  of  ordinates, 

QO' :  Ciy^PO.OP' :  CP'^Po.oHi  KF 

or  QOv&  equal  to  go  and  QQ  io  qq\ 

(ii)   And  since     8K:  CN  =^G8:  CA^  C8i  PK, 
and  CN'.  GM=GP'.  GO^PK\Ko\ 

therefore  8K :  GM^  G8 :  JTo, 

or  in  terms  of  the  eccentricities  e  and  e', 

and  therefore 

8Q-^  8Q ^AA \^e.GM^PR^^d.Ko 

=-8q+  8q. 

(iii)  Let  a  line  throngh  8  at  right  angles  to  QQ  meet  .iQC' 
in  m  arid  the  tangent  at  P  in  w;  then  will  the  equal  chords 
QQ'  and  qq  in  any  two  consecutive  positions  cut  off  elements 
of  area  which,  being  as  their  own  breadths,  are  in  the  constant 
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ratio  of  Sin  to  8o]  and  thiB  is  also  the  ratio  of  the  triangles 
SQQf  and  8qq[  on  equal  bases. 

Therefore  the  whole  segments  QP'Q'  and  qHq^  as  also  the 
sectors  8QQ'  and  Bq^^  are  as  Sm  to  Soy  or  as  5a  to  8P^ 
or  as  CB  to  CD  or  JTii;  that  is  to  saj  (the  transverse  axes 
being  equal)  the  sectors  8QQ'  and  Sqq  ai*e  in  the  subduplicate 
ratio  of  the  latera  recta  of  their  ellipses, 

Lastly  (calling  the  second  ellipse  described  as  above  the 
auxiliary  ellipse)  if  any  two  ellipses  having  equal  major  axes 
be  placed  so  as  to  have  a  common  focal  vector  SP^  thej  will 
have  the  same  auxiliary  ellipse ;  and  it  is  inferred  bj  comparing 
each  of  the  two  ellipses  with  their  auxiliary  ellipse  that  their 
corresponding  focal  sectors  SQQ  will  be  in  the  subduplicate 
ratio  of  their  latera  recta  provided  that  QQ  and  SQ-k-  8Q*  be 
equal  in  both.  Hence,  when  the  three  lengths  QQ^  8Q-\-  8Q^y 
AA'  are  given  the  area  of  the  focal  sector  8QQ  divided  bj  the 
square  root  of  the  latus  rectum  is  determined. 

SOnOLIXTM. 

The  substance  of  the  preceding  section  may  be  found  in 
XjAHBEBt's  Lmgniorei  Orhita  Cometarum  ProprietaUs^  (pp.  102-125), 
where  it  is  deduced  that  th$  time  in  any  are  QQ'  of  an  elliptie  orbit 
described  about  8  is  a  function  of  SQ  +  SQ^  the  chord  QQ\  and  the 
Tnajor  axis,  and  does  not  depend  upon  the  minor  axis.  For  an 
investigation  of  the  expression  for  the  time  the  reader  may  consult 
the  Messenger  of  Mathematics,  vol.  vii.  p.  97 :  the  result  may  also 
be  obtained  in  the  same  form  by  the  following  process,  which  has 
the  advantage  6f  giving  a  more  direct  geometrical  interpretation  to 
some  of  the  symbols  employed. 

Assuming  the  results  of  Arts.  98,  99,  and  noticing  further  that 
«/  is  equal  to  CD  (Ex.  651),  let  a  denote  the  angle  oCq,  and  /3  the 
angle  sCf.    Then 

^      Co.Cs     CM.CS     ,      SQ+SQ 
oosa.cos/9--g^ _,,  !.___, 

sma.sm/3--g2r--cir— 2:i7» 

^♦1,      ^    .      1           //3^    N     SQ-^8Q±  QQ! 
and  therefore      1  -  cos  (p  ±  a)  « -j-p . 


*  See  above,  p.  57 ;  and  for  a  farther  account  of  the  work  see  the  Messenger  of 
Mathematics,  ygI.  ix.  p.  63. 
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Let  n  denote  the  mean  motion  in  the  ellipse:   t  the  time  in 
the  arc   QQ\   which   is  proportional  to   the   sectorial  area  SQQ 

(or  -jyj  SQGi.Sqq)  divided  by  the  square  root  of  the  latns  rectum 

(Newton's  Frincipia,  Lib.  i^  Sect.  iii.  prop.  14,  theor.  6).     Then 
since  in  the  circle 


sect.  Sqq'  «  sect  Cqq'  -  A  {Cqq  -  Sqq*)  =  CA'^  (a  -  sin  a .  C06/3), 

it  may  be  deduced  that 

n^  =  {)3  +  a  -  sin  (/3  +  a)}  -  {)3  -  a  -  sin  03  -  a)}, 

where  )3  +  a  and  /3  -  a  are  known  functions  of  AA',    QQ,  and 
SQ+  SQ. 

The  corresponding  theorem  in  parabolic  motion  had  been  given 
by  EuLER  in  the  Miscellanea  Berolinensia^  tom.  vii.  pp.  19,  20  (1743). 
Lambert  (1 761)  extended  it  to  the  central  conies  generally ;  although 
Lexell  in  his  elaborate  article  {Nova  Acta  Academia  Scimtiarum 
Imperialis  Fetropolitana,  tom.  i.  pp.  (140) — (183),  1787)  overlooks 
Lambert^s  references  in  Preface  and  text  (§§57,  95,  213,  &c.)  to 
the  hyperbola.     On  the  parabola  see  Examples  691  and  692. 

EXAMPLES. 

651.  The  diameter  parallel  to  any  focal  chord,  of  an  ellipse 
is  equal  to  the  projectively  corresponding  chord  of  its  major 
auxiliary  circle. 

652.  The  orthogonal  or  parallel  projection  of  a  parabola  is  a 
parabola ;  and  an  ellipse  or  hyperbola  may  be  projected  into  an 
ellipse  or  hyperbola  of  any  eccentricity. 

653.  Shew  how  to  project  a  parabola  and  a  given  point 
within  it  so  that  the  projection  of  the  point  may  be  the  focus 
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of  the  projection  of  the  curve  :•  and  thus  deduce  (from  a  pro- 
perty of  the  directrix]  that  the  tangents  to  a  parabola  at  the 
extremities  of  any  chord  drawn  through  a  fixed  point  within 
it  intersect  upon  a  fixed  straight  line. 

654.  Any  two  similar  and  coaxal  ellipses  may  be  projected 
into  concentric  circles.  Hence  shew  that  a  chord  of  an  ellipse 
Tvhich  always  touches  a  similar  and  coaxal  ellipse  is  bisected 
at  its  point  of  contact,  and  that  it  cuts  off  a  constant 
area  from  the  outer  ellipse ;  and  shew  that  the  portions  of  any 
chord  intercepted  between  the  two  curves  are  equal. 

655.  Shew  how  to  project  any  two  coaxal  ellipses  or  hyper- 
bolas into  confocal  ellipses  or  hyperbolas;  and  extend  the 
theorem  of  Ex.  382  to  any  pair  of  coaxal  conies  of  the  same 
species. 

656.  If  a  chord  of  an  ellipse  and  the  tangents  at  its  ex- 
tremities contain  a  constant  area,  the  chord  cuts  off  a  constant 
area  from  the  ellipse  and  touches  a  similar  ellipse,  and  the 
tangents  at  its  extremities  intersect  on  another  similar  ellipse. 

657.  If  CP  and  CD  be  conjugate  radii  of  an  ellipse,  and 
if  the  lines  connecting  P  and  D  with  opposite  ends  of  the  major 
axis  intersect  in  0;  then  will  DOP  and  an  extremity  of  the 
minor  axis  determine  a  parallelogram.  When  is  its  area  least 
or  greatest  ? 

658.  The  least  triangle  circumscribing  a  given  ellipse  has 
its  sides  bisected  at  the  points  of  contact. 

659.  The  greatest  ellipse  which  can  be  inscribed  in  a  given 
parallelogram  is  that  which  bisects  its  sides. 

660.  An  n-gon  described  ^bout  an  ellipse  so  as  to  have 
its  sides  bisected  at  their  points  of  contact  is  of  constant  area, 
and  the  w-gon  formed  by  joining  every  two  successive  points 
of  contact  is  of  constant  area. 

*  Let  TP  and  TQ  be  the  tangents  whose  chord  of  contact  PQ  passes  throagh 
and  is  bisected  bj  the  given  point ;  and  let  TPQ,  be  projected  into  an  isosceles  triangle 
right-angled  at  the  projection  of  r(Art.  97). 

k2 
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66 1.  If  a  triaDgle  be  inscribed  in  an  ellipse,  the  parallels 
through  its  vertices  to  the  diameters  bisecting  the  opposite 
sides  meet  in  a  point. 

662.  Parallel  chords  drawn  to  an  ellipse  through  the  ex- 
tremities of  conjugate  diameters  meet  the  curve  again  at  the 
extremities  of  conjugate  diameters. 

663.  Two  ellipses  of  equal  eccentricities  and  parallel  major 
axes  can  have  only  two  points  in  common ;  and  the  common 
chords  of  three  such  ellipses  meet  in  a  point. 

664.  Pj  Qj  B  being  three  points  on  an  ellipse,  a  diameter 
AC  A  bisecU  PQ  and  meets  RP  in  i^T  and  RQ  in  T]  prove 
that  CN.CT^CA\ 

665.  Through  the  centre  of  an  ellipse  and  the  points  of 
xioncourse  and  contact  of  anj  two  tangents  a  similar  and 
similarly  situated  ellipse  can  be  drawn. 

666.  Aj  Bj  G  are  similar  and  similarly  situated  ellipses, 
and  B  is  concentric  with  A  and  passes  through  the  centre  of 
C.  Shew  that  the  common  chord  of  A  and  C  is  parallel 
to  the  tangent  to  B  at  the  centre  of  C, 

667.  Through  a  given  internal  point  draw  a  straight  line 
cutting  off  a  minimum  area  from  a  given  ellipse. 

668.  If  the  tangent  at  the  vertex  A  of  an  ellipse  meets 
a  similar  coaxal  ellipse  in  T  and  T'j  any  chord  of  the  former 
drawn  from  A  is  equal  to  half  the  sum  or  difference  of  the 
parallel  chords  of  the  latter  through  T  and  T\ 

669.  Determine  the  greatest  triangle  that  can  be  inscribed 
in  an  ellipse  with  one  angular  point  at  a  given  point  on  the 
circumference. 

670.  Given  an  ellipse,  if  a  parallelogram  be  inscribed  in 
it  so  that  one  side  divides  the  diameter  conjugate  thereto  in 
a  constant  ratio ;  or  if  a  parallelogram  be  described  about  it  so 
that  one  of  its  diagonals  is  divided  in  a  constant  ratio  by  the 
curve ;  the  area  of  the  parallelogram  will  be  constant. 
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671.  The  tangents  to  an  ellipse  at  P  and  P'  are  parallel, 
anj  two  conjugate  diameters  meet  them  in  D  and  D^  and  any 
third  tangent  meets  them  in  7  and  T'  \  shew  that 

PDiPT^P'TiP'U. 

672.  A  triangle  ABC  inscribed  in  an  ellipse  has  its  centroid 
at  the  centre  of  the  ellipse;  shew  that  the  tangents  at  the 
opposite  extremities  of  the  diameters  through  A^  B^  C  form 
a  triangle  similar  to  and  four  times  as  great  as  triangle  ABO. 

673.  If  two  conjugate  hyperbolas  having  a  pair  of  conjugate 
diameters  of  an  ellipse  for  asymptotes  cut  the  ellipse  at  points 
lying  on  four  diameters  1,  2,  3,  4  taken  in  order:  then  will 
1,  3  and  2,  4  be  conjugate  in  the  ellipse,  and  1,  4  and  2,  3 
in  the  hyperbolas. 

674.  The  locus  of  the  middle  point  of  a  chord  of  an  ellipse 
drawn  through  a  fixed  point  is  a  similar  ellipse,  haying  its 
centre  midway  between  the  fixed  point  and  the  centre  of  the 
given  ellipse. 

675.  Determine  the  greatest  isosceles  triangle  that  can  bo 
inscribed  in  an  ellipse  with  its  base  parallel  to  either  axis. 

676.  Any  two  radii  of  a  circle  and  any  pair  of  the  radii 
at  right  angles  thereto  determine  equal  triangles:  what  is 
the  corresponding  property  of  the  ellipse  ? 

677.  Any  double  ordinate  to  a  given  diameter  of  an  ellipse 
being  divided  into  segments  whose  product  is  constant,  the 
point  of  section  traces  a  similar  coaxal  ellipse. 

678.  If  the  tangents  at  T  and  T'  to  an  ellipse  meet  on 
a  similar  coaxal  ellipse  having  AA'  for  major  axis,  shew  that 
the  loci  of  the  points  [AT^  AT)  and  {AT'^  A'T)  are  ellipses 
similar  to  the  former. 

679.  If  PP'  be  a  diameter  of  an  ellipse  and  Q,  R  be 
any  two  points  on  the  curve,  shew  that  the  line  joining  the 
intersections  of  PQ^  P'R  and  PR^  P'Q  passes  through  the 
intersection  of  the  tangents  at  Q  and  R  and  is  conjugate  in 
direction  to  PP\ 
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^  68o.  Id  a  given  ellipse  shew  how  to  place  a  chord  passing 
through*  a  giyen  point  in  the  axis  which  shall  contain  with 
the  radii  to  its  extremities  a  maximum  triangle. 

68 1.  From  the  extremities  of  any  diameter  of  an  ellipse 
straight  lines  are  drawn  to  either  focus;  shew  that  the  radii 
parallel  thereto  in  the  auxiliary  circle  meet  the  circle  at  points 
lying  on  a  chord  through  the  focus. 

682.  A  triangle  of  constant  area  being  inscribed  in  an 
ellipse^  find  the  locus  of  its  centroid. 

683.  If  Pand  Q  be  projectively  corresponding  points  on  an 
ellipse  and  its  major  auxiliary  circle,  the  radius  of  the  ellipse  in 
the  ^direction  GQ  is  equal  to  the  perpendicular  from  C  to  the 
tangent  at  P. 

684.  AA'  being  a  diameter  of  a  conic  and  Q  any  point 
on  the  tangent  at  A^  shew  that  the  line  A'Q  cuts  the  conic 
in  a  point  B  such  that  the  tangent  thereat  bisects  A  Q. 

685.  If  CP,  CP'  be  semi-diameters  of  an  ellipse,  Q  and 
Q  the  points  in  which  the  conjugate  diameters  meet  the 
tangents  at  P'  and  P  respectiyely ;  the  triangle  determined 
by  a  pair  of  its  semi-axes  is  a  mean  proportional  to  the  triangles 
GPP'  and  GQQ. 

686.  If  a  triangle  inscribed   in   an   ellipse  have  Its  sides 

parallel  to  the  diameters  b'^  h'\  V"  and  the  focal  chords  c ,  c", 

d" ;  and  if  a,  h  be  the  axes  and  p  the  parameter  of  the  ellipse, 

and  D  the  diameter  of  the  circle  circumscribing  the  triangle* 

shew  that 

Vb"b""^  ^  /c'c"c'y 

ab  \    p    J  * 


Z>  = 


687.  The  square  root  of  the  continued  product  of  the  six 
focal  chords  of  an  ellipse  parallel  to  its  six  chords  of  inter- 
section with  a  circle  is  equal  to  the  parameter  of  the  ellipse 
multiplied  by  the  square  of  the  diameter  of  the  circle. 

*  The  theorem  is  due  to  Mao  Cvllaoh.    (Sahnon^a  Conic  Seetiotu,  Art.  369). 
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6SS,  Shew  that  S'B  (fig,  p.  79)  is  perpendicular  to  the 
tangent  from  X  to  the  auxiliary  circle.  If  Z  be  the  point 
o£  contact  of  this  tangent  and  G  its  intersection  with  S'B^ 
determine  the  eccentricity  of  the  ellipse  so  that  the  lines  CZy 
SOj  XB  may  meet  in  a  point. 

689.  Two  particles  describe  the  same  ellipse  subject  to  the 
same  force  at  the  centre :  shew  that  their  directions  of  motion  at 
any  time  intersect  on  a  similar  ellipse. 

690.  A  given  triangle  may  be  orthogonally  projected  from 
an  equilateral  triangle;  or  it  may  be  orthogonally  projected 
into  an  equilateral  triangle.  Determine  by  a  geometrical  con- 
struction the  magnitudes  of  these  equilateral  triangles. 

691.  Prove  by  the  method  of  Art.  100  that  the  area  of 
any  focal  sector  SMN  of  a  parabola  divided  by  the  square 
root  of  its  latus  rectum  may  be  expressed  in  terms  of  8M-\-  8N 
and  MK 

692.  Prove  also  that  if  PV  be  the  diametral  sagitta  of  the 
arc  MN^  then 

and  from  this  last  result  deduce  that 

-^^^  sector  SMN^ [SM±SN±MN]l  ^  ^SM^SN^Mmi  , 
V(^^)  t  2  j       (  2  J- 

693.  If  in  any  two  ellipses  or  hyperbolas  on  equal  trans- 
verse axes  there  be  taken  equal  focal  vectors  8P^  and  if  chords 
QQ  be  drawn  in  them  parallel  to  the  tangents  at  P  and  so 
as  to  make  equal  intercepts  on  the  equal  focal  vectors;  shew 
that  the  chords  thus  drawn  are  equal  in  the  two  conies,  and 
that  SQ-^-SQ'  is  of  the  same  length   in   both,   and  that  the 


•  This  is  here  suggested  as  perhaps  the  most  dii-ect  way  of  establishing  geome- 
trically the  theorem  in  parabolic  motion  commonly  ascribed  to  Lam  debt  but 
previously  discovered  by  Euler  (Scholium,  p.  242). 
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focal  sectors  SQQ  are  in  the  subdapllcate  ratio  of  the  latera 
recta  of  their  ellipses  or  hyperbolas.* 

694.  Given,  in  a  conic  orbit  described  about  the  focus  8 
under  the  action  of  a  given  force,  a  chord  QQ^  the  parallel  focal 
chord,  and  the  sum  of  the  terminal  focal  vectors  SQ-^-SQ) 
the  time  of  describing  the  arc  QQ'  is  constant  .f 

695.  Given  the  directions  of  two  sides  of  a  triangle  inscribed 
in  a  given  ellipse,  determine  the  envelope  of  its  third  side. 


*  The  proof  is  Tery  mach  as  in  Art.  100 ;  but  the  two  conica  are  thus  oompaied 
diiectl J  and  without  the  interposition  of  an  auxiliary  conic  in  which  the  chord  qq*  of 
the  sector  is  at  right  angles  to  the  principal  axis. 

t  This  extended  enunciation  of  Lambert's  theorem  (as  I  am  informed  by  Prof. 
TowNSBND)  was  given  in  a  lecture  in  the  year  1845  by  the  late  Prof.  Mac  Collaoh 
of  Dublin,  who  proved  that  the  sectorial  area  SQPQ*  and  the  square  root  of  the 
lattts  rectum  of  the  orbit  vary  severally  as  the  sine  of  the  angle  between  SP  and  QiXt 
having  previously  shewn  that  OP  is  constant,  and  that  every  chord  parallel  to  Off 
which  cuts  SPixiVk  constant  ratio  is  of  constant  length* 
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CHAPTER    X. 

OBOSS  RATIO  AND  INVOLUTIOlT. 

101.  A  SET  of  points  on  a  straight  Hnp  constitute  a  Bange* 
or  row,  of  which  the  line  is  called  the  base  or  axis ;  and  a  set 
of  straight  lines  radiating  from  a  point  constitute  a  Pencil^  of 
which  the  point  is  called  the  Verte:^  or  the  centre  and  the  lines 
are  called  Rays  or  radianJts. 

The  ratio  of  the  ratios  in  which  the  straight  line  joining 
two  points  is  divided  by  any  other  two  points  in  Its  length 
is  called  a  Double  Section  Ratio^  or  an  Anharmonic  Ratio^  or 
a  Cross  Ratio  of  the  four  points.  If  two  ranges  of  four  points 
have  one  cross  ratio  of  the  one  equal  to  one  cross  ratio 
of  the  other,  it  may  be  shewn  that  every  cross  ratio  of  the 
one  is  equal  to  the  corresponding  cross  ratio  of  the  other: 
we  may  therefore  in  practice  speak  of  a  tetrad  as  having 
one  cross  ratio  only,  although  its  four  points  determine  six 
segments  to  each  of  which  belong  a  reciprocal  pair  of  cross 

ratio8.t 

102.  If  a  line  BD  be  divided  at  A  and  (7,  the  ratio 
AB.GDiAD.CB  (which  is  a    cross-multiple   of  the  ratios 

-jjz  and  YTfk)  ™*y  ^^  taken  as  the  cross  ratio  of  the  points 
ABCDj  and  it  is  expressed  by  the  notation  [ABVD].    It  may 


*  Gollinear  points  are  (or  were)  sometimes  said  to  "  range  on  a  straight  line" — for 
an  example  see  Booth's  New  Geometrical  Methods,  toI.  i.  §48. 

f  For  a  farther  exposition  of  the  principles  of  Anharmonic  Section  se^ 
TOWNSIHD'S  Modem  Geometry  of  the  Point  Line  and  Circle,  toI.  II.  The  pnzpose 
of  this  chapter  is  not  so  much  to  establish  these  principles  as  to  apply  them  to 
oonioB. 
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be  shewn  that  fJiis  ratio  is  unaltered  hy  the  interchange  of  any 
two  points  of  the  range  provided  that  the  remaining  two  points 
be  at  the  same  time  interchanged.  In  other  words,  it  may  be 
shewn  that 

[ABCD]  =  [BADC]  =  {CDAB}  =  {DOB A}. 

The  cross  ratio  of  a  pencil  of  four  rays  is  that  of  the  range 
which  it  determines  on  any  transversal :  this  ratio  will  be  shewn 
to  be  independent  of  the  position  of  the  transversal  (Art.  103). 
The  cross  ratio  of  four  radiants  ABCD  is  expressed  by  [ABCD]^ 
and  the  cross  ratio  of  four  radiants  Oa^  Ob^  Oc^  Od  by  0  [abed] 
or  [0.abcd\. 

Tetrads  of  points  and  rays  are  said  to  be  equal  or  equian- 
harmonic  when  their  cross  ratios  are  equal;  and  ranges  and 
pencils  of  any  number  of  constituents  are  said  to  be  homo" 
graphic  when  every  tetrad  of  the  one  system  and  the  corres- 
ponding tetrad  of  the  other  have  equal  cross  ratios.  The 
notation 

[ABODE  &c.}  =  [AWaBK  &c.} 

is  used  to  express  that  two  systems  whose  constituents  corre- 
spond in  pairs  are  homographic.  More  briefly,  if  A  and  A!  be 
a  variable  pair  of  homologous  (t.e.  corresponding)  constituents 
of  two  homographic  systems,  the  equation  \A\  =  \A!\  may  be 
used  to  signify  that  every  four  positions  of  A  and  the  correspond- 
ing positions  of  A!  have  equal  cross  ratios.  The  corresponding 
notation  for  a  pencil  having  its  vertex  at  0  is  0  \A\. 

Thus  far  we  have  spoken  only  of  coUinear  points  and  of 
concurrent  lines,  but  the  following  definitions  may  be. added 
in  anticipation  of  Art.  113.  The  cross  ratio  of  Four  Points  on  a 
Conic  is  that  of  the  pencil  which  they  subtend  at  any  fifth  point 
on  the  curve ;  and  the  cross  ratio  of  Four  tangents  to  a  Conic  is 
that  of  the  range  which  they  determine  on  any  fifth  tangent 
thereto.     In  the  special  case  of  the  Circle  it  is  at  once  evident 


*  This  term  is  sometimes  confined  to  systems  of  more  than  fonr  const! tuents,  but 
it  may  be  used  with  equal  fitness  for  the  special  cause  of  tetitids,  in  place  of  the 
longer  word  equianKarmonic,  The  still  shorter  term  tqual  (although  not  in  general 
80  used)  may  often  be  employed  with  advantage  as  an  abbreviation  for  "  equal  at 
regards  cross  ratio" — ^for  which  the  term  eq^iicross  is  suggested  by  Prof«  Townsibnd. 
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that  these  ratios  are  independent  of  the  position  of  the  fifth  point 
or  tanqenty  since  four  given  poi  its  on  a  circle  subtend  a  pencil 
of  constant  angles  at  any  fifth  point  on  the  curve,  and  since 
the  segments  of  any  fifth  tangent  by  four  fixed  tangents 
subtend  constant  angles  at  the  centre.  It  wil^  be  shewn  in 
Art.  113  that  the  cross  ratios  of  four  given  points  on  (or 
tangents  to)  any  conic  are  likewise  constant. 

We  proceed  to  establish  certain  Lemmas  relating  mainly 
(1)  to  Cross  Ratio  in  general,  and  (2)  to  the  special  case  of 
hoznography  called  Involution,  with  a  view  to  their  eventual 
application  to  some  of  the  fundamental  properties  of  conies. 

CROSS  RATIO. 

103.  The  cross  ratio  of  the  points  in  which  four  fixed 
radiants  are  met  by  a  variable  transversal  is  constant,* 

(i)  Let  four  lines  radiating  from  0  be  met  by  any  trans- 
versal in  the  points  -4,  J9,  C,  2>,  and  let  the  parallel  through  B 
to  OD  meet  OA  in  a  and  OC'mb. 


Then  by  similar  triangles, 

AB\AD=  aB  :  DO 
and  CD:  CB=^DO:Bb. 


Hence 


.AB.CDaB 
t^^^^J  =  AKCB  =  bB ' 


which  is  constant  for  all  positions  of  ab  parallel  to  OD]  and 
therefore  [ABCD]  is  constant  for  all  positions  of  ABCD  without 
restriction. 


*  It  is  to  be  noted  that  this  yerj  important  theorem  of  the  ancients  implicitlj 
contains  the  method  of  Conical  Projection. 
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We  have  thus  proved  that 

[ABCD]  =  {aBbao }, 

where  ao  denotes  the  point  at  infinity  in  which  aBb  meets  OD, 

It  is  to  be  noted  that  the  transversal  maj  be  drawn  so  as 
to  cut  the  radiants  (produced  through  0)  upon  either  side  of 
O.  Thus  in  the  figure  of  Art.  107  (i),  considering  the  pencil 
whose  vertex  is  0  and  supposing  QO  to  meet  AB  in  E  and 
CD  in  Fj  we  have 

{DMAQ}  =  {BPAE}  =  {BBCQ}  =  {DPCF}, 

the  rays  of  the  pencil  being  taken  in  the  same  order  in  every 
case. 

(ii)  It  is  further  evident  that  different  pencils  have  equal 
cross  ratios  when  their  corresponding  angles  are  equal  or 
supplementary. 

For  example,  if  SB  and  ST  turn  about  8  (Art.  9,  Cor.  I) 
so  as  to  be  always  at  right  angles,  the  pencils  8  [B]  and  8  {T} 
are  equiangular  and  therefore  homographic.  Or  again,  if  TS 
and  TH  in  Art.  50  remain  fixed  whilst  the  conic  varies  (so 
that  the  tangents  from  T  always  make  equal  or  supplementary 
angles  with  TS  and  ZI£f  respectively),  the  pencils  T  [P]  and 
T  { Q]  are  homographic. 

104.  Condition  that  a  variable  straight  line  should  pass 
through  a  fixed  point. 

Four  rays  determine  equal  ranges  upon  any  two  transversals 
(Art.  103) ;  and  conversely,  if  two  equal  tetrads  of  points  on 
different  axes  be  such  that  three  of  the  lines  joining  them 
in  homologous  pairs  meet  in  a  point,  the  join*  of  the  fourth 
pair  must  pass  through  the  same  point. 

In  particular,  if  ^  be  a  point  on  one  of  the  four  rays,  they 
determine  equal  ranges  \ABCI>\  and  \ABC'iy\  on  any  two 
transversals  through  A. 


*.  This  term  is  used  bj  some  writers  as  on  abbreviation  for  the  line  Joining  two 
points.  See  for  example  Hbnrici's  Elementary  Geometry ^  Congruent  Fiffuree,  §47 
(LondoHi  1879).    The  "  join"  of  tVo  lines  is  their  common  point 
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Conversely,  if  BB  and  CC  be  any  two  assumed  positions  of 
a  variable  straight  line,  0  tlieir  point  of  concourse  and  'A  that 
of  5(7  and  BC\  and  if  OA  be  a  third  position  and  DU  any 
other  position  of  the  variable  line,  the  condition  that  DD' 
should  pass  through  the  fixed  point  0  is  that  \ABCD\  should 
be  always  equal  to  [ABC'D']. 

105.  Condition  that  a  variable  point  should  lie  on  a  fixed 
straight  line. 

A  range  of  four  points  subtends  equal  pencils  at  any  two 
vertices;  and  conversely,  if  two  equal  pencils  having  different 
vertices  be  such  that  three  pairs  of  their  corresponding  rays 
intersect  on  one  straight  line,  the  fourth  pair  must  intersect 
on  the  same  straight  line. 

In  particular,  if  0  and  0'  be  the  vertices  of  two  pencils 
-which  have  0(/A  for  a  common  ray,  and  if  J9,  C,  D  be  the 
intersections  of  their  remaining  three  pairs  of  rays,  then  will 
BCD  be  a  straight  line  provided  that 

0{ABCD]  =  0'{ABCI)}. 


If  now  (supposing  the  rays  of  the  two  pencils  to  be  variable) 
the  intersections  of  two  pairs  of  homologous  rays  be  at  given 
points  B  and  (7,  the  remaining  intersection  1)  will  lie  on  the 
fixed  straight  line  BC, 
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This  result  and  that  of  Art.  104  may  be  together  expressed 
as  follows : 

If  two  tetrads  of  points  or  rays  ABCD  and  A'BC'U  he 
equianharmontCj  then  if  one  pair  [Aj  A')  coalesce  the  remaining 
three  pairs  (-B,  jB*),  (C,  C7'),  (jD,  2>')  are  in  perspective. 

106.  Condition  that  a  tetrad  of  points  or  rays  may  be  har' 
monic, 

(i)  If  BD  be  diTided  harmonically  at  A  and  G^  and  if  the 
signs  ±  be  used  to  denote  opposite  directions,  then  it  is  easily 
seen  that 

AB    CD  _Ap    CB_CB  AD__^ 
AD'  CB"  AB'  CD"  CD'  AB"      ' 

or  [ABCD]  =  [ADCB]  =  [CBAD]  =-1. 

The  condition  that  the  range  ABCD  should  be  harmonic 
is  therefore  that  the  points  A  and  C  or  the  points  B  and  D 
should  be  separately  interchangeable.  Each  pair  of  inter- 
changeable points  are  said  to  be  harmonically  conjugate  to  each 
other  with  respect  to  the  remaining  pair. 

(ii)  A  pencil  0  [ABCD]  will  be  harmonic  if  a  transversal 
drawn  parallel  to  one  of  its  rays  CD  be  cut  in  equal  and  opposite 
segments  Ba  and  Bb  (fig.  Art.  103)  by  the  remaining  three 
rays.  For  example,  since  DP  in  Art.  60  is  parallel  to  one 
asymptote  and  is  bisected  by  the  other,  it  follows  that  the 
asymptotes  and  any  two  conjtigate  diameters  of  a  hyperbola  con- 
stitute a  harmonic  pencil, 

(iii)  A  pencil  will  also  be  harmonic  if  two  of  its  rays  be 
the  bisectors  of  th^  angles  between  the  other  two.  For  ex- 
ample, the  tangent  and  normal  and  the  focal  distances  at  any 
point  of  a  conic  constitute  a  harmonic  pencil. 

107.  Properties  of  a  complete  quadrilateral. 

Let  ABCD  be  a  quadrilateral,  and  let  0,  P,  Q  be  the 
intersections  of  {AC,  BD),  {AB,  CD),  {AD,  BC)  respectively. 
Then  the  figure  as  thus  completed  is  called  a  Complete  Quad- 
rilateral, and  PQ  is  called  its  third  Diagonal. 
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(i)   Let  the  ray  PO  meet  AD  in  M  and  BG  in  R.    Then 
by  the  properties  of  radiants  (Art.  103), 

0  {DMAQ]  ^0{BRCQ]^P[BBGQ]^P{AMDQ] ; 


and  therefore  the  range  [DMAQ]^  in  which  the  conjugate  points 
A  and  D  have  been  shewn  to  be  interchangeable,  is  harmonic. 

[Art.  106  (i). 
Thus  it  appears  that  the  two  pencils  whose  vertices  are  0 
and  P  are  harmonic,  and  in  like  manner  that  the  pencil  Q 
is  harmonic ;  and  hence  that  each  of  the  three  diagonals  of  the 
complete  quadrilateral  is  divided  harmonically  hy  its  remaining 
two  diagonals, 

(ii)  Let  the  sides  AB^  DC  o(  k  quadrilateral  meet  in  P 
and  the  sides  DA^  CB  in  0.  Complete  the  parallelograms 
BODR  and  AOCQ^  and  let  J5J»,  PD  meet  in  V  and  AQ^  PD 
in  T. 
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Then  by  parallels 

PC:  CT^PBiBA^PV:  YD, 
or  PC:  PV^CTiVn^CQ:  VB. 

lience  PQR  is  a  straight  line,  and  therefore  the  middle 
points  of  OP,  OQj  OR  lie  on  a  straight  line  parallel  to  PQR. 

Bat  the  middle  point  of  OQ  is  also  the  middle  point  of 
AGj  since  the  diagonals  of  parallelograms  bisect  one  another- 
and  for  the  same  reason  the  middle  point  of  OR  is  also  the 
middle  point  of  BD, 

Therefore  the  middle  points  of  the  three  diagonals  AGj  BDj 
OP  of  a  complete  quadrilateral  lie  on  a  straight  line. 

The  straight  lino  bisecting  the  three  diagonals  of  a  com- 
plete quadrilateral  may  be  called  the  Diamktrr  of  the  quad- 
rilateral (Ex.  375,  note). 

SCHOLIITM  A. 

The  fundamental  anharmonic  property  of  a  pencil  of  four  rays 
constitutes  prop.  129  of  the  seventh  book  of  the  Zvyaywy^  of 
Pappus  (vol.  ii.  p.  871,  ed.  Hultsch),  which  affirms  that  if  two 
straight  lines  A  BCD  and  ABCJy  h$  drawn  across  three  radiants  OB, 
OCy  OD  (fig.  Art.  104),  then 

AB .  DC :  AD.CB^  AB, IfC  :  AH,  BC.      ' 

This  property  is  introduced  (pp.  867 — 919)  under  the  head  of 
Lemmas  on  Euclid's  three  books  of  Porisms,  a  subject  treated  at 
length  by  Hob.  Simson  in  the  work  De  Porismatthus  contained  in  his 
Opera  qtmdant  reliqua  (Glasguse,  1776),  where  some  things  that  were 
obscure  in  Pappus  are  made  clear.  In  the  same  section  of  the 
Svyayutyii  (prop.  131)  is  contained  in  substance  the  theorem  of 
Art.  107,  that  either  diagonal  of  a  quadrilateral  is  cut  harmonieally  hy 
its  other  diagonal  and  the  join  of  the  pins  [[note,  p.  252]  of  its  opposite 
sides  (Chasles  Apergu  Eistorique  p.  36,  1875).  And  further,  it  will 
appear  (Schol.  C)  that  a  theorem  in  Pappus  implicitly  contains  the 
fundamental  anharmonic  property  of  four  points  on  a  conic. 

The  ancient  theory  of  transversals  was  revived  and  lately  de- 
veloped in  the  first  half  of  the  seventeenth  centuiy  by  Desaboues, 
to  whom  PoNOELBT,  in  the  introduction  to  his  Traiti  des  Propriitis 
Projeetives  des  Figures  (Paris,  1822),  applies  the  title  of  honour  <'le 
MoNOE  de  son  siecle"  (p.  xxzviii).  For  some  further  bibliographical 
information  on  the  subject  see  Poncelet  loe.  cit.  and  Chasles 
Apergu  Btstorique,  Of  Carnot's  Giomitrie  de  Position  (Paris,  1803) 
Poncelet  remarks  (p.  xliv)  that  in  that  work  *'se  trouve  exposee 
pour  la  premiere  fois  et  dans  toute  sa  g^n^ralit^  cette  belle  Throne 
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des  transverealQs  dont  nous  avons  d^j^  si  souyent  parl6  dans  ce  qui 
pr^ede,  et  dont  les  Anciens  n'avaient  fait  qu'entreyoir  les  principes 
et  la  recondite."  This  method  has  been  still  further  developed  by 
Chasi«es  ''qui  a  mis  en  oeuvre  d'une  mani^re  trds-heureuse  les 
principes  de  la  Th^orie  des  transversales  pour  d^montrer  la  plupart 
des  th^or^mes  de  Monoe"  (ibid.  p.  xlv).  A  good  section  on  Trans- 
Tereals  was  contained  in  the  12th  edition  of  Hutton's  Course  of 
Mathematics,  vol.  ii.  214-46  (London,  1843). 

For  the  cross  ratio^-or  as  he  called  it  "  Doppelschnittsver- 
haltniss"  {ratio  his'ssctionalis)* — of  four  points  Moebixts  introduced  the 
notation  {A,  'B,  C,  B)  in  his  celebrated  Baryoentrische  Calcul,  §  188, 
p.  246  Leipzig,  1827) ;  and  he  used  the  notation  "(c,  d,  h,  a)  for  the 
cross  ratio  of  the  range  determined  by  four  lines  Cy  d,  h,  a  upon  any 
transversal  e  (p.  256).  Chasles  {Traiti  dei  Sections  Coniques  Ft.  i. 
p.  7,  1865),  following  the  example  of  Mo  bins,  adopts  the  notation 
.( a,  hy  Cf  d)  for  a  point- tetrad,  and  uses  O  (a,  h,  c,  d),  an  abbrevia- 
tion by  separation  of  symbols  for  (Oa,  Ob,  Oc,  Od),  to  denote  the 
anharmonic  ratio  of  a  tetrad  of  radiants.  More  generally,  whether 
the  letters  denote  points  or  lines,  we  may  write  0[ahcd}  for  the 
cross  ratio  of  the  ''joins"  of  {0,  a),  (0,  h\  {0,  e),  {0,  d).  The 
form  {0 .  abed],  used  in  Salmon's  Conic  Sections,  is  a  convenient  sub- 
stitute for  0  [abed]  in  cases  in  which  cross  ratios  are  compounded 
\rith  one  another  (Mobius,  p.  257). 

The  term  Anharmonic  was  invented  by  Chasles  and  has  been 
widely  used ;  but  it  is  an  artificial  word  and  wanting  in  brevity, 
and  perhaps  ought  rather  to  mean  non-harmonic.  The  short  and 
significant  term  Cross  Ratio  (which  expresses  the  result  of  com- 
pounding two  simple  ratios  crosswise)  was  coined  by  the  late  Prof. 
Oliffohd,  and  may  be  found  in  his  Elements  of  Dynamics  (p.  42) 
published  some  four  or  five  years  later  (London,  1878).  It  may  be 
used  also  with  a  secondary  reference  to  the  transversal  or  cross-line 
on  which  the  ratio  is  estimated. 

INVOLUTION. 

108.  If  three  or  more  pairs  of  points  A,  A']  B^B*j  Cj  C ; 
&c.  be  taken  on  a  straight  line  at  such  distances  from  a  point 
O  thereon  that 

OA.OA'^OB.OB'=OC.OG'^&c., 

they  are  said  to  constitute  a  system  in  Involution.  The  point 
O  is  called  the  Centre  and  the  points  {A,  A%  (JB,  B)^  {C\  C"), 
&c.  are  called  Conjugate  Points  or  Couples  of  the  involution. 
The  centre  is  evidently  conjugate  to  the  point  at  infinity  upon 

the  axis. 

■■  ■     ■  ■,..,■  -.    ■  — .• — — ^ 

*  Stbiner  called  it  "  Doppelverhaltnias." 
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If  the  several  points  of  an  involution  lie  on  the  same  side  of 
the  centre  as  their  conjugates  respectively,  the  products  OA  -  0A\ 
&c.  are  to  be  regarded  as  positive,  and  the  involution  is  said 
to  be  positive;  but  if  conjugate  points  lie  on  opposite  aides 
of  the  centre  the  involution  is  said  to  be  negative.  In  a  positive 
involution  there  are  two  points  2^  and  F  (on  opposite  sides  of  the 
centre)  each  of  which  coincides  with  its  own  conjugate :  these 
are  called  the  Double  Points  or  Foci  of  the  involution.  In  a 
negative  involution  the  foci  are  imaginary. 

When  two  pairs  of  conjugate  points  A^  B  and  A\  H  are 
given  the  involution  is  completely  determined.  For  if  two 
pairs  of  parallels  be  drawn  through  -4,  A'  and  B^  jB*  respectively, 
and  if  they  intersect  in  P  and  Q,  the  line  PQ  evidently  meets 
the  axis  of  the  involntiop  in  a  fixed  point  0  such  that 

OA  :  OA^  OP:  OQ^  OB  :  OB, 

or  OA.OB==OA\OB. 


Thus  the  centre  0  and  the  constant  of  the  involution  are  known, 
and  the  system  is  completely  determined.* 

A  Pencil  of  lines  in  involution  is  a  pencil  which  determines  a 
row  of  points  in  involution  on  any  transversal:  every  such 
pencil  has  one  pair  oC  Double  Rays^  on  which  lie  the  double 
points  of  all  its  transversals.  [Art.  112. 

109.  A  system  of  circles  having  a  common  radical  axis  dir 
termine  pairs  of  points  in  involution  on  any  transversal. 

For  if  a  system  of  circles  be  drawn  through  two  points  P 


*  The  six  lines  joining  any  four  points  PQP'Q^  determine  an  inrolution  on  any 
transversal :  the  constmction  in  the  text  results  from  taking  P'  and  Q'  at  infinity. 
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and  Qj  and  if  a  transversal  meet  PQ  in  0  and  meet  any  two  of 
the  circles  in  ^,  ^'  and  B^  B^  it  is  evident  that 

OA.OA'^  OB.OB'^  OP.OQ. 
Conversely,  if  circles  be  drawn  through  the  several  pairs  of 
conjugate  points  of  an  involution  and  through  a  common  ex- 
ternal point  P,  they  will  all  meet  at  a  second  fixed  point  Qj 
each  that  PQ  passes  through  the  centre  of  the  involution.  The 
Foci  of  the  involution  are  the  points  of  contact  of  the  two 
circles  which  can  be  drawn  through  P  and  Q  so  as  to  touch 
the  transversal :  these  points  are  imaginary  when  P  and  Q  lie 
on  opposite  sides  of  the  transversal. 

110.  A  pencil  of  rays  in  involution  has  in  general  tioo  conjw 
gate  rays  only  at  right  angles  ;  but  if  two  pairs  of  conjugate  rays 
be  at  right  angles  every  two  conjugate  rays  are  at  right  angl^. 

Let  P  be  the  vertex  of  a  pencil  in  involution,  and  let  a 
transversal  meet  two  pairs  of  conjugate  rays  in  Aj  A'  and  Bj  B\ 
Then  the  circles  APA'  and  BPB'  determine  by  their  intersection 
a  second  fixed  point  Q,  and  every  circle  through  P  and  Q  meets 
the  transversal  in  points  O  and  C  such  that  PCj  PC  are  con- 
jugate rays.  [Art.  109. 

Now  in  order  that  the  angle  CPC  may  be  a  right  angle 
the  centre  of  the  circle  CPC  must  lie  on  the  axis  of  involution. 
In  general  one  circle  only  can  be  drawn  through  P  and  Q  so 
as  to  have  its  centre  upon  a  given  transversal ;  but  if  two  circles 
can  be  so  drawn  the  transversal  must  bisect  PQ  at  right  angles, 
and  must  therefore  be  the  locua  of  the  centres  of  all  the  circles 
that  can  be  drawn  through  P  and  Q. 

It  is  hence  evident  that  a  right  angle  turning  about  its 
vertex  generates  a  pencil  of  rays  in  negative  involution:  for 
example,  the  conjugate  diameters  of  a  circle  constitute  a  negative 
involution* 

It  is  further  evident  that  there  are  two  points  (one  on  each 
side  of  the  axis)  at  which  all  the  segments  of  a  range  in 
negative  involution  subtend  right  angles. 

111.  If  a  row  of  points  he  in  involution  any  four  of  tliem  and 
tJieirfour  conjugates  are  equicross^  and  conversely. 

S2 
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(i)   For  if  (A,  A') J  {B,B\  ((7,  O'),  (i),  D')  be  conjugate 

points  in  an  involotion  of  which  0  is  the  oentrCi  then  since  bj 

definition, 

OA'i  OB' ^  OB  I  OA, 

therefore  A'B' :  OB'  ^AB:  OA^ 

and  similarly  CD' :  OJff  ^CD:  OC. 

Hence    A'B'. C'jy  :  OB'. OB'  =  AB. CBiOA.OC; 

and  in  like   manner  (or  by  merely  interchanging  B  and  Dj 
and  B  and  /)'), 

A'D'.C'B' :  OB'.OU^AD.CBi  OA.OC; 

and  therefore  {A'B' CD'}  is  equal  to  [ABCD]^  or  every  four 
points  and  their  conjugates  are  equicross,  as  was  to  be  proved. 

From  the  general  relation  [ABCD]  =  {A'FCD^}^  where  the 
several  couples  may  be  taken  arbitrarily,  we  deduce  as  one 
form  of  the  relation  between  three  couples  in  involution  (by 
substituting  A'  for  D  and  A  for  27'),  that 

[ABCA'l^lA'BCA], 

which  readily  reduces  to 

AB.BC.  CA'  =  A'B.  BC.  CA. 

Another  form  of  the  relation  between  the  three  couples  is 

[ABA' 0]=^  {A'B AC}, 

AB.A'G  _A'B.AC 
^^  AC.AB^  A'C.AB' 

or  AB.AB  :  AC. AC^  A'B. A'B' :  A  G.AC. 

Conversely,  when  one  of  these  relations  is  established  tbe 
three  couples  AA,  BB,  CC  are  proved  to  be  in  involution. 

(li)  Otherwise  thus.  Let  circles  be  drawn  each  through  two 
conjugate  points  of  an  involution  so  as  to  cointersect  at  points 
P  and  Q  (Art.  109).  Join  P  to  any  four  of  the  points  and  join 
Q  to  their  conjugates.  Then  it  may  be  easily  shewn  that  the 
two  pencils  thus  formed  have  their  angles  equal  (or  supple- 
mentary) each  to  each,*  and  are  therefore  equianharmonic. 


*  For  this  proof  see  McDowell's  Exercitu  on  Euclid  and  in  Modem  Geometfy, 
Arts.  206,  7  (Cambridge,  1878). 
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112.  Thefod  and  any  two  conjugate  points  of  an  involution 
conatittUe  a  harmonic  range. 

This  is  evident  from  Art.  35,  Cor.  1,  where  A  and  A*  may 
be  taken  as  the  foci  of  an  involation  of  which  8  and  X  are  any 
two  coDJ agate  points. 

Conversely,  any  two  points  8  and  X  which  form  a  harmonic 
range  with  a  pair  of  fixed  points  A  and  A'  are  conjugate  points 
in  an  involution  whereof  A  and  A'  are  the  foci. 

SCHOLITTM   B. 

The  theory  of  Involution  was  laid  down  by  Desarotjes  (1693 — 
1662),  the  friend  of  Descartes  and  teacher  of  Pascal,  in  his  Bbotj- 
IX.LON  Pboieot  d^une  atteinte  attx  iuinemem  des  rencontres  (fun  Cone 
aiiee  un  Plan,  discovered  in  manuscript  by  M.  Chasles  in  1 845,  and 
printed  in  Poudra's  two  volume  edition  of  the  (Euvres  de  J)esargue$, 
vol.  I.  pp.  97 — 230  (Paris,  1864);  an  analysis  of  the  work  being 
also  given,  in  which  its  strange  and  embarrassing  terminology  is 
replaced  by  the  expressions  now  in  use. 

The  germ  of  the  theory  is  contained  in  lib.  vii.  prop.  130  of  the 
CoUectiQ  of  Pappus  (p.  873,  ed.  Kultsoh),  which  may  be  stated 
conversely  as  follows : 

If  the  sides  of  a  triangle  FQR  meet  a  transversal  in  A,  B,  C7,  and 
if  the  three  radiants  from  any  point  0  to  its  opposite  vertices  meet  the 
tnmsversal  in  F,  £,  D  respectively,  then 

AF.  CBiAB.  CF^FA .  DEi  FE.  DA. 

That  is  to  say,  the  opposite  sides  and  the  two  diagonals  of  any 
qnadrilateral  OPQE  meet  any  transversal  in  pairs  of  points  {A,  F)^ 
{B,  £),  {C\  B)  in  involution,  the  cross  ratio  {AFCB\  being  equal 
to\FABEY 

Des  ARGUES,  having  defined  and  established  some  properties  of 
bis  Involution  de  six  Points,  and  having  enunciated  the  so-called 
theorem  of  Ptolemy  in  a  new  form,  next  shews  that  the  pencil  Bub« 
tended  at  any  vertex  by  six  points  in  involution  is  cut  in  points  in 
involution  by  any  transversal  (Poudra,  pp.  247,  256 — 8) ;  he  fully 
establishes  the  theory  of  poles  and  polars  (sometimes  wrongly 
attributed  to  de  La  Hire),  shewing  inter  alia  that  the  three  pairs 
of  chords  joining  four  points  on  a  conic  determine  a  self-conjugate 
triangle,  and  not  omitting  to  notice  also  the  case  of  polar  planes 
(pp,  263,  72,  90) ;  and  he  proves  that  any  conic  and  the  sides  of  an 
inscribed  quadrilateral  determine  points  in  involution  on  any 
transversal  (p.  266).  It  is  to  be  observed  that  he  regards  six 
points  as  constituting  a  complete  involution  (which  however  does 
not  really  detract  from  the  generality  of  his  conclusions),  and  that 
he  uses  the  term  Involution  de  quatre  Points  to  denote  the  two  double 
points  or  foci  together  with  a  single  pair  of  conjugate  points ;  that 
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k  to  aaj.  he  ngnds  a  haniMmie  mgo  as  an  inTolutiim  of  lour 

^^*It  mar  be  wefl  to  quote  fiom  Pondra's  ▼ocabulaiy  of  teima 
ased  by  I>e«areue8  ((Ewtr^,  i-  101)  the  expUnatioii  of  the  atiil 
Mrrmag  term  iafW«^  whkh  mgaifies  "  Troia  coapto  de  points 
tebqQeMx«i'=-<»ftxo^'«=A;xM'  et  qoe  tooa  les  poiats oonj agues 
aont  tooa  miftlea  oa  d^m^^s  entz^  eox.** 

AXHARMOXIG  PBOPEETIES  OF  CONICS. 

PSOFOSinOH   I. 

113.  The  cross  ratios  cf  four  fixed  points  on  a  conic  and  of 
etc  tangents  thereat  are  constant  and  equed  to  one  another. 

(i)  From  four  fixed  points  A,  B,  (7,  2?  on  a  conic  draw 
chords  to  any  point  P  on  the  curve,  and  produce  them  to  meet 
the  S-directrix  in  abed  respectively,  so  that 

F{ABCD]=F{abcd}  =^S{abcd}. 


Then  since  the  angles  a8b^  bScj  cSd^  being  equal  or 
Mppfementarj  to  the  halves  of  the  constant  angles  ASB^ 
fiSi\  CSD  respectively  (Art.  13),  are  themselves  constant, 
it  tVJlows  that  iS{«ic<f}  and  P[ABOD]  are  constant,  whatever 
U>  the  position  of  F  on  the  curve.  Conversely,  a  conic  can 
in  gt^neral  be  drawn  through  six  pointsf  FP'ABCD  so  related 


•  TIk*  i««A(^x«l  properties  (i)  and  (li)  were  stated  in  their  direct  and  oonTcno 
fM^u«  iU  Sr«l5<m'^  v'^jrsfMKitifcAtf  ErUwickelvng  der  Abh&ngighsit  ffeometriscker 
t.^»,i«««JN«»  iNM  MiMtiN^fr.  pp.  156,  7  (Berlin,  1832),  where  it  is  remarked  that:  "Die 
9(At*>  Uikk*  I  vu'J  «nd,  unter  andeier  Form  abgefasst,  bekannt."  The  piopertT 
VuO  >«i««  inwu  v*or  Um  citde)  in  Chaslbs'  Geametrie  Superieure,  §  668  rParia  1852). 

t  11w.*U  Mnu  in  Art,m  maj  be  regarded  aa  lying  on  a  conic  wMi  has 
«W^m^ik(«vl  mt\t  a  (Hkir  uf  ateaigfat  lines. 
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tbat  P{ABCD}^r{ABCD]]  or  if  A  BCD  be  fixed  points, 
£tiid  P  a  variable  point  such  that  P[ABGD}  is  constant,  the 
locus  of  P  is  a  conic  through  ABCD. 

(ii)   Next  let  the  tangents  to  a  conic  at  four  fixed  points 
^BCD  meet  the  tangent  at  any  fifth  point  in  the  range  abed. 


Then  since  the  angles  aSJ,  Jfife,  c8d^  being  equal  or 
enpplementary  to  the  halves  of  the  constant  angles  ASBj 
B8Cj  C8D  respectively  (Art.  13,  Cor.),  are  themselves 
constant,  it  follows  that  8  [abed]  or  [abed]  is  constant.  Con- 
versely, a  conic  can  in  general  be  described  touching  six 
straight  lines  so  related  that  four  of  them  determine  ranges 
of  equal  cross  ratios  [abed]  and  {a'b'c'd]  on  the  remaining 
two;  or  if  four  fixed  straight  lines  meet  a  variable  straight 
line  in  a  range  of  constant  cross  ratio,  the  variable  line  envelopes 
a  conic  touching  the  four  fixed  lines. 

(iii)  Lastly  let  P  be  a  fixed  point  on  a  conic,  PQ  a  variable 
chord  meeting  the  ^directrix  in  J?,  and  let  T  be  the  point 
of  concourse  of  the  tangents  at  P  and  Q. 

Then  since  the  angle  B8T  is  always  a  right  angle  (Art.  9, 
Cor.  1), 

P[Q}^P{R]=^8[R}^S{T}^{T], 

or  the  pencil  subtended  at  P  by  any  four  positions  of  Q  on  the 
curve  is  equal  to  the  range  in  which  the  tangents  at  the  Q^s 
intersect  the  tangent  at  P. 

Corollary  1. 

If  tvoo  angles  MBD^  MCD  of  given  magnitudes  turn  about 
Bj  C  as  poles  in  such  a  manner  that  the  intersection  if  of  two 
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of  their  arms  describes  a .  straight  line^  the  intersection  D  of  their 
remaining  arms  describes  {in  general)  a  conic  passing  through 
B  and  C;*  for  since 

B[D}^B{M]^C[M]^C{D], 

a  conic  can  be  drawn  through  Bj  C  and  anj  four  positions 
of  2> ;  and  three  assumed  positions  of  D  together  with  B  and  G 
determine  a  single  conic  on  which  every  other  position  of  D 
must  lie.  But  if  the  straight  line  described  by  M  passes 
through  B  or  (7,  or  if  the  pencils  B[D}  and  C[D]  have  a 
common  ray,  the  locus  of  jD  is  a  straight  line.  The  general 
case  affords  a  ready  means  of  drawing  a  conic  through  five  given 
points.  [Ex.  367. 

Corollary  2. 

If  three  straight  lines  mdj  dr^  rm  turn  about  given  poles 
J5,  Gj  i>,  whilst  m  and  r  move  along  fixed  straight  lines  PQ 
a7id  PQy  the  point  d  describes  a  conic  passing  through  B  and  G; 
for  it  is  evident  that 

B[d}=^{m}^{r]^C[d]. 

It  appears  (by  taking  special  cases)  that  the  point  F  and 
the  intersections  of  BDj  PQ  and  C/>,  PO  likewise  belong  to 
the  locus :  and  conversely,  if  these  three  points  and  B  and  C 
be  given,  the  lines  PO  and  PQ  can  be  drawn,  and  the  locus 
of  d^  which  is  the  conic  through  the  five  given  points,  can 
be  traced.t 


*  This  is  Nkwton*s  method  of  generating  conic  sections.  The  theorem  is  proyed 
in  the  PrineipiOf  lib.  i.  Sect.  v.  lemma  21,  where  it  is  deduced  from  lemma 
20  [=  Ez.  SO],  and  this  again  from  the  theorem  Ad  quatuor  Uneas  (Scholiom  G). 
It  is  also  stated,  with  generalisations  and  limitations,  in  his  Enumeratio  Linearum 
Teriii  Ordinisj  Cap.  Vii.  (see  p.  26  in  Talbot's  translation,  London  1861 ;  or  Nkwtoiii 
Opera  qua  exdant  omnia,  toI.  1. 556,  ed.  Horsley,  London  1779),  under  the  head : 
ii«  Cwvarum  Zkteriptione  Organica, 

f  This  method  of  drawing  a  oonic  through  five  giyen  points  was  discovered  by 
KaclaURIN  in  1722  although  not  published  by  him  till  1785.  In  the  Phihscphieal 
Traruactiont  of  the  Royal  Society  qf  London  (voL  vili.  p.  50,  1809)  he  shews  how  to 
deduce  it  bj  elementary  geometry  from  the  above  mentioned  lemma  20  of  the 
Prineipia,  '*  which  itself  is  a  case  of  this  descripdon'*  (p.  48).  Braikeniidge,  who  had 
already  published  Madanrin's  construction,  is  said  to  have  been  in  communication 
with  him  and  to  have  been  made  acquainted  with  his  theorems  in  1727  {ibid.  pp.  6, 43). 
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PROPOSITION  II. 

114.    Tke  diameters  of  a  conic  form  a  pencil  in  involution 
tfi  which  conjugate  diameters  are  conjugate  rays. 

(i)  For  since  any  two  conjugate  diameters  meet  the 
£^directrix  in  points  V  and   V*  such  that 

•     XV, XV^  ex. 5Jr  =  a  constant,    [Art.  U,  Cor.  4. 

therefore  VV  and  CV  are  conjugate  rays  in  a  pencil  in  in- 
Tolntion.  This  involution  is  negative  in  the  ellipse,  and  positive 
in  the  hyperbola:  in  the  latter  case  the  asymptotes  are  the 
double  rays.  [Art.  53. 

(ii}  The  centre  of  the  involution  determined  by  the  pencil 
of  diameters  on  any  tangent  is  at  its  point  of  contact,  since 
this  is  evidently  conjugate  to  the  point  at  infinity  upon  the 
tangent.  This  is  in  accordance  with  Art.  47,  from  which  a 
second  proof  of  the  proposition  may  be  derived. 

Corollary  1, 

From  a  fixed  point  0  draw  the  perpendicular  OP  to  a 
variable  diameter  (7P,  and  produce  it  to  meet  the  conjugate 
diameter  in  D :  then  since 

C{D]^C{P]=0[D}, 

the  locus  of  2>  is  a  conic  through  0  and  (7,  and  it  evidently 
has  real  points  at  infinity  on  the  axes  of  the  original  conic. 
At  the  four  points  of  concourse  of  the  conies  the  positions  of 
OD  are  normal  at  D  to  the  original  conic.  Hence  we  Infer  that 
there  are  four  points  oft  a  given  conic  such  that  the  normals 
thereat  cointersect  at  a  given  point  0,  and  the  four  points  lie  on 
an  equilateral  hyperbola^  which  passes  through  0  and  through 
the  centre  of  the  given  coniCj  and  has  its  asymptotes  parallel  to 
the  axes  of  the  latter. '^ 


«  This  method  of  drawing  a  normal  OD  to  a  conic  from  a  given  point  0,  with 
the  help  of  an  equilateral  hyperbola,  is  given  by  Apollonius  in  his  Conies^  Lib.  V. 
props.  68-68,  where  he  regards  the  normal  as  a  line  drawn  from  0  so  that  the 
intercept  npon  it  between  D  and  the  axis  of  the  given  conic  is  a  minimum.  For 
another  treatment  of  normals  see  Prof.  C&kmona*8  article  On  Normals  to  ConicSy  in  the 
Ox/,  Comb,  and  Dublin  Messenger  of  Mathematics,  vol.  ill.  p.  88.    See  also  £x.  286, 
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Corollary  2. 

By  drawing  OP  to  meet  CP  (Cor.  1)  at  any  other  given 
angle  and  in  a  given  ^^  sense"  or  direction  of  rotation,  and 
proceeding  as  above,  we  determine  a  conic  passing  through  0 
and  C  and  having  its  asymptotes  (real  or  imaginary)  parallel 
to  those  conj  agate  diameters  of  the  given  conic  which  contun 
an  angle  equal  to  the  given  angle ;  and  the  two  conies  intersect 
at  four  points  D  such  that  OD  meets  the  given  conic  at  the 
given  angle.  If  the  sense  of  rotation  be  not  given,  four  other 
positions  of  OD  (making  in  all  eight),  which  meet  the  given 
conic  at  the  given  angle,  can  be  in  like  manner  determined. 

SOHOLIXTIC  0. 

The  celebrated  problem  of  the  **  Locus  ad  quatuor  lineas^^  {rawoe 
evl  ^'  ypafifAac) — handed  down  by  Pappus  from  his  predecessois 
without  solution  {Collectio  Lib.  vri ,  vol.  ii.  pp.  677 — 9,  ed.  Hultsch), 
solved  only  by  his  new  method  of  coordinates  by  Descartbs 
{Oeometria  Libb.  i.  ii.  7 — 16,  24 — 34,  ed.  Schooten,  1659),  and  at 
length  completely  solved  by  Newton  {Principia  Lib.  i.  Sect.  v. 
lemm.  17 — 19)  by  the  elementary  geometry  of  Apollonius — ^im- 
plicitly contains  the  fundamental  anharmonic  property  of  four 
points  on  a  conic  (Art.  113).  The  problem  and  its  Newtonian 
solution  are  as  follows. 

(i)  If  P  he  any  point  of  a  conic  and  ABDC  a  given  inscribed 
trapezium,  and  if  straight  lines  PQy  PR,  PS,  PT  meet  the  sides  A£, 
CD,  A  C,  DB  respectively  at  given  angles :  the  rectangle  PQ  x  Pit  is  U 
the  rectangle  PS  x  PT  in  a  given  ratio* 

a.  First  let  PQ  and  P£  be  parallel  to  A  C,  and  PS  and  PT 
parallel  to  ^ ^ ;  and  let  the  side  PB  be  also  parallel  to  AC.  Then 
since  PQ.QJT  varies  as  AQ.QB,  **per  prop.  17,  19,  21  &  23 
lib.  in.  eonicorum  Apollonii''  (Art.  16,  Cof.  1),  if  JT  be  the  point  in 
which  PQ  meets  the  conic  again ;  and  since  the  diameter  of  the 
chords  AC,  BB,  KP  bisects  also  the  intercept  QR,  so  that 
QK^PR',  it  follows  that  PQ.  Pi2  varies  as  ^Q.QJ5  or  PS.PT,  as 
was  to  be  proved. 

h.  Next  let  BB  be  not  parallel  to  AC*  Draw  Bd  parallel  to 
^(7  meeting  ST  in  T  and  the  conic  in  d.     Join  Cd  cutting  PQ  in  r, 


note,  where  if  7  and  U  be  given  T*  and  U*  can  be  at  once  determined ;  and  thns 
trom  the  intersection  of  any  two  normals  to  a  conic  two  other  normals  can  be  drawn. 
Corollaries  1  and  2,  aa  they  stand,  are  taken  from  Chasles'  Traki  <Us  Sediom 
Coniqfietf  chap.  vii.  pp.  142-4.    On  the  parabola  see  Ex.  617,  note, 
*  See  the  lithographed  figure  No,  3. 
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and  draw  DM  parallel  to  PQ  cutting  Cd  in  if  and  AB  in  K.  Then 
by  similar  triangles,  and  by  parallels,  Bt  (or  PQ)  is  to  Tlf  as  DN 
to  NBy  and  Rr  is  to  ^Q  (or  PS)  as  DM  to  AN',  and  therefore 

PQMr  :  P^.Tif  =  rect.  NDM:  rect.  ANB* 

«  PQ.Pr  :  P8.Pt,  by  case  «, 

=  PQ,PR  :  P/Sf.PT,  dividendo. 

0.  Having  thus  shewn  that  this  last  ratio  has  the  constant 
valae  DN.DMi  AN.NBy  we  see  at  once  that  PQ.PR  will  still  vary 
as  PS.PTiiPQy  PR,  PS,  FT  be  drawn  each  at  its  own  constant 
inclination  to  AB,  CD,  A  C,  DB  respectively.  It  is  further  evident 
that  if  PX  and  PF  be  drawn  to  meet  the  diagonals  AD  and  BC  dX 
constant  angles,  each  of  the  ratios  PX.PY:  PQ.PR  :  PS.PT  is 
constant.  Conversely  (lemma  18),  if  PQ,PR  varies  as  PS.PT,  the 
locus  of  P  is  a  conic  circumscribing  A  BCD.  In  lemma  19  and  its 
two  corollaries  Newton  completes  the  solution  of  the  problem  by 
shewing  how  to  determine  the  actual  locus  of  P  for  a  given  value 
of  the  ratio  PQ.PR  z  P8.PT;  and  he  concludes  by  remarking  with 
evident  satisfaction :  ''Atque  ita  problematis  veterum  de  quatuor 
lineis  ab  Euciide  incoepti  &  ab  Apolhnio  continuati  non  calculus, 
sed  compositio  geometrica,  qualem  veteres  quaerebant,  in  hoc 
coroUario  exhibetur." 

(ii)  The  anharmonio  property  of  four  points  on  a  conic  follows 
immediately  from  the  above  theorem  Ad  quatuor  lineas.  For  if 
PQ,  PR,  PS,  PT  be  perpendiculars  to  AB,  CD,  AC,  BD  re- 
spectively (cf.  Art.  94),  so  that  PQ.AB=^  PA.PB  BiaAPB,  &c., 
and  thus 

PQ.PR.AB.CD    sin  APB     sin  CPD,        jnnn 
PS,PT.AC.BD  "  Bin  AFC  '  BinBPD^^^^^^^^' 

and  if  the  ratio  PQ.PR  :  PS  PT  and  the  trapezium  ABDC  be 
given ;  the  cross  ratio  P[ABCD]  will  be  constant. 

(iii)  Ghasles  and  others  have  proved  the  constancy  of  the  cross 
ratios  of  four  given  points  on  or  tangents  to  a  conic  by  projection 
from  the  circle,  and  have  taken  the  properties  thus  proved  as  the 
foundation  of  their  treatises  on  conies :  but  the  most  elementary 
proofs  of  the  properties  in  question  are  those  which  we  have 
adopted  in  Art.  113  from  the  Geometrical  Demonstration  of  tha 
Anharmonio  Properties  of  a  Conic  contributed  by  Mr.  B.  W.  Horne, 
Fellow  of  St.  John's  College,  to  the  Quarterly  Journal  of  Mathematics, 
vol.  IV.  278  (1861):  his  proofs  assume  only  those  simple  angle- 
properties  of  the  focus  of  a  conic  which  reduce,  when  the  directrix 
is  removed  to  infinity,  to  the  fundamental  angle-properties  of  the 
circle  (Scholium  A,  p.  22). 


*  This  notation  was  formerly  in  use  for  the  rectangle  AN,NB. 
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RECIPROCAL  POLARS. 


PROPOSITION  III. 


115.  The  polar  of  any  point  with  respect  to  a  conic  is  a 
straight  line^  and  conversely.^ 

(i)  Let  a  Tariable  chord  be  drawn  to  a  conic  through  a 
given  point  0,  and  let  the  tangents  at  its  extremities  intemect 
in  T]  then  will  the  locus  of  2^  be  a  straight  line. 

For  if  the  variable  chord  and  its  diameter  CT  meet  the 


directrix  in  B  and   V  respectively,  then  since  SRj  8T  and 
OBj  SV^re  at  right  angles  (Arts.  9,  14),  therefore 

8{T}^8{B]^0{B}^8{V}^C{T]. 

And  since  the  homographic  pencils  8{T]  and  C[T}  have 
a  common  ray  C8  (the  point  T  lying  on  the  axis  when  OB 
is  a  principal  ordinate),  the  locus  of  T  is  a  straight  line. 

[Art.  105. 

Conversely,  if  T  be  any  point  on  a  straight  line,  it  may 
be  shewn  in  like  manner  that  its  chord  of  contact  determines 
homographic  ranges  [B]  and  {oo }  on  the  directrix  and  the 
straight  line  at  infinity,  and  hence  that  it  passes  through  a 
fixed  point.  [Art.  104. 

(ii)  Otherwise  thus.  Let  PL  and  PN  be  given  tangents 
to  a  conic,  PMB  any  chord  through  P,  and  0  its  intersectioa 

*  For  oUier  proofs  of  the  properties  of  polars  see  Arte.  17, 18»  41,  93. 
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-with  LN\  and  let  A  and  B  be  the  intersections  of  the  tangents 
at  iV;  M  and  iV,  B. 

Then  since  the  cross  ratios  of  the  tangents  at  £,  M^  Nj  B 


and  of  their  points  of  contact  are  equal  (Art.  113),  therefore 
(estimating  the  former  on  the  tangent  at  N  and  the  latter  on 
the  transversal  MB)  we  have 

^ANB}  =  L  [LMNB]  =  [PMOB] ; 

whence  it  follows  that  the  tangents  AM  and  BB  intersect  on 
the  fixed  straight  line  NO^  and  conversely.  [Art.  104. 

PROPOSITION   IV. 

116.  A  row  of  points  on  any  axis  and  their  polars  mih 
respect  to  a  conic  are  homographicj  and  they  determine  an 
involution  on  that  axis, 

(i)  It  follows  at  once  from  the  construction  of  Art.  115  (i), 
where  B8T  is  a  right  angle,  that  if  T  be  taken  on  the  polar 
of  a  given  point  0,  then 

\T]^8m  =  0{R], 

or  the  points  T  and  their  polars  OB  are  homographic. 

(ii)  Otherwise  thus.  In  the  preceding  figure,  if  the  eqaal 
cross  ratios  L  [LMNB]  and  N  [LMNB]  be  estimated  on  the 
transversal  MB^  then 

[PMOB]^[OMPB]j 

or  0  and  Pare  harmonic  conjugates  with  respect  to  if  and  B. 

[Art.  106. 
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Hence,  as  P  moves  along  MR^  the  points  O  and  P  are 
conples  in  the  involution  of  which  M  and  R  are  the  fod 
(Art.  112);  that  is  to  say,  if  P  be  a  variable  point  on  the 
polar  of  any  given  point  $,  and  ^0  be  the  polar  of  P,  the 
range  [P\  is  homographic  with  the  pencil  Q{0]^  and  the  two 
together  determine  an  involution  on  the  polar  of  Q. 

Corollary  1. 

If  a  pair  of  points  divide  a  chord  of  a  conic  harmonically, 
each  point  lies  on  the  polar  of  the  other,  and  the  two  are 
said  to  be  conjugate  with  respect  to  the  conic.  From  the  reci- 
procity of  the  relation  between  such  points  it  is  easy  to  dedace 
the  theorem  of  Art.  17,  Cor.  1,  that  the  intersection  of  any  two 
straight  lines  is  the  pole  of  the  line  which  Joins  their  poles.  It  is 
evident  that  a  system  of  conies  having  a  common  self-polar 
triangle  (note,  p.  272)  determine  an  involution  on  any  transversal 
drawn  through  a  vertex  of  the  triangle. 

Corollary  2.  ^ 

Two  straight  lines  are  said  to  be  conjugate  with  respect  to  a 
conic  when  they  pass  each  through  the  polar  of  the  other ^  or  in 
other  words,  when  they  are  harmonic  conjugates  with  respect 
to  the  two  tangents  (real  or  imaginary)  that  can  be  drawn  to 
the  conic  from  their  point  of  concourse.  From  a  given  point 
there  can  in  general  be  drawn  one  pair  only  of  straight  lines 
at  right  angles  to  one  another  and  conjugate  to  a  given  conic 
(Art.  110) ;  but  if  the  given  point  be  a  focus^  every  two  conjugate 
lines  drawn  through  it  are  at  right  angles  (Art.  7);  and  con- 
versely it  may  be  shewn  that  no  other  real  point  is  so  related 
to  the  conic.  Notice  that  conjugate  diameters  are  also  conjugate 
lines  in  the  sense  of  this  corollary. 

PROPOSITION   V. 

117.  If  the  locus  of  a  point  be  a  conic  the  envelope  of  its  polar 
with  respect  to  a  conic  is  a  coniCj  and  conversely. 

Take  four  fixed  points  ABGD  and  their  polars  with  respect 
to  a  conic:   and  take  a  variable  point  P  and  its  polar  with 
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respect  to  the  same  conic:  and  let  the  fixed  polars  meet  the 
polar  of  P  in  the  points  a,  ft,  c,  d  respectively. 

Then  by  Art.'  116,  the  points  a,  i,  c,  d  are  the  poles  of 
PA^PB.PG^PD',  and  P[ABGD]  is  equal  to  {abed}]  and  if 
the  one  be  constant  the  other  is  constant. 

Hence,  if  the  locus  of  P  be  a  conic  passing  through  the 
points  ABCDj  the  envelope  of  the  polar  of  P  will  be  a  conic 
touching  the  polars  of  ABCD^  and  conversely.  [Prop.  i. 

Corollary. 

To  any  figure  generated  by  points  or  poles  corresponds  a 
reciprocal  figure  generated  by  their  polars  with  respect  to 
any  assumed  auxiliary  conic;  and  any  property  of  the  one 
figure  implies  a  reciprocal  property  of  the  other.  The  method 
of  deducing  reciprocal  properties  from  one  another  will  form 
the  subject  of  Chapter  xii.  Notice,  as  a  special  case  of 
the  proposition,  that  any  conic  may  be  regarded  as  its  own 
reciprocal,  its  several  points  being  the  poles  of  the  tangents 
thereat    Also  see  Scholium  E  at  the  end  of  this  chapter. 

THE  TRIANGLE. 

PROPOSITION  VI. 

118.  If  two  triangles  circumscribe  a  conic  their  six  vertices 
lie  on  a  conicj  and  conversdy. 

Let  ABC  Knii  DEFhe  two  triangles  whoso  six  sides  touch 
the  same  conic :  let  BG  meet  BF  in  d  and  EF  in  e :  and  let 
BF  meet  AB  in  b  and  AG  inc. 
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Then  by  Prop,  i,  since  the  fonr  tangents  AB,  ACy  FD^  FE 

are  faomographic  with  respect  to  the  tangents  BG  and  ED^ 

therefore 

[BGde]^     [hcDE], 

or  F[BGDE]  =  A  [BGDE] ; 

and  therefore  the  six  points  ABCDEF  lie  on  one  conic. 

Conversely,  if  the  six  vertices  of  two  triangles  He  on  a  conic, 
it  may  be  shewn  in  like  manner  that  their  six  sides  touch  a 
conic. 

Corollaiy  1. 

If  the  enveloped  conic  be  a  parabola,  and  if  Z>  be  taken  at 
its  focus  and  E  and  jFat  the  circular  points  at  infinity  (Chap.  Xi), 
the  conic  through  ABGDEF  becomes  a  circle.  Hence  the 
circumscribed  circle  of  any  triangle  ABG  whose  sides  touch  a 
parabola  passes  through  the  focus  (Art.  29). 

Gorollary  2. 

If  two  cynics  he  so  related  that  a  single  triangle  can  he  in- 
scribed in  the  one  and  circumscribed  to  the  other ^  an  infinity  cf 
triangles  can  be  so  circuminscribed  to  the  two  conies.  For  let  ABG 
be  the  first  triangle,  and  ab  any  chord  of  the  outer  conic  which 
touches  the  inner:  complete  the  triangle  abc  by  drawing  the 
second  tangents  from  a  and  b  to  the  inner  conic:  then  the 
point  c  mast  always  lie  on  the  same  fixed  conic  with  the  points 
ABGab. 

PROPOSITION  VII. 

119.  Iftux)  triangles  be  self-polar*  with  respect  to  a  eontc, 
their  six  vertices  lie  on  a  conic^  and  their  six  sides  touch  a  conic 

Let  ABG  and  DEF  be  two  triangles  self-polar  with  respect 
to  a  conic  :t  then  evidently  the  join  of  any  two  of  their  six 
sides  is  the  pole  of  the  join  of  the  opposite  vertices.      [Art.  116. 

*  A  triangle  may  be  called  self-polar  with  respect  to  a  conio-r  cf .  the  French  term 
"  autopolaire" — ^when  each  vertex  is  the  pole  of  the  opposite  side.  Such  triangles  are 
usually  termed  self-confugatej  and  some  writers  call  them  self-reciproal,  ■  The  Tertioes 
of  a  self-conjugate  triangle  constitute  what  is  called  a  Conjvgaie  (or  self -conjugate) 
Triad  of  points. 

t  See  the  lithographed  figure  No.  4. 
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Let  BC  meet  AD  m  d  mA  EF  in  d'\  then  d'  is  the  pole 
o{  ADy  tsA  d  maSi  d'  are  therefore  conjugate  pointB  (Art.  116) 
with  respect  to  the  conic 

Also  let  BO  meet  AE  in  s  and  DF  in  s' :  then  s  and  e'  are 
likewise  conjugate  points  with  respect  to  the  conic:  and  it  is 
evident  that  B  and  0  are  conjagate  with  respect  to  it. 

It  follows  that  the  points  BO^  dd\  ee'  are  couples  in  in- 
TolutioUi  and  hence  (Arts.  Ill,  102)  that 

[BCde]  » [CBd'e'] « [BCe'd'], 

or  A  [BODE] «  F[BCDE\. 

Therefore  a  conic  goes  through  the  six  points  ABCDEF\ 
and  therefore  another  conic  (Prop.  Ti)  touches  the  six  sides  of 
the  two  triangles. 

OaroUaxy  1. 

If  upon  a  given  canto  one  triad  of  poinU  edf-oonjugaJte  wOk 
reaped  to  a  second  given  conic  can  be  determined^  an  infinity  of 
•iicA  triade  can  he  determined  upon  it*  For  if  ABO  be  the 
first  triad,  JS  an  J  other  point  on  the  first  conic,  5 -one  of  the 
points  in  which  the  polar  of  B  with  respect  to  the  second  conio 
meets  the  first,  and  T  the  pole  of  B8  with  respect  to  the 
second  conic;  the  point  T  must  always  lie  on  the  same  conic 
with  AB0B8.  Bj  taking  jB  at  the  centre  of  an  equilateral 
hyperbola,  and  8  and  T  at  the  circular  points  at  infinity 
(Chap.  XI.),  we  deduce  that  the  circle  through  any  conjugate  triad 
toith  respect  to  an  equilateral  hyperbola  passes  through  its  centre. 

[Art.  64,  Cor.  4. 

Corollary  2. 

Let  the  first  conio  become  a  circle,  and  let  Q  be  one  of  its 
points  of  concourse  with  the  second  conic  Next  let  the  points 
B  and  8  coalesce  at  Q,  so  that  the  inscribed  self-polar  triangle 
B8T  degenerates  into  the  vanishing  triangle  QQT:  then  T 
becomes  the  pole  with  respect  to  the  conic  of  the  tangent  to  the 
circle  at  Q.  Conversely,  if  Q(^  be  any  chord  of  a  conic  and 
Tits  pole,  the  circle  drawn  through  T  so  as  to  touch  QQ  sX  Q 
(or  of)  is  such  that  an  infinity  of  triangles  self-polar  with  respect 
to  the  conic  can  be  inscribed  in  it 

T 
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Corollary  3.* 

Let  the  circle  described  as  above  meet  the  diameter  CT  of 
the  conic  in  a  second  point  t^  and  let  V  be  the  middle  point  of 
QQ^  and  GP^  CD  the  semi-diameters  conjugate  and  parallel 
to  QQ.    Then  since 

.      VT.vt^Qir^^{CP'^cjr)^ciy.^^ 

it  follows  that  CT.  Vt  is  equal  to  (7Z>*,  and  hence  that 

CT.Ct^CP't  Ciy^CA'tCB*; 

i^nd  hence  that  the  circumscribed  circle  of  any  triangle  self-polar 
toith  respect  to  a  conic  is  orthogonal  to  its  director  circle.  In  the 
case  of  the  parabola  every  such  circle  is  orthogonal  to  the 
directrix,  or  has  its  centre  Upon  the  directrix.  Otherwise  thos : 
let  any  circle  in  which  self-polar  triangles  with  respect  to  a 
conic  can  be  inscribed  meet  the  director  circle  in  0  and  the 
chord  of  contact  of  the  tangents  OQ^  OQ  to  the  conic  in  P  and 
F  \  and  let  V  be  the  middle  point  of  QQ\  Then  since  the 
points  P  and  P  are  conjugatOi  and  since  the  angle  QOQ  is  a 
right  angle, 

and  therefore  the  line  FO,  which  Is  normal  to  the  director  circle 
at  0,  is  the  tangent  at  0  to  the  circle  OPP*. 

THE  QUADRILATERAL. 

PEOPOSITION  VIII. 

120.  The  intersections  of  the  opposite  sides  and  of  the 
diagonals  of  a  quadrilateral  are  a  conjugate  triad  toith  reject  to 
every  conic  circumscribing  the  quadrilateral. 


•  The  former  of  the  two  proofs  of  Gaskin's  theorem  (note,  p.  186)  in  Oor,  3  is 
due  to  M.  Paul  Serret  (Nouvelies  Annafes  XX,  79,  1861).  The  theorem  may  also  be 
proved  independently  of  Prop,  vii.,  as  follows :  let  QQ^  be  any  chord  of  an  ellipse^ 
V  and  T  its  middle  point  and  pole,  and  P,  Ji  any  two  oonjngate  points  npon  it,  so 
that  VP,VR  =  QV^,  Let  the  circle  round  TPR  meet  VT  again  in  0 :  then  it  may 
be  shewn  that  VO.VT=QV\  and  henoe  that  CO.CT -  CA*  +  CB^  (-Vo«r. 
Ann.  XX.  26).    See  also  the  Quarterly  Journal  of  M(Uhematici  x,  129. 
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If  ABCD  be  any  four  points  on  a  conic,  and  OPQ  the 
intersections  of  [AC^  BD\  {AB^  CD)^  {AD^  BO)i  then  since 


the    line    OP  and    the  point    Q    divide  both  AD  and  BG 
harmonically  (Art.  107),  therefore  OP  is  the  polar  of  Q. 

In  like  manner  OQ  is  the  polar  of  P:  and  therefore  0  is 
the  pole  of  PQj  and  the  points  OPQ  are  a  conjugate  triad,  as 
was  to  be  proved. 

Corollary  1. 

To  draw  tangents  to  a  conic  from  a  given  point  Q  vnth 
the  ruler  only^  draw  any  two  chords  QAD  and  QBO  from  the 
given  point :  let  the  line  PO  (the  join  of  the  joins  of  AB^  CD 
and  -40,  BD)  cut  the  conic  in  T  and  T:  draw  QT  ^Sl  QT\ 
which  will  be  the  tangents  required. 

Corollary  2. 

From  a  given  point  P  draw  a  fixed  chord  PAB  and  a 
variable  chord  PDC  to  a  conic.  Then  since  AC^  BD  and  AD^ 
BC  meet  on  the  polar  of  P,  therefore 

A[C]^B[D]^A[D],  [Prop.  I. 

where  C  (or  D)  may  be  either  extremity  of  the  variable  chord. 
Hence,  taking  any  three  positions  of  CD^  we  have 

A  { CC  CD}  =  A  {DDD"  C] ; 

and  therefore  any  variable  chord  CD  drawn  through  a  fixed 

t2 
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point  deUrmtnei  an  involution  at  any  point  A  on  the  conic^ 
and  conversely.  For  example,  a  chord  of  a  conic  which 
Bubtendfl  a  right  angle  (Art.  110)  at  a  given  point  on  the 
curve  passes  through  a  fixed  point  on  the  normal  thereat.t 

PKOPOSITION  IX. 

121.  The  three  diagonals  of  a  complete  quadrilateral  deters 
mine  a  triangle  which  is  self-polar  with  respect  to  every  conic 
inscribed  in  the  quadrilateral. 

Let  a,  b^  c,  d  denote  the  tangents  at  any  four  points 
A^  Bj  (7y  i>  on  a  conic,  and  ab  the  job  of  any  two  of  them 
a  and  b. 

Then  (in  the  preceding  figure),  since  AB  and  CD  pass 
through  Pj  their  poles  ab  and  cd  lie  on  OQ  the  polar  of  P. 
And  in  like  manner  ad  and  be  lie  on  OP,  and  ae  and  bd 
on  FQ.t 

That  is  to  say,  the  three  diagonals  of  the  drcnmscribed 
quadrilateral  abed  lie  upon  the  sides  of  the  self-polar  triangle 
OPQ. 

Corollary. 

In  the  reciprocal  quadrilaterals  abed  and  ABCD  determined 
by  any  four  tangents  to  a  conic  and  their  points  of  contact 
respectively,  two  pairs  of  diagonals  cointersect  and  form  a 
harmonic  pencil  0  [PAQB]  (Art.  107) ;  and  the  third  diagonals 
lie  in  one  straight  line,  and  their  extremities  form  a  harmonic 
range  [ac^  P,  Jrf,  Q].  [Prop,  iv. 


*  otherwise  thiu :  if  PE  and  PF  be  the  tangenUi  to  the  ooxiic  from  the  given 
point  P,  then  E  {ECFJ})  is  harmonic  (Art.  18),  and  therefore  A  [ECFD]  is 
harmonic,  or  ACaskd  AD  are  conjagate  rays  in  the  involntion  of  which  AE  and  AF 
are  the  double  rays.  Note  that  four  points  en  a  conic  are  said  to  be  karm&nie  when 
they  snbtend  a  harmonic  pencil  at  eyery  fifth  (Prop,  i.);  and  the  tongenta  at  fonr 
each  points  are  said  to  be  harmonic. 

t  This  theorem  is  due  to  Frggier  (Gfergonne's  Annahi  n.  231, 1816). 

X  This  was  prored  by  Maolaurin  in  Sect  li.  §§  85,  86  of  the  Appendix  to  his 
work  on  algebra  above  referred  to  (Bz.  8S4,  note),  in  which  he  applied  Ooras' 
theorem  of  harmonic  means  to  carves  of  the  second  order.  He  thus  virtaally  ledpro- 
cated  a  theorem  of  Desargues  (Prop.  Yiil.),  although  reciprocation,  as  a  method, 
only  discovered  in  the  century  following. 
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PB0P08ITI0N  X. 

122.  Any  conic  and  tie  three  pairs  of  chords  joining  any 
ybur  points  upon  it  meet  every  transversal  in  four  pairs  of  points 
in  involution.* 

(i)  For  if  any  transversal  meet  a  conic  in  the  points  AA\ 
nni  any  two  of  the  three  pairs  of  chords  joining  four  points 
on  the  carve  in  the  points  BB*  and  CC\  then  by  the  theorem 
^d  quatuor  lineas  (Scholium  C), 

AB.AR  :  AO.AO'^AB.Aff :  A'G.A'C'i 

mud  therefore  AA\  BB\  00'  are  couples  in  an  involution 
(Art.  Ill);  and  the  third  pair  of  connecting  chords  determine 
«  fourth  couple  in  the  same  involutioa. 

(ii)  Otherwise  thus.  Let  any  transversal  meet  a  conic  in 
the  points  AA\  and  any  two  chords  ab  and  cd  in  BB'^  and 
the  chords  ad  and  be  in  GO. 

Then  since  the  points  AdbA!  on  the  conic  are  equicross  with 
respect  to  a  and  e,  therefore  (estimating  a  \AdhA\  and  o  \AdhA\ 
on  the  transversal)  we  have 

{AGBA\ « {AffG'A\ » {AG'B'A\ ; 

and  therefore  AA^  BB*^  CO'  are  couples  in  an  involution 

(iii)  The  four  sides  of  a  given  trapezium  suffice  to  determine 
an  involution  on  any  transversal  (Art.  108),  and  every  conic 
circumscribing  the  trapezium  passes  through  an  additional 
couple  in  such  involution ;  and  no  conic  which  does  not  circum- 
scribe the  trapezium  can  pass  through  a  couple  in  such  involu- 
tion for  every  position  of  the  transversal.  For  if  the  transversal, 
as  it  turns  about  any  point  ^  of  a  conic,  meets  it  again  always 


*  ThiB  is  one  of  the  fandamental  theorems  of  Dbsaboueb.  Having  fint  pioyed 
it  for  the  circle  he  extended  it  to  the  general  oonic  by  projection,  leaving  to  others 
to  devise  some  direct  proof  appIicaUa  to  the  general  esse  (Poudia's  (Eucres  de 
Duargtui  i.  17i,  19S).  The  proof  given  above  in  Art.  122  (i)  shews  that  the  theorem 
is  an  immediate  coroUaiy  from  the  ancient  theorem  Ad  queUuor  Knetu,  For  the 
second  proof  (with  a  diagram)  see  Salmon's  Oonio  Seeticns^  Art.  844.  The  theorem 
seems  to  have  been  first  stated  for  the  case  of  three  eorUee,  instead  of  one  conic  and 
an  inscribed  qnadrilatenl,  by  Storm  (Gergonne's  Annales  xvii.  180).  At  the  end  of 
tin  same  memoir  (p.  198)  Storm  allodes  to  the  reciprocal  theorem  of  Prop.  XL  See 
also  Ponoelet  TraiU  dee  PropriiUe  Projeetivee  iz.  149. 
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in  the  conjugate  point  A\  this  conic  must  have  an  infinity  of 
points  A  in  common  with  the  conic  through  A  and  the  four 
summits  of  the  trapezium.  Hence  the  proposition  may  be 
stated  as  follows : 

A  system  of  conies  through  four  comtnon  paints  {ufith  their 
Aree  pairs  of  common  chords)*  meet  every  transversal  in  pairs 
of  points  in  involution^  and  conversely. 

Each  of  the  two  double  points  belonging  to  any  transversal 
must  be  at  its  point  of  contact  with  one  of  the  conies  of  the 
system,  or  at  an  intersection  of  a  pair  of  their  common  chords. 
There  can  therefore  in  general  be  drawn  tuio  conies  through 
four  given  points  to  touch  a  given  straight  line. 

Corollary  1. 

The  foci  of  any  transversalf  with  respect  to  a  quadrilateral  are 
evidently  conjugate  points  with  respect  to  every  conic  drcum- 
scribing  it.  Hence  jthe  polar  of  a  given  point  F  with  respect 
to  a  system  of  conies  through  four  given  points  ABCD  passes 
Arough  a  fixed  point  F^X  which  is  determined  as  the  second  focus 
of  the  transversal  which  touches  the  conic  ABCDF  at  F. 

Corollary  2. 

Through  three  given  points  ABC  draw  two  conies  touching 
a  given  line  at  its  extremities  F  and  F  respectively.  These 
conies  intersect  at  a  fourth  point  D^  through  which  must  pass 
every  conic  through  ABC  which  has  F^  F  for  a  pair  of  conjugate 
points.§  Hence  we  are  led  to  infer  generally  that,  in  describing 
conies  subject  to  given  conditions,  the  condition  that  two  specified 
points  F  and  F  should  be  conjugate  with  respect  to  a  conic  is 

equivalent  to  having  given  one  point  D  on  the  curve. 

- 

^  Each  pair  may  be  regarded  as  a  degenerate  hyperbola  of  the  syBtem. 

t  We  use  this  expression  as  an  abbreyiation  for  "  the  foci  of  the  inyolatioa  deter* 
mined  npon  any  transversal  by  the  sides  of  the  quadrilateral,  taken  in  opposite 
paizs." 

X  It  was  proved  analytically  by  Lam6  {Examen  du  dijfirentet  mkhodet  €mploffee$ 
pour  ritoudre  Us  problkmet  de  Geomkrie  pp.  34--88,  Paris,  1818)  that  \f  a  syatem  of 
conies  (or  quadries)  have  the  tcane  points  of  intersection^  tJuir  diameters  {or  diametral 
planes)  severally  conjugate  to  a  system  of  parallel  diameters  meet  in  a  point. 

§  For  example,  if  F  and  /"  be  the  circnlar  points  at  infinity,  the  conies  aie 
equilateral  hyperbolas,  and  they  pass  through  the  orthooentre  of  the  triangle  ABC. 
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'    Corollary  3. 

Each  common  tangent  FF  to  two  conies  is  cut  Larmonically 
by  every  other  conic  (or  pair  of  chords)  through  their  ioxxt 
common  points.  By  supposing  three  of  the  four  common  points 
to  coalesce,  and  one  of  the  conies  to  become  a  circle,  we  deduce 
that  the  common  chord  of  a  conic  and  its  circle  of  curvature  at 
any  point  and  their  comnfon  tangent  thereat  divide  their  further 
common  tangent  harmonically.  [Ex.  647* 

Corollary  4. 

A  system  of  conies  having  double  contact  cut  every  trans-^ 
versal  in  pairs  of  points  in  an  involution,  having  one  focus 
upon  their  common  chord  of  contact  CC\  In  particular,  if  a[ 
transversal  meet  one  of  the  conies  in  AA'j  and  their  fixed 
common  tangents  (which  themselves  constitute  a  degenerate 
conic  of  the  system)  in  BBj  then  CC  passes  through  a  focus 
of  the  involution  AA\  BB\*  Hence,  if  two  points  AA'  on 
a  conic  and  also  two  tangents  to  it  be  given,  their  chord  of 
contact  passes  through  one  or  other  of  two  fixed  points  on  the 
line  AA' ;  and  if  a  third  point  A"  on  the  conic  be  given,  thQ 
same  chord  of  contact  passes  also  through  one  of  two  fixed 
points  on  the  line  AA"j  and  may  .therefore  have  any  one 
oi  four  positions.  There  are  therefore  four  solutions  of  the 
problem,  to  draw  a  conic  through  three  given  points  so  09  to 
touch  two  given  lines. 

Corollary  5. 
If  one  focus  of  an  involution  be  at  infinity  its  other  focus 
bisects  every  segment  of  the  involution  (Art.  112).  Hence 
and  from  Cor.  4,  any  two  conies  having  double  contact  make  equal 
and  opposite  intercepts  on  every  transversal  parallel  to  their 
common  chord^  and  therefore  on  every  transversal  without  ex- 
ception in  the  case  in  which  their  common  chord  is  the  s^aight; 
line  at  infinity  (Art.  57).  Conversely,  we  are  led  to  infer  from 
Ex.*  50  that  every  two  similar  and  coaxal  conies  are  to  he 
regarded  as  having  double  contact  with  one  another  upon  the  line 
at  infinity, 

*  Notice  the  special  case  of  Ex.  69, 
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PBOPOBinON  XI. 

123.  The  pairs  of  tangents  from  any  point  to  a  system  of 
oonics  inscribed  in  ike  same  quadriUMteral  form  a  pencil  in 
involmtion^  and  conversely. 

Let  four  tangents  to  a  conic  intenect  in  the  three  pain 
of  points  aa\  hb\  od ;  and  let  any  transversal  meet  their  polan 
in  AA^  BB\  C(J  and  the  conic  in  *DD ;  and  let  0  be  the 
point  of  which  the  transversal  is  the  polar. 

Then  each  ray  of  the  pencil  0  [aabb'ccBD'}  is  the  polar 
of  the  corresponding  point  in  the  range  {AA'BB'CO'BI/]^  and 
the  two  systems  are  therefore  homographic  (Prop,  it);  and 
since  the  latter  is  in  involation  (Prop,  x)  the  former  is  also 
in  inTolntion. 

If  now  we  suppose  the  four  tangents  to  remam  fixed  whilst 
the  conic  TarieS|  the  pairs  of  tangents  OB^  ON  fix>m  any 
assumed  point  0  to  every  conic  of  the  system  are  conjugate 
rays  in  the  involution  0  \(icihVcd\^  as  was  to  be  proved. 

Conversely  it  may  be  shewn  (Art.  122  §iii)  that  if  the 
tangents  from  every  point  0  to  a  conic  belong  to  the  involution 
O  \adWcd\^  the  conic  must  be  one  of  the  system  inscribed  in 
the  quadrilateral  whose  summits  are  aal^  bb'^  co\ 

Corollary  1. 

The  director  circles  of  aU  conies  inscribed  in  the  same  gvadri* 
lateral  are  coaxal.*  For  if  (7  be  taken  at  either  point  of  con-* 
course  of  any  two  of  these  circles,  the  tangents  from  it  to 
their  two  conies  will  be  at  right  angles,  and  therefore  the 
tangents  from  it  to  every  conic  of  the  system  will  be  at  right 

*  This  it  006  of  Gabkin^  theoremsi  for  the  redpzocal  of  which  see  Art.  69.  It 
maj  also  be  dednoed  from  Art.  119,  Cor.  8.  oombined  with  Prop,  xii.,  i^iieh  zeqoim 
that  the  Itmiiuiff  poUUi  of  ereiy  two  of  the  director  circles  ahoold  lie  upon  a  fixed 
straight  line,  and  also  upon  the  drde  throngh  the  intersectioiis  of  the  three  diagooala 
of  the  qnadrilatenl,  and  ahonld  therefore  be  two  fixed  points.  Prof.  Towhbutd 
has  flstabliahed  the  aiuJogons  theorem  in  three  dimensionB,  that  ike  dinettr  tpktnt 
(if  lAs  $ytttm  qf  juodrtot  touehing  eijjfht  Jhed  planes  {amd  therrfurt  interibed  m  tie 
§am§  dtmlcpabh  mtr/iue)  kav  a  common  radical  plane.  See  the  Quarter^f  Jammal 
^  Mathemaiies  ToL  viii.  10— 14.  The  eame  theorem  appears  to  have  been  pRyred 
independently  by  H.  Pioqubt  (Chaales  Rapport  tur  Utprogr^  de  la  GiomMrU  p.  S70, 
Paria»  1870).  It  oocoib  to  me  that  the  director  circle  and  sphere  might  hftve  been 
called  the  Obtbootolb  and  OBTKoaraBRB. 
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angles  (Art«  llO).    To  the  same  coaxal  sjBtem  belong  the 
circles  on  the  three  diagonab  of  the  qaadrilateral  as  diameters. 

[Art.  33|  Cor.  3. 

Corollary  2. 

If  one  side  of  the  qaadrilateral  be  at  infinitj,  its  three 
diagonals  become  the  parallels  through  the  rertices  to  the 
opposite  sides  of  a  triangle ;  and  the  circles  upon  these  diagonals 
become  the  perpendiculars  of  the  trianglci  whose  intersection 
mast  therefore  be  a  point  on  the  directrix  of  eyeiy  parabola 
inscribed  in  the  triangle.  [Art.  29,  Cor.  1. 

Corollary  8. 

It  may  be  shewn  bj  reciprocation*  from  Art.  122  (or  directly, 
by  the  kind  of  reasoning  there  employed),  that  the  pole  of  a 
given  straight  line  with  respect  to  a  system  of  conies  inscribed 
in  a  quadrilateral  lies  upon  a  fixed  straight  line;  and  that  to 
have  giyen  that  a  specified  pair  of  straight  lines  are  conjugate 
with  respect  to  a  conic  is  equivalent  to  having  given  one  tangent  to 
the  curve ;  and  that  tioo  conies  can  in  general  be  drawn  through 
one  given  point  so  as  to  touch  four  given  lines ;  and  that  four 
conies  can  be  drawn  through  two  given  points  so  as  to  touch 
three  given  lines. 

Corollary  4. 

Every  pair  of  tangents  jTP,  TQ  to  a  conic  whose  foci  are 
8  and  H  are  harmonic  conjugates  with  respect  to  the  bisectors 
of  the  angle  BTH  (Art.  50),  as  are  also  the  lines  from  T  to 
the  circular  points  at  infinity  ^  and  ^'  (Chap.  xi).  The 
tangents  2!P,  TQ  are  therefore  a  couple  in  the  same  involution 
with  T{iSB!^^'},  and  every  conic  which  has  8  and  H  for  foci 
may  accordingly  be  regarded  as  inscribed  in  the  trapezium  84>H^\ 
On  account  of  this  affinity  of  the  points  0,  ^'  to  the  foci  of 
every  conic  in  their  plane  we  shall  sometimes  speak  of  them 
as  the  FocoiDS,  comparing  the  use  of  the  term  centroid^  or 
qaasiH^ntre. 

*  Notice  that  the  proof  of  Prop.  xi.  ia  itadf  an  ezample  of  redprocation. 
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.     PROPOSITION  XII. 

124.  The  hcua  of  the  centres  of  all  conies  inscribed  in  a  given 
quadrilateral  is  a  straight  line^  which  also  bisects  its  three 
diagonals. 

(i)  Since  the  director  circles  of  the  system  of  inscrihed  cornea 
lire  coaxal  (Art.  123,  Gor.  1),  their  centres,  which  are  also 
the  centres  of  their  conies,  lie  on  a  straight  line.  This  line 
is  evidently  the  diameter  of  the  quadrilateral  (Art.  107),  since 
the  middle  points  of  the  tluree  diagonals  (regarded  as  flat  conies 
inscribed  in  the  quadrilateral)  belong  to  the  locus  of  centres. 

The  proposition  also  follows  as  a  special  case  from  Art.  123, 
Cor.  3  by  regarding  the  centre  of  every  conic  as  the  pole  of 
the  line  cU  infinity  with  respect  to  it. 

(ii)  In  the  following  proof  the  parallelogram  of  forces  is 
assumed. 

Let  any  conic  touch  four  fixed  lines  AB^  BC,  CD^  DA  in 
JV,  -B,  Z,  M  respectively.  Then  the  resultant  of  AM  and  AN^ 
regarded  as  representing  forces,  bisects  the  chord  of  contact  MN^ 
and  therefore  passes  through  the  centre  of  the  conic 

Q 


*  ThiB  important  theorem  of  Newton  (Bx.  SOS,  note),  which  was  originally 
proved  by  the  elementary  method  of  Exz.  870—2,  served  as  a  starting  point  for 
later  researches  into  the  properties  of  systems  of  conies  subject  to  less  than  five 
conditions.  Notice  the  nse  made  of  it  by  BaiAVOHON  and  Pokoelbt  in  Gtergonne's 
AnfMlea  XI.  219.  It  might  have  been  deduced  from  it  by  projection— a  met^iod  not 
unknown  to  Newton— that  there  aie  an  infinity  of  pairs  of  straight  lines  conjagBte 
1R>  the  entire  system  of  conies  touching  four  given  lines,  which  is  tlie  equivalent  of 
Prop.  XL  on  involvtion. 
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Thus  the  centre  is  a  point  on  the  resultant  of  eadi  of  the 
pairs  {AM,  AN),  {NB,  RB),  {CR,  CL\  {LD^MD);  that  ia 
to  say,  it  is  a  point  on  the  resultant  of  AB,  CB,  AD,  GD,  and 
ita  locus  is  therefore  a  straight  line.*  It  is  evident  that  the 
resultant  of  these  forces  bisects  the  two  diagonals  AG  and  BD\ 
and  by  resolving  them  severally  into 

PB^-AP,   GQ+QB,   QD  +  AQ,   GP+PD, 

we  see  that  it  bisects  the  third  diagonal  PQ  also. 

Gorollary, 

One  conic  and  one  only  can  be  inscribed  in  a  given  quadri- 
lateral so  as  to  have  its  centre  upon  any  given  straight  line, 
since  this  line  by.  its  intersection  with  the  diameter  of  the 
quadrilateral  determines  a  single  position  of  the  centre  of  the 
conic.  Hence  we  are  led  to  infer  that  to  have  given  a  diameter 
of  a  conic  is  equivalent  to  having  given  a  tangent  to  it,  since 
either  datum  alike  (when  four  other  tangents  are  given)  deter- 
mines one  conic  and  one  only.  This  is  in  accordance  with 
Art.  123,  Cor.  3,  since  eveiy  diameter  of  a  conic  is  conjugate 
to  the  line  at  infinity. 

PROPOSITION  XTII. 

125.  The  centres  of  all  the  conies  which  circumscribe  a  given 
quadrilateral  lie  upon  its  eleven-point  conic. 

(i)  Through  four  given  points  two  conies  can  be  drawn  so 
as  to  have  their  centres  (real  or  imaginary)  upon  any  given 
straight  line.  [Prop.  xii.  Corl 

The  locus  of  the  centres  of  all  the  conies  through  four  given 
points  ABGD  is  therefore  of  the  second  order,  since  every 
straight  line  meets  it  in  two  points  and  two  only. 

The  join  AB  of  any  two  of  the  four  points  meets  this  conic 
of  centres  in  two  points,  which  must  evidently  be  the  middle 
point  of  AB  and  its  intersection  with  GD. 

(ii)  Otherwise  thus.  If  0  be  the  centre  of  any  conic  through 
ABGD,  the  radiants  from   0  parallel  to  the  six  joins  of  the 

*  NowotlUt  Annates  I.  24  (1862).  For  a  proof  depending  npon  the  dynamical 
principle  of  moments  see  the  Quarierly  Journal  of  McOhematica  vi.  215, 
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points  ABOD  are  homographio  with  the  radiants  from  0  to 
their  middle  points  (Prop,  ii) ;  and  the  locns  oi  0  la  therefore 
a  conic  through  those  middle  points.  And  it  is  obvious  that  the 
three  intersections  [AB^  0D\  {AC^  BD)^  [AD^  BG)  are  also 
points  on  the  locus. 

(iii)  The  conic  of  centres  will  have  bjoo  real  points  at  infinitj 
or  one^  or  none  according  as  two  real  parabolas  or  one  or  none 
can  be  circumscribed  to  the  quadilateral  ABCD.  Tbe  locos 
will  therefore  be  in  general  a  hyperbola  if  this  quadrilateral  be 
convex  (Ex.  184),  or  a  parabola  if  two  of  its  sides  be  parallel| 
and  an  ellipse  if  the  quadrilateral  be  reentrant. 

(iv)  Let  either  of  the  two  parabolas  (real  or  imaginary)  which 
pass  through  ABOD  touch  the  line  at  infinitj  in  K^  which  will 
accordingly  be  the  pole  of  that  line  with  respect  to  the  parabola, 
and  therefore  the  centre  of  the  parabola. 

The  conic  of  centres  therefore  passes  through  the  two  points 
on  the  line  at  infinity  which  are  conjugate  with  respect  to  all 
the  conies  through  ABGD  (Art  122,  Cor.  1),  as  well  as 
through  the  six  middle  points  and  the  three  intersections  of 
their  three  pairs  of  common  chords;  and  we  have  therefore 
called  it  the  EUven-^Point  Gonic  of  the  quadrilateral  ABGD. 
Its  centre  i$  atihe  centraid  of  ike  points  ABGD^  since  at  that 
point  the  joins  of  the  middle  points  of  [AB^  (727),  [AGy  BD)^ 
(ADj  BG)  meet  and  bisect  one  another.* 

It  is  evident  that  the  polars  of  any  point  on  the  eleven-point 
conic  of  ABGD  with  respect  to  all  the  conies  round  ABGD  are 
parallel^  since  they  all  meet  in  a  point  (Art.  122,  Cor.  1),  and 
one  of  them  is  the  line  at  infinity. 

Corollary  1. 

Since  the  eleven-point  conic  E  contains  a  conjugate  triad 
(Art.  120)   with  respect  to  every  conic  F  through  ABCD^ 

*  This  is  at  once  evidenty  dnoe  four  equal  particles  at  ABCB  balance  two  and  two 
abont  the  middle  points  of  anj  pair  of  the  above  lines;  and  therefore  the  centioid 
of  the  four  particles  is  at  the  middle  point  of  the  line  joining  any  sach  pair  of  middle 
points.  In  the  Quarterly  Journal  of  Mathematics  vi.  127  I  have  shewn  how  to 
neafy  a  simple  construction  for  the  centioid  of  the  area  of  any  qmdrUaUral  by  an 
extension  of  the  barycentric  principle. 


^. 
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therefore  if  0  be  an  intersection  of  E  and  F^  the  tangent  to 
^  at  0  has  its  pole  with  respect  to  F  on  E.      [Art.  119,  Cor.  3. 

Corollary  2. 
The  eleven-point  conic  of  anj  quadrilateral  A  BCD  In- 
scribed in  a  conic  tenches  the  diameter  of  the  quadrilateral 
formed  by  the  tangents  to  it  at  ABCD^  since  the  complete 
locus  of  centres  of  the  system  of  conies  inscribed  in  the  latter 
quadrilateral  is  its  diameter  (Prop.  Zli.}|  and  the  locus  of 
centres  of  all  conies  round  ABCD  is  its  eleven-point  conic,  and 
one  conic  only  can  be  both  inscribed  in  the  one  quadrilateral 
and  circumscribed  to  the  other. 

Corollary  3. 
When  the  two  points  at  infinity  which  are  conjugate  to  all 
the  conies  round  ABCD  are  the  circular  points  the  eleven-point 
conic  becomes  the  nine-point  circle,  and  the  points  ABCD 
become  a  triad  and  their  orthocentre.  The  nine-point  circle 
really  belongs  to  this  form  of  tetrastigm,  and  not  specially  to 
any  one  of  the  four  triangles  determined  by  its  vertices;  in 
the  same  way  that  the  system  of  equilateral  hyperbolas  cir- 
cumscribing any  one  of  these  four  triangles  is  a  system  of 
conies  circumscribing  the  tetrastigm. 

SCHOLIXJM  D. 

We  have  seen  that  an  ellipse  or  a  hyperbola  may  degenerate 
into  a  straight  line  AA'  or  its  complement  (Art.  83,  Uor.  3).  For 
example,  the  diagonab  of  a  quadrilateral  may  be  regarded  as  flat 
conies  inscribed  in  it,  and  accordingly  their  middle  points  belong 
to  the  locus  of  centres  of  all  conies  inscribed  in  it  (Prop.  xii).  This 
agrees  with  the  bifocal  definition  8P  ^  EP  a  a  constant,  in 
accordance  with  which  the  point  P  may  in  the  limit  lie  anywhere 
upon  the  line  8M\  or  upon  the  complement  of  SH^  if  the  lower 
sign  be  taken. 

Again,  if  TP,  TQ  and  TP',  TQ  be  the  tangents  from  any 
point  TXo  two  ellipses  whose  common  foci  are  8  and  JJ,  the  angles 
PTP'  and  QTQ  are  always  equal ;  and  hence  when  the  inner  ellipse 
assumes  the  line-form  811  the  angles  8TP  and  BTQ  are  equal. 
But  since  this  is  also  the  case  when  the  second  ellipse  is  left  out 
of  consideration,  and  the  lines  T8  and  TH  are  simply  drawn 
through  the  fixed  points  S  and  .ZT,  the  point-pair  8  and  H  are 
so  far  indistinguishable  from  the  flat  conic  8H. 

Again,  let  the  ellipse  be  regarded  as  the  envelope  of  a  straight 
line  subject  to  the  relation  X/i »  S',  where  X  and  /i  are  the  perpen- 
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diculars  upon  it  from  S  and  IT.  When  h  vanii^es  the  ellipse  again 
appears  to  coincide  with  the  points  S  and  Sy  which  are  represented 
By  X  •«  0  and  u  »  0  taken  separately  ;  but  by  taking  X  «  0  and  /ia  «  0 
simultaneously  we  find  that  (besides  the  tangents  whose  points  of 
contact  are  at  8  and  H)  the  limiting  conic  has  an  infinity  of 
iangents  which  ultimately  coincide  with  the  line  joining  8^  S  and 
have  their  points  of  contact  dietrihuted  aUmg  8ff.*  we  may  therefore 
say  (1)  that  an  ellipse  degenerates  into  the  line  iS^^ET  joining  its  foci 
lirhen  its  minor  axis  Tanishes,  meaning  that  SJI  is  an  actual 
limiting  form  of  the  curve  ;f  or  (2)  we  may  say  that  it  '* degenerates 
into''  the  point-pair  8,  ITf  understanding  that  at  the  lastant  at 
which  it  does  so  degenerate  it  ceases  to  belong  properly  speakiiig 
to  the  dass  conic,  although  the  point-pair  8^  IT  and  we  Hue  joining 
them  may  be,  as  regards  some  properties,  indistinguishable. 

In  like  manner  the  hyperbola  may  be  said  to  degenerate  into 
its  asymptotes  £Ce  and  E'Ce*  (Art,  54);  but  strictly  speaking  it 
becomes  the  pair  of  vertically  opposite  angles  ECS'  and  eC^^  and 
then  has  for  its  tangents  at  C  those  lines  only  through  C  which  lie 
within  the  said  angles.  The  conjugate  hyperbola  at  the  same  time 
becomes  coincident  with  the  two  supplementary  angles,  and  has 
for  its  tangents  at  (7  all  the  lines  through  C  which  fall  within  those 
angles.  It  is  therefore  practically  sufficient  to  say  that  either  of 
the  two  conjugate  hyperbolas  "degenerates  into"  the  line-pair 
ECe,  E'Ct  and  has  for  tcmgents  every  straight  line  through  C\ 
but  the  theoretical  difTerenoe  between  these  two  views  of  the  limit 
becomes  apparent  when  we  observe  that  the  one  makes  the  cur- 
vature at  C  zero  whilst  the  other  makes  it  infinite. 

For  some  further  discussion  of  these  matters  see  the  Quarierlff 
Journal  of  Mathematics  viii.  126,  235,  343.  x.  93 ;  Oxf.  Camh.  DM, 
Messenger  of  Mathematics  iv.  86,  129,  140,  148;  Ghasles  Sections 
Coniques  pp.  30 — 33 ;  Salmon's  Higher  Plane  Curves  pp.  377^  383 
(ed.  3,  1879). 

HEXAGRAMMUM  MTSTICUM. 

PKOPOSITION  XIV, 

126.  The  three  pairs  of  opposite  sides  of  any  hexagon  inserxbei 
in  a  conic  have  their  intersections  in  one  straight  line* 

(i)  Let  ABCDEF  be  any  six  points  on  a  conic,  and  let 
O,  P,  Q  be  the  intersections  of  {AB^  DE),  {BG^  EF),  ( OD^  AF). 

*  This  appears  also  bj  projecting  the  conic  upon  any  plane  from  anj  rertex  in  iu 
own  plane, 

t  If  \,  /A,  tr  be  the  perpendiculars  from  three  points  upon  a  straight  fine,  the 
envelope  of  a  line  subject  to  the  relation  Xfiv  ~  (^  assumes  a  corresponding  line-form 
when  e  vanishes.  By  supposing  each  coordinate  to  become  equal  to  a  perpendicular 
of  the  triangle  of  reference  whilst  the  product  of  the  remaining  two  coordinates 
vanishes,  we  see  that  the  limit  of  the  curve  is  made  up  of  three  parts  each  of 
which  constitutes  a  side  of  the  triangle  of  reference  or  its  complement.  See  also 
Mathematical  Quettiont  from  tfu  Educatiokal  Tuie8|  vol.  xvi.  43. 
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Then  since  the  four  points  A  ODE  are  eqnicross  with  respect 
to  B  and  F.  therefore 

{OKDE}=^B[ACDjE}^F[AODE}  =  {QCDL}, 

if  JF  be  the  intersection  of  BP^  BO  and  L  the  intersection  of 
FF,  DQ. 

And  since  the  ranges  [OKDE]  and  [QCBL]  are  thns  equal 
and  have  a  common  point  B^  therefore  the  lines  0  Qj  EL^  KO 
meet  in  a  point,  or  the  pointa  OPQ  lie  in  a  straight  line,*  as  was 
to  be  proved. 

(ii)  Otherwise  thus.  Let  0  and  Q  be  the  intersections 
of  AB^  BE  2Lnd  AF^  GB  respectively;  And  let  OQ  meet  AB 
in  5,  and  BG  in  P,  and  EF  in  F.  Then  will  F  coincide  with 
P. 

For  the  points  0,  Q  and  the  conic  determine  upon  the  trans- 
versal OQ  BkH  involution  to  which^  bj  a  property  of  the  inscribed 
quadrilateral  ABGB^  the  couple  PR  belong  (Prop,  x);  and 
)by  a  property  of  the  quadrilateral  ABEFHiq  couple  P'R  belong 
to  the  same  involution,t  &nd  therefore  F  coalesces  with  P. 

.(iii)   Otherwise  thus.}     Consider  the  surface  generated  by 

*  This  line  changes  its  position  when  the  points  ABCLEF  are  taken  in  a  different 
order.  On  the  yarions  Pascal-lines  OPQ  see  the  note  on  Pascal's  theorem  at 
the  end  of  Salmon's  Conic  Sections  ^  and  see  Townsend'e  Modem  Geometry  chap.  17. 

t  The  proposition  is  thus  virtually  a  corollary  (Art  122  §1)  from  the  theorem 
M  qwituor  linear.    See  also  Salmon's  Conic  Sectiontj  Art.  267. 

I  This  proof,  as  .it  stands,  is  taken  from  Math,  Questions  from  the  Eduoatiohal 
TiMRS  XV II  I.  $3  (1878).  For  the  corresponding  proof  of  Prop.  xy.  see  voL  xix.  66, 
Both  theorems  had  been  treated  in  this  way  by  Dandeun  in  vol.  ill.  of  the  Koweaux 
M^moires  de  PAoad^ie  4^,  de  Bruxe^n  (1826). 


288  CB06S  RATIO  AND  IKYOLUTION.     - 

a  straigfat  line  which  always  meets  three  fixed  non-interaecting 
straight  lines  in  space. 

Let  1,  2y  3|  be  the  fixed  Ibes  and  l',  2',  3'  any  three  positioDS 
of  the  moving  line.  Then  the  commcm  section  of  the  two  planes 
through  3',  1  and  2,  2'  respectively  passes  through  the  points 
(3',  2)  and  (I,  20. 

In  like  manner  the  common  section  of  the  planes  tfaroogb 
1',  2  and  3,  3'  passes  through  the  points  (I',  3}  and  (2,  Z") ;  and 
the  common  section  of  the  planes  through  (2',  3)  and  (l,  I') 
passes  through  the  points  (2',  1)  and  (3|  1').  The  three  oommon 
sections  therefore  form  a  trianglci  and  consequently  lie  in  one 
plane. 

Now  let  the  surface  be  cut  by  any  arbitrary  plane.  This 
plane  will  be  met  by  the  planes  through  3'|  1;  2,  2';  &c.  in 
a  hexagon  1, 1\  2,  2',  3,  3';-  and  by  the  three  common  aecttona 
(since  they  are  co-planar)  in  three  coUtnear  points  PQB^  whidi 
are  also  the  intersections  of  the  opposite  sides  of  the  hexagon. 
The  proposition  is  thus  true  for  any  plane  section  of  the  ruled 
quadriC|  and  therefore  for  any  conic 

CaroUaty  1. 

Five  points  BCDEF  on  a  conic  being  given,  we  may  now 
find  any  number  of  sixth  points  A  on  the  curve,  viz.  by  drawing 
arbitrary  lines  BO  through  one  of  the  given  points  B^  and  then 
determining  successively  the  points  OPQ^  and  the  line  QF^ 
and  its  intersection  with  BO.  Notice  that  j1  is  a  vertex  of 
the  variable  triangle  AOQj  the  extremities  of  whose  side 
OQ  slide  along  fixed  lines  ED  and  CD^  whilst  its  three 
sides  pass  through  three  fixed  points  PSF  respectively. 

[Prop.  I.  Cor.  2. 

Corollary  2. 

If  ABGEF  be  five  given  points  on  a  conicy  the  tangent 
at  any  one  of  them  C  may  be  constructed  by  this  proposition ; 
for  we  have  only  to  make  D  coincide  with  (7,  in  which  case 
the  line  CQ  becomes  the  tangent  at  0»  Again,  by  supposing 
C  to  coincide  with  B  and  E  with  F^  we  deduce  that  the  tangents 
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at  the  yertices  B  and  JP  of  a  quadrilateral  ABDF  inscribed 
in  a  conic  intersect  upon  the  straight  line  which  joins  the  points 
of  concourse  of  its  sides  AB^  DF  and  AF^  BD. 

PBOPOSITION  XV. 

127.  The  Joine  of  the  three  pairs  of  opposite  vertices  of  any 
hexagon  circumscribing  a  conic  meet  in  a  point, 

(i)  Let  the  tangents  at  A^  Bj  &c  in  the  preceding  figure  be 
aj  bf  &c ;  and  let  ab  denote  the  intersection  of  any  two  of  them 
a  and  b. 

Then  the  join  of  ab  and  de  is  the  polar  of  0 ;  the  join  of  be 
and  6^  is  the  polar  of  P;  and  the  join  of  cd  and  fa  is  the  polar 
of  Q.  And  these  three  joins  meet  in  a  point,  since  their  poles 
OFQ  are  in  one  straight  line. 

(ii)  Otherwise  thus.  Let  AA\  BB\  CO'  be  the  opposite 
vertices  of  any  hexagon  circumscribing  a  conic;  and  let  the 
four  tangents  AB^  BCj  A'B\  C'A  determine  the  range 
{ECAF\  on  the  tangent  0A\  and  the  range  {OKB'C]  on 
the  tangent  B*G\ 


These  ranges  being  equal  (Prop.  l),  we  have 

A  {BCA'  C)  =  [ECA'F]  =  { 0KB'  C]  ^B[A  CB'  C] ; 

and  therefore,  AB  being  common  to  the  two  pencils,  their  rays 
(AC,  BC)j  {AA',  BB'),  {AC,  BC)  meet  on  a  straight  line 
(Art.  105),  or  the  diagonal  AA',  BB',  CC  of  the  hexagon 
meet  in  one  point. 

u 
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Corollary  1. 

Ilaving  given  five  tangents  to  a  conic  we  may  determine 
their  points  of  contact  by  this  proposition ;  for  if  the  summit  C 
of  the  circumscribing  hexagon  be  on  the  curve^  the  tangents 
AC*  and  B'C  being  supposed  to  coalesce,  then  the  line  joining 
the  opposite  summit  C  to  the  intersection  of  A  A'  and  BB' 
determines  hj  its  intersection  with  AB'  the  required  point  of 
contact  C\  We  may  also  determine  an  infinity  of  other 
tangents  to  a  conic  when  five  tangents  ABj  BCj  CA\  A'B\ 
B'C  are  given;  for  if  we  draw  any  line  through  the  given 
point  A'  to  meet  AB  in  A^  the  point  C*  may  be  determined  as 
above. 

Corollary  2, 

The  orthocentre  of  any  triangle  is  a  point  on  the  directrix 
of  every  parabola  inscribed  in  it.  For  if  abc  be  any  three 
tangents  to  a  parabola,  ac'  the  tangents  at  right  angles  to 
a  and  c  respectively,  and  ao  the  line  at  infinity,  which  together 
make  up  a  hexagon  abcc'co  a  circumscribing  the  parabola,  thea 
the  joins  of  abj  ceo  and  &c,  aco  are  two  of  the  perpendiculars 
of  the  triangle  cAe ;  and  the  join  of  the  joins  of  the  orthogonal 
tangents  aa'  and  cc'  is  the  directrix;  and,  by  the  proposition, 
these  three  joining  lines  cointersect.* 

SCHOLIUM  E. 

Pascal's  theorem  (Prop,  xiv) — elsewhere  called  by  him  the 
theorem  of  the  Mystic  Hexagram — was  enunciated  without  proof  in 
his  Essais  pour  U»  Coniques  (1640)  as  a  property  of  the  circle,  which 
might  be  generalised  by  projection,  and  then  used  as  the  foundation 
of  a  complete  treatise  on  couics.  See  (EuvreM  de  Blaise  Pascal^  it. 
1 — 6  (nouv  ed.  Paris,  1819)  ;  Chaslos'  Aper^u  Risioriquey  pp.  68 — 74. 

Brianchon's  theorem  (Prop,  xv)  was  deduced  from  l^ascal's  by 
means  of  Desargues'  properties  of  what  are  now  called  polars 
(Scholium  B).  The  author's  proof  of  his  theorem,  given  in  his 
Memoirs  sur  Us  Surfaces  courhes  du  second  Begri  {Journal  de  V  Eeole 
polytechnique,  tome  vl  297 — 311,  1806),  was  as  follows. 


*  This  proof  is  given,  as  by  Mr.  John  0.  Moore,  in  Salmon's  Conic  Seetwu  {Ait. 
268,  Ex.  3,  sixth  ed.  1879).  See  also  Scholinm  p.  57.  Brianchon  and  Poncelet  had 
deduced  the  reciprocal  theorem  of  Art.  69  from  Pascal's  hexagram. 
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Take  any  three  concurrent  straight  lines  PAA\  PBB\  FCC* 
in  space,  and  let  LNMlnm  denote  the  six  intersections 

{AB,  A'B'),   {BC,  B'C),    {CA,  C'A'\ 

{AB",  AB\   {BC,  BC\   {CA\  C'A) 

respectively.  Then  the  four  triads  of  points  LMN",  Lmn,  llln,  ImN 
are  evidently  collinear,  since  they  lie  severally  upon  the  common 
sections  of  the  four  pairs  of  planes 

{ABC,  A'B'O),  {ABC,  ABC),   {AB'C,  A'BC),  {A'BC,  ABC). 

And  since  every  two  of  these  triads  have  one  point  in  common  the 
four  common  sections  and  therefore  the  six  points  LMNlmn  lie  in 
one  plane,  which  also  together  with  point  P  divides  each  of  the 
segments  AA',  BB\  CO*  hai-monically.  [Art.  107. 

If  the  whole  figure  be  now  projected  orthogonally  upon  any 
plane,  then  (with  the  same  notation)  the  six  points  LMNlmn  will 
in  general  still  lie  by  threes  upon  four  separate  straight  lines,  in 
the  order  above-mentioned ;  but  if  any  other  three  of  them  as  LmN 
be  also  collinear  the  six  points  will  then  lie  in  one  straight  line, 
since  the  plane  of  projection  must  be  at  right  angles  to  the  plane 
of  the  original  six  points ;  and  this  line  together  with  the  point  P 
will  divide  the  segments  A  A',  BB\  CC  harmonically. 

This  is  the  case  when  AA\  BB\  CC  are  concurrent  chords 
of  a  conic,  since  their  extremities  may  be  taken  in  any  order 
to  form  an  inscribed  hexagon  (Prop.  xrv).  For  example,  the 
hexagon  ABCA'B'C  has  for  its  Pascal-line  LMn,  on  which  the 
remaining  three  points  ImN  mu^t  also  lie.  Brianchon  then  observes 
that  two  of  the  three  concurrent  chords  suffice  to  determine  this 
line,  whilst  the  third  CC  may  be  supposed  to  turn  about  P,  and  to 
coincide  with  either  of  the  former,  or  to  become  itself  a  tangent 
(if  P  b^  an  external  point).  Having  thus  virtually  given  a  fresh 
proof  of  the  properties  of  polars,*  he  at  once  deduces  his  own 
theorem  (Prop,  xv.)  from  the  reciprocal  theorem  of  Pascal,  which 
he  takes  from  the  Giomitrie  de  position  (Camot),  probably  not 
knowing  to  whom  it  was  due.  See  also  Gergonne's  Annates  iy. 
196.  379  (1813—14). 

This  brilliant  application  of  Desargues'  theory  of  polars,  in 
conjunction  with  the  property  that  the  polar  planes  of  all  points  on 
(me  quadric  with  respect  to  a  second  envelope  a  thtrd,  which  Brianchon 
proved  in  the  same  article  (as  an  extension  from  the  case  of  similar 
and  coaxal  quadrics),  served  as  a  basis  for  the  method  of  Beciprocal 
Polars,  the  full  development  of  which  was  so  largely  due  to 
PoNCELET  (Crelle's  Journal  iv.  1 — 71,  1829). 


*  Pascal  himself  also  had  doubtless  deduced  the  properties  of  polars  (which  he 
would  have  learned  from  Desargues)  from  his  hexagram. 

U2 
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EXAMPLES. 

tqb.  If  -45(7,  DEF  be  two  triangles  such  that  JD,  BE^ 
CF  meet  in  a  point,  the  intersections  of  (-8(7,  EF)^  {CA^  FD), 
{ABj  DE)  lie  in  one  straight  line,  and  conversely*;  and 
every  tetrad  of  radiants  or  coUinear  points  in  the  figare  is 
harmonic. 

697.  If  the  vertices  of  a  triangle  slide  severally  on  three 
fixed  radiants,  and  if  two  of  its  sides  pass  through  fixed  points, 
the  third  side  passes  through  a  third  fixed  point  in  a  line 
with  the  former  two,  and  conversely. 

698.  If  one  quadrilateral  be  divided  into  two  othera 
by  any  straight  line,  the  diagonals  of  the  three  intenect  in 
three  collinear  points. 

699.  Prove  for  the  case  of  the  circle  that  any  four  points 
on  the  curve  and  the  tangents  thereat  are  equicross;  and 
that  the  cross  ratio  of  any  four  points  ABCD  on  the  curve  ia 

,  ,    AB.  CD 

700.  Prove  that  the  sides  and  diagonals  of  a  quadrilateral 
determine  an  involution  on  any  transversal;  and  that  its  six 
summits  subtend  a  pencil  in  involution  at  any  point  in  ita 
plane. 

701.  The  circles  on  the  three  diagonals  of  a  complete 
quadrilateral  as  diameters  are  coaxal ;  and  they  are  orthogonal 
to  the  circle  through  the  three  intersections  of  its  diagonals; 
and  they  determine  an  involution  on  any  transversal. 

702.  Any  two  triangles  which  are  reciprocal  polars  with 
respect  to  a  circlef  are  in  homology. 

703.  Find  the  locus  of  intersection  of  tangents  to  two 
given  circles  whose  lengths  are  in  a  constant  ratio. 


*  Two  sach  triangles  are  said  to  be  in  pen^pective  or  in  homology.  Solations  of 
Ezx.  G96-702,  7()o  are  giyen  in  McDowell's  ExercUes  in  Euclid  and  m  Motitm 
Geometry,  pp.  184-187,  227,  289  (new  edit.  1878). 

t  The  same  may  be  prored  for  any  conic,  aa  (for  example)  in  Cremona's  SlememU 
de  Giometrie  ProjeHive,  p.  227  (1875). 


EXAMPLES.  293 

704.  The  paira  of  radiants  from  any  point  to  the  vertices 
of  a  triangle  and  parallel  to  its  opposite  sides  respectively 
form  a  pencil  in  involution. 

705.  Dedace  by  reciprocation  from  the  property  of  the 
orthocentre  that,  if  from  any  point  radiants  be  drawn  to  the 
sunimits  of  a  triangle,  the  radiants  at  right  angles  to  them 
meet  the  opposite  sides  of  the  triangle  in  three  coUinear  points. 

706.  The  nine^point  circle  N  of  the  tetragon  determined 
by  a  triad  of  points  and  their  orthocentre  (Art.  125,  Cor.  3) 
touches  the  sixteen  circles  inscribed  or  escribed  by  foura 
to  the  four  triangles  determined  by  the  summits  of  the  tetragon 
(note,  p.  191).  If  ABC  and  0  be  the  points  of  contact  of 
any  of  these  sixteen  circles  with  its  triangle  and  with  N 
respectively,  the  sixteen  sets  of  lines  OAy  OBy  OGy  making 
in  all  forty-eight  lines,  pass  by  fours  through  the  extremities 
of  the  six  diameters  of  N  parallel  to  the  sides  and  diagonals 
of  the  tetragon;  and  every  two  tetrads  which  pass  through 
opposite  extremities   of  the  same   diameter  have  equal  cross 

ratios.* 

707.  Prove  by  reciprocation  from  the  theorem  Ad  quatuor 
lineas  (or  otherwise),  that  if  a  quadrilateral  be  circumscribed 
to  a  circle,  the  ratios  of  the  products  of  the  distances  of 
its  three  pairs  of  opposite  summits  from  any  fifth  tangent  are 
invariable.t 

708.  From  the  anharmonic  point-property  of  a  conic  deduce 
the  theorem  Ad  quatuor  lineas ;  and  thence  deduce  the  theorems 
of  Art.  16,  and  the  property  of  any  principal  or  oblique 
ordinate.  Shew  also  how  to  deduce  the  anharmonic  property 
of  four  tangents  from  that  of  four  points  } 

«  See  Dr.  Casey's  article  in  the  Quarterly  Journal  of  MatkenuUict,  iv.  245. 

t  See  Mulcahy's  Principles  of  Modem  Geometry,  p.  48  (ed.  2,  1862). 

X  All  the  chorda  PQ  drawn  to  a  conic  from  a  given  point  P  upon  it  are  bisected 
by  a  similar  conic  touching  the  former  at  P  and  passing  through  its  centre  0.  Let 
the  tangent  at  Q  meet  that  at  P  in  A.  Then  OR  meets  PQ  in  ^  point  q  lying  on 
the  inner  conic ;  and  by  the  point-property  of  the  latter, 

P{Q}  =  P{q}  =  0{q}  =  0[ii}  =  {R}. 

This  proof  is  from  Gaikin's   Geometrical  Construction  of  a  Conic  Section  p.  26 
(1852). 
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709.  From  the  anbarmonic  tangent-property  of  a  conic 
deduce  the  relation  between  the  intercepts  made  npon  a  pair 
of  parallel  tangents  by  any  third  tangent.* 

710.  From  the  point-property  of  a  conic,  A  [ABCD] 
^B  [ABCD]^  deduce  that  if  from  any  point  K  on  the  chord 
AB  a  transversal  be  drawn  meeting  the  tangents  at  A^  B 
in  T  and  7*,  and  the  conic  in  C  and  D^  then 

KCKT.TB^KD.TK.ra 

711.  Deduce  elementary  properties  of  the  hyperbola  from 
the  relation. 

where  00   and  00 '  are  its  two  points  at  infinity,  and  AB  any 
other  two  points  on  the  curve. 

7 12.  Deduce  Art.  23,  Cor  3  from  the  relation 

P{PEQoo]  =  cx>  [PEQ<x>}, 
where  00  Is  the  point  at  infinity  on  the  parabola. 

713.  Shew  also  by  cross  ratio  that  three  fixed  tangents  to 
a  parabola  divide  any  fourth  in  a  constant  ratio. 

714.  Deduce  from  Prop.  Vi.  that,  if  a  conic  touches  the 
sides  of  a  triangle  and  passes  through  the  centre  of  its 
circumscribed  circle,  this  circle  touches  the  orthocycle  (note, 
p.  280)  of  the  conic. 

715.  Deduce  from  Prop,  vs.,  that  the  nine-point  circle  of 
every  triangle  self-polar  with  respect  to  a  parabola  passes 
through  the  focus ;  and  construct  a  triangle  self-polar  to  every 
parabola  inscribed  in  a  given  triangle. 

716.  If  OP  and  OQ  be  tangents  to  a  conic,  the  circle 
through  P  which  touches  OQ  in  Q  is  such  that  triangles 
self-polar  with  respect  to  the  conic  can  be  circumscribed  to  it. 


*  Chaslbb  haa  founded  his  Traitd  det  Sections  Coniqttes  upon  the  anhaimonic 
properties  of  conies  (of.  Ajjerqu  Mistarique,  pp.  39,  334-344).  The  properties  of 
diameters  and  of  the  foci  are  deduced  in  chaps.  Yi.  and  x.  The  same  general  method 
is  followed  by  Cremona;  and  it  is  given  as  an  alternative  by  Bouch6  and  De 
Comberouflse  {Traite  de  Geometrie  §  1125,  4me  ed.  Paris  1879). 
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717.  Shew  how  to  ioscribe  in  a  given  conic  a  triangle 
(or  n-gon)  whose  sides  pass  severally  through  given  points.* 

718.  Having  proved  the  properties  of  polars  by  cross  ratio, 
dedace  the  fundamental  property  of  a  diameter  of  a  conic. 

719.  Prove  Prop.  ir.  by  the  same  method,  and  deduce 
the  elementary  properties  by  which  it  was  proved  in  the  text. 

720.  From  the  properties  of  quadrilaterals  inscribed  or 
circumscribed  to  a  conic,  deduce  that  the  diagonals  of  every 
inscribed  parallelogram  are  diameters  of  the  conic;  and  that 
supplemental  chords  are  parallel  to  conjugate  diameters;  and 
that  the  diagonals  of  every  circumscribed  quadrilateral  arq 
conjugate  diameters. 

72 1 «   If  a  variable  taugent  to  a  conic  meet  the  tangents  from 
a  given  point  Zr  in  i^  and  H^  and  if  M  and  £"  be  a  certain 
pair  of  fixed  points  on  the  fixed  tangents ;  shew  that  MF,  KH 
is  constant,t  and  deduce   that  a  variable  tangent  to  a  conic 
divides  any  two  fixed  tangents  homographically. 

722.  If  ABODE  be  a  pentagon  circumscribing  a  parabola, 
the  parallels  from  B  to  CD  and  from  A  to  DE  intersect 
upon  GE. 

-723.  If  ABGD  be  a  quadrilateral  circumscribing  a  parabola, 
the  parallels  from  A  to  GD  and  from  O  to  AD  intersect  on 
the  diameter  through  B]  and  every  other  tangent  divides 
AD  and  BG  (or  AB  and  GD)  proportionally.}  Consider  also 
the  limiting  case  in  which  ABG'va  9k  straight  line. 

*  On  Exx.  717  Ac.  Bee  Salmoo's  Conic  Sections  §§297,  826-8,  Exx,  where 
Townsend's  eolation  is  given;  Roach6  et  De  Comberouase  Traite  de  Geomctrie 
§1134.  The  problem — for  a  simple  case  of  which  see  Pappus  Collect,  lib.  vii, 
prop.  117 — was  solved  by  Poncklbt,  and  analytically  by  Gaskin.  See  Historical 
Notices  respecting  an  Ancient  Problem  in  The  Mathematician  voL  ill.  pp.  75,  HO, 
225,  311,42  (suppl.). 

t  See  Nkwton's  theorem  Ex.  371,  with  Ex.  864,  note ;  and  compare  Ex.  726,  note. 
See  also  Chaslss  Geometrie  Superieure  §  120;  Sections  Coniques  §56. 

X  Exx.  722-3  having  been  deduced  from  Brianchon's  hexagon  in  Quetelet's  Corre- 
spondance  mathematigne  et  physique  iv.  155,  Chasles  was  led  (ibid.  lY.  364,  y.  289) 
from  Ex.  723  to  Ex.  724  (which  is  equivalent  to  the  anharmonic  property  of  four 
tangents  to  a  conic),  apparently  without  being  aware  that  an  equivalent  theorem 
(Ex.  721,  note)  had  been  proved  by  Nkwton.  See  also  Apergu  liistoriqtte  pp.  841—4 
P^ote  XVI.). 
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724.  In  a  qnadrilateral  ABOD  circamacribed  to  a  eonic, 
tbe  ratio  of  the  ratios  in  which  any  fifth  tangent  divides  either 
pair  of  its  opposite  sides  is  constant. 

725.  If  the  fifth  tangent  meet  AB^  CD  in  M  and  N^ 
and  if  a  sixth  meet  AI)^  BO  in  F  and  Q,  then 

AM.BQ.CN.DP^AP.DN.CQ.DM. 

726.  Quatuar  recHs  BL^  BIy  DK^  DHpasitime  datisy  dwoere 
quintam  LH  talem^  tU  partes  abscisses  HI^  IK^  KL  sint  in  ratiane 
data,* 

727.  If  a  fixed  conic  i9and  a  yariable  conic  8'  be  inscribed 
in  the  same  qnadrilateral,  the  four  points  in  which  8'  intersects 
i9  subtend  at  any  point  on  8'  a  pencil  whose  cross  ratio  is  constant, 
being  equal  to  that  of  the  range  in  which  the  sides  of  the  quadri- 
lateral meet  any  fifth  tangent  to  8.^ 

728.  If  the  tangent  at  0  to  a  conic  meet  anj  other 
three  tangents  in  the  points  abc^  and  meet  their  three 
chords  of  contact  in  a'JV,  prove  that  [Oabc]  =  [Oab'c'}. 

729.  If  AB  be  a  given  chord  of  a  conic,  and  PQ  a 
variable  chord  such  [APQB]  is  constant|  the  envelope  of  PQ 
is  a  conic  touching  the  former  at  A  and  B, 

730.  If  the  chords  AB  and  CD  of  a  conic  be  conjugate, 
and  ACB  be  a  right  angle,  and  a  chord  DP  meet  AB 
in  Q;  prove  that  the  angle  PCQ  is  bisected  hj  GA  or  CB^ 

731.  If  ABC  be  a  triangle  circumscribing  a  parabola 
and  abc  the  points  at  infinity  on  its  sides,  the  tangents  from 

« 

*  Lambert  Indgnwrea  Orbitm  Cametarum  Proprietates  sect.  i.  lemma  18  §§  51-5S 

(1761).    The  envelope  of  XiT  ia  shewn  to  be  the  parabola  touching  the  four  giTen 

fines  (Art.  28,  Cor.  8).     [The  problem  had  been  solyed  in  another  way  m  the 

ArithmeUea  UnivenalU  prob.  62  (ed.  1707) — al.  prob.  56].    Here  we  have  obTioody 

the  anharmonio  property  of  four  tangents  to  a  parabola ;  and  by  stating  the  result 

HI  KI 

in  the  projective  form  that  the  ratio  qfthe  ratios  -^  and  -=-  is  oonttatU  we  at  onoe 

shew  the  property  to  be  true  for  all  conies.    [See  also  the  Principia  Hb.  T.  sect  T. 
lemma  27  Cor.,  where  Wrbn  and  Wallis  are  referred  to  for  earlier  solutions.] 

t  Briefly  thus :  the  cross  ratio  of  the  common  points  of  any  two  conies  in  the  one 
is  equal  to  that  of  their  common  tangents  in  the  other. 
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any  {K>int  0  to  the  parabola  belong  to  the  involatioa 
O  [Aa  Bb  Oc].  Hence  shew  that  the  directrix  of  every  parabola 
inscribed  in  a  triangle  passes  through  its  orthooentre.   [Art.  110. 

732.  The  joins  of  four  points  on  a  conic  meet  any 
transversal  in  three  pairs  of  points  in  an  involation,  to  which 
the  intersections  of  the  transversal  with  the  conic  also  belong. 
Hence  dednce  (by  removing  the  transversal  to  infinity)  that 
every  conic  through  a  triad  of  points  and  their  orthocentre  is 
a  rectangular  hyperbola. 

733.  If  AEB  and  CDF  be  two  triads  of  collinear  points, 
the  intersections  of  {AF^  CE)^  {BF^  ED)^  [BO,  DA)  are  in 
one  straight  line.* 

734.  In  a  hexagon  inscribed  in  a  conic,  if  two  pairs  of 
alternate  sides  are  parallel  the  third  pair  are  parallel. 

735.  In  every  hexagon  inscribed  in  a  conic  the  two  triangles 
determined  by  the  two  sets  of  alternate  sides  are  in  homology. 
State  the  reciprocal  theorem. 

736.  The  Pascal  lines  of  the  sixty  hexagons  determined  by 
a  Pascal  hexastigm  pass  by  threes  through  twenty  points; 
and  the  Brianchon  points  of  the  sixty  hexagons  determined  by 
a  Brianchon  hexagram  lie  by  threes  on  twenty  straight  lines.t 

737.  If  two  conies  touch  one  another  at  A  and  B^  and  if 
LM  be  a  chord  of  the  outer  which  touches  the  inner  conic;  find 
the  loci  of  the  intersections  of  AL^  BM  and  AMj  BL. 

738.  The  chords  joining  four  points  on  a  conic  to  any 
fifth  P  and  to  any  sixth  Q  intersect  in  four  points  lying  on 
a  conic  through  P  and  Q. 


*  Pappu'i  Colledio  lib.  tit.  prop.  139  (rol.  ii.  p.  887,  ed.  Holtech) ;  SimBon  J)e 
PorUmatibui  p.  414;  Chaalee  Pm-urmu  p.  77.  Note  that  AFBCED  is  a  hexagon 
inscribed  in  a  line-pairj  so  that  Pascal's  theorem  is  a  geneiaUsation  of  this  lemma 
of  Pappus. 

t  Bee  TowifSBifD'B  Modem  Geometry  ii.  172.  The  terms  hexastigm  and  hexa- 
gram are  here  very  appropriately  used  to  denote  the  figores  determined  by  six  points 
and  lines  respecUyely,  taken  in  any  order.  In  the  text  however  I  have  x«tained  the 
term  hexagram  aa  a  designation  of  Pascal's  fignre  ont  of  regard  for  historical 
oonslderations. 
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739*  If  a  conic  8  be  inscribed  in  a  triangle  aelf-polai^ 
with  respect  to  a  conic  S\  shew  that  triangles  self-polar  with 
respect  to  S  can  be  inscribed  in  8\ 

740.  Given  the  sam  of  the  squares  of  the  axes  of  a  conic 
inscribed  in  a  given  triangle,  the  locus  of  its  centre  is  a 
circle  concentric  with  the  polar  circle  of  the  triangle.* 

741.  Given  five  points  on  a  conic,  find  (bj  cross  ratio  or 
involution)  its  second  intersection  with  any  straight  line  through 
one  of  the  five  points,  and  its  two  intersections  with  any  other 
straight  line;  and  determine  its  points  at  infinity  and  its 
asymptotes,  real  or  imaginary. 

742.  Prove  by  cross  ratio  that  five  tangents  determine 
a  conic;  and  determine  other  tangents  and  their  points  of 
contact;  and  shew  how  to  construct  the  tangents  from  any 
given  point,  real  or  imaginary. 

743.  Prove  by  involution  that  if  three  sides  of  a  quadrilateral 
inscribed  in  a  conic  turn  about  three  points  in  a  straight  line, 
the  fourth  side  turns  about  a  point  in  the  same  straight  line ; 
and  hence  shew  how  to  inscribe  in  a  conic  a  triangle  whose  three 
sides  pass  severally  through  three  coUinear  points. 

744.  Prove  Camot's  theorem,  that  if  aa^  bb\  ecj  be  the 
three  pairs  of  points  in  which  a  conic  meets  the  sides  BC^ 
CAj  AB  of  a  triangle,  then 

Ab.Ab\Bc.Bc.Ca.Ca^Ac.Ac.Ba.Ba.C!b.CVj\ 

Prove  also  that  the  same  relation  subsists  when  A^  Bj  G  denote 
the  aides  of  a  triangle ;  a,  a ,  &c.  the  tangents  from  its  vertices 
to  a  conic;  and  Ab  denotes  the  sine  of  the  angle  between 
any  two  lines  A  and  b. 

745.  The  distances  pqr  of  any  point  on  (or  tangent  to)  a 
given  conic  from  three  fixed  lines   (or  points)   are   connected 


*  See  the  Quarterly  Journal  0/ Mathanatiet  Z.  130. 

t  This  is  an  obvious  corollary  from  Art.  16,    It  is  given  in  Camot's  Geomitrvs 
dt  position  §  236  (Paris,  1803;  as  a  case  of  a  more  general  theorem. 
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by  a  relation  of  the  form 

where  P,  Q^  &c.  are  constant  coefficients. 

746.  If  foar  tangents  to  a  conic  parallel  to* four  chords 
dbcd  through  either  focus  meet  any  fifth  tangent  in  points  ABCDj 
then 

{AB03}  -  labcd]  ^ , 

where  ^,  p*  and  q^  q'  are  the  perpendiculars  upon  the  fifth  tangent 
from  two  pairs  of  opposite  intersections  of  the  four  tangents. 
If  the  latter  be  fixed  pp  varies  as  qq\  Hence  deduce  that 
the  product  of  the  focal  perpendiculars  upon  any  tangent  to 
a  conic  is  constant.* 

747.  If  three  summits  of  a  quadrilateral  circumscribing 
a  conic  slide  severally  on  three  rays  of  a  pencil,  the  foui'th  slides 
on  a  fourth  ray.  Hence  shew  how  to  circumscribe  to  a 
conic  a  triangle  whose  three  vertices  lie  on  three  given  radiants. 

748.  If  upon  a  given  arc  AB  of  a  circle  whose  centre  is 
O  there  be  taken  any  arc  Am^  and  likewise  an  arc  Bn 
equal  to  2Am^  then  0{m]  =  B{n}.  Hence  deduce  a  solution 
of  the  problem,  to  trisect  a  given  angle  A  OB.  [Ex.  528. 

749.  The  product  of  the  distances  of  any  point  on  a  hyper- 
bola from  a  given  pair  of  parallels  to  tho  asymptotes  varies 
as  its  distance  from  the  chord  intercepted  by  the  parallels: 
and  the  product  of  the  distances  of  any  point  on  a  parabola  from 
two  fixed  diameters  varies  as  its  distance  from  the  chord  joining 
their  extremities. 


*  The  distances  of  any  two  tangents  from  either  foooid  (Art.  128,  Ck>r.  4)  being 
in  a  ratio  of  equality,  the  products  of  the  focal  perpendiculars  upon  anj  two  tangents 
aze  in  a  ratio  of  equality.    The  cross  ratio  of  the  range  in  which  any  tangent  meets 

the  trides  of  the  quadrilateral  S<f>S<f>'  is  equal  to  — ^Wa —  >  where  8Y  and  HZ  are 

the  focal  perpendiculars  upon  the  tangent  (0^.  Camb.  Dvbl.  Mt$tenger  of 
Mathematics  vr,  94).  Chasles  calls  the  points  of  concourse  of  common  tangents  to 
two  conies  *'  points  ombilicaux  "  i^Sectiont  Coniques  chap,  xiv.),  with  reference  to  the 
use  of  the  term  Umbilieut  for  focus  noticed  abore  on  p.  5. 
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750.  From  Ex.  744  deduce  a  construction  for  a  oonid 
paasiug  through  four  giyen  points  and  touching  a  given  straig;ht 
line:  and  shew  that  the  lines  joining  the  vertices  of  a 
triangle  circumscribing:  a  conic  to  the  opposite  points  of  contact 
cointersect:  and  when  four  points  on  a  conic  and  the 
tangent  at  one  of  them  are  given,  shew  how  to  draw  the 
osculating  circle  at  that  point. 

751.  Through  the  centre  of  a  conic  and  any  conjugate  triad 
with  respect  to  it  a  hyperbola  can  be  described  having  its 
asymptotes  parallel  to  any  given  pair  of  conjugate  diameters. 

752.  The  system  of  radiants  from  any  point  parallel  to  tlie 
tangents  to  a  parabola  is  homographic  with  the  range  in  which 
these  tangents  meet  any  fixed  tangent.* 

753.  If  from  a  series  of  collinear  points  pairs  of  perpen- 
diculars be  drawn  to  two  fixed  straight  lines,  the  jolnd  of  the 
feet  of  the  several  pairs  of  perpendiculars  envelope  a  parabola 
touching  the  two  fixed  lines. 

754.  If  any  chord  of  a  conic  drawn  from  a  fixed  point  0 
upon  it  meets  the  sides  of  a  given  inscribed  triangle  in  points 
ABC  and  the  conic  again  in  P,  shew  that  [ABGP]  is  constant; 
and  deduce  a  construction  for  the  tangent  at  a  given  point  to 
a  conic  of  which  four  other  points  are  likewise  given. 

755.  If  ABO  be  the  intersections  and  abc  the  points  of 
contact  of  three  fixed  tangents  to  a  conic,  the  product  of  the 
distances  of  any  tangent  from  A  and  a  varies  as  the  product  of 
its  distances  from  B  and  C:  the  product  of  its  distances  from 
h  and  c  varies  as  the  square  of  its  distance  from  A :  the  pairs 
of  radiants  from  any  point  0  to  BC  and  Aa  determine  an 
involution  to  which  the  tangents  from  0  to  the  conic  belong: 
and  these  tangents  with  Ob  and  Oc  determine  an  involution 
having  OA  for  one  of  its  double  rays. 

756.  Deduce  from  Brianchon^s  hexagon  that  when  a  quadri- 
lateral circumscribes  a  conic  the  joins  of  its  opposite  points  of 


*  For   Bolations   of  Ezx.  741-759,  765 -SOO   see   Chaeles*   Seetiom   ConiquM 
pp.  8-67,  72-109,  137—146,  160,  204,  209,  244—299,  321  &c. 
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contact  pa88  through  the  mtersection  of  its  two  diagonals ;  and 
that  in  a  triangle  circumscribing  a  conic,  the  three  lines  joining 
Its  vertices  to  the  opposite  points  of  contact  meet  in  a  point. 

757.  The  three  pairs  of  lines  from  the  vertices  of  a  triangle 
to  the  intersections  of  its  opposite  sides  with  a  conic  are  tangents 
to  one  conic :  and  the  lines  from  any  two  points  to  the  vertices 
of  a  triangle  meet  its  opposite  sides  in  six  points  lying  on  one 
conic.  Beciprocate  these  two  theorems;  and  from  the  second 
of  them  deduce  the  property  of  the  nine- point  circle. 

■ 

758.  The  ratio  of  the  products  of  the  distances  of  any  point 
on  a  conic  from  the  odd  and  even  sides  respectively  of  a  given 
inscribed  2n-gon  is  constant :  and  the  products  of  the  intercepts 
on  any  chord  made  by  the  odd  and  even  sides  are  in  the  same 
ratio  from  whichever  extremity  of  the  chord  the  intercepts  are 
measured. 

759.  The  ratio  of  the  products  of  the  distances  of  any  tangent 
to  a  conic  from  the  odd  and  even  summits  respectively  of  a 
given  circumscribed  2n-gon  is  constant ;  and  the  ratio  of  the 
products  of  its  distances  from  the  summits  and  from  the  points 
of  contact  of  any  given  circumscribed  n-gon  is  constant. 

760.  If  two  angles  of  given  magnitudes  PAD  and  PBD 
turn  about  A  and  B  as  poles  given  in  positioui  then  if  the  inter- 
section P  of  one  pair  of  their  arms  be  made  to  describe  a  conic, 
the  intersection  D  of  the  other  pair  will  in  general  describe 
a  curve  of  the  fourth  order,  having  double  points  at  A  and  B 
and  at  the  limiting  position  of  D  when  the  angles  BAP  and 
ABP  vanish  together :  but  the  locus  of  D  will  be  of  the  third 
order  if  the  angles  BAD  and  ABD  vanish  together.  If  P 
describes  a  conic  passing  through  A^  then  D  describes  a  cubic 
having  a  double  point  at  A  and  passing  through  £•*  This  cubic 


*  This  is  Nbwtor'8  Cwrvarum  Detcriptio  Organica  (note  p.  264).  The  case  at 
the  end  of  Ex.  760  follows  from  the  principle  that  a  cnlHO  proper  cannot  hare  two 
doable  points  (Salmon's  Higher  Plane  Curvet  §42).  This  special  case  is  given  by 
CShasles  {Aper^  hietoriquet  p.  887)  as  a  generaHtation  of  Nbwtom'b  oonstrnction  in 
the  Prtneipia. 
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d^enenles  into  the  line  AB  mnd  a  conic  through  A  and  B 
in  the  case  in  whidi  the  original  conic  passes  throngh  both 
AwaAB. 

761.   The  nine-point  ctide  of  a  triangle  tonches  its  in 


and  escribed  cirvles  at  points  lying  on  the  ellipse  wUch  toadi^ 
the  sides  of  ihe  triangle  at  their  middle  points.^ 

762.  Beciprocate  Maclaorin's  description  of  a  conic  given  in 
Art.  113,  Cor.  2. 

763.  The  sides  of  a  qnadrilateral  inscribed  in  a  conic  meet 
the  tangents  at  its  <^posite  aisles  in  four  pairs  of  points  lying 
on  one  conicf 

764.  If  a  qnadrilatersl  be  circamscribed  to  a  conic,  the  fovr 
pairs  of  Knes  joining  its  vertices  to  the  opposite  points  of  contact 
tonch  one  conic 

765.  If  the  ndes  of  an  n-gon  tnm  scTcrally  about  fixed 
poiots,  whilst  M  — 1  of  its  summits  slide  each  on  a  fixed  line; 
the  n^  summit  describes  a  eonic  passing  through  the  fixed  points 
on  the  two  adjacent  sides. 

766.  Shew  also  that  any  two  sides  not  adjacent  intersect 
on  a  fixed  conic  through  the  points  about  which  they  turn. 

767.  If  the  arms  A  and  B  of  an  angle  pass  each  through 
a  fixed  point,  whilst  its  summit  slides  on  a  fixed  line ;  shew  that 
the  join  of  the  points  in  which  A  meets  one  fixed  line  and 
B  another  envelopes  a  conic  touching  the  join  of  the  fixed 
points. 

768.  If  each  summit  of  an  n-gon  slides  on  a  fixed  line, 
whilst  n  —  I  of  its  sides  pass  severally  through  (or  subtend  given 
angles  at)  fixed  points ;  the  rC^  side  envelopes  a  conic  touching 
the  lines  on  which  its  extremities  slide;  and  every  diagonal 
of  the  n-gou  envelopes  a  conic 

769.  Any  two  pairs  of  conjugate  lines  from  a  point  0  to 
a  conic  determine  an  involution  whose  double  rays  are  the 
tangents  from  0  to  the  conic     State  the  reciprocal  theorem. 

*  See  Salmon's  Conic  Sectiont,  §  845,  Exx. 
f  Mobias  Barycentrische  Caicul  §  281. 
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770.  One  point  and  one  only  of  eveiy  conjugate  triad  with 
spect  to  a  conic  lies  within  the  conic ;   and  two  sides  of  every 

self-polar  triangle  meet  the  conic. 

771.  The  lines  drawn  from  any  point  on  a  conic  to  two 
ooDJugate  points  A  and  B  meet  the  conic  at  the  extremities 
of  a  chord  which  passes  through  the  pole  of  AB.  State  the 
reciprocal  theorem. 

772.  If  a  quadrilateral  be  circnmscribed  to  a  conic,  the 
extremities  of  any  chord  through  the  intersection  of  two  of 
its  diagonals  lie  on  a  conic  passing  through  the  extremities 
of  both. 

773.  Any  three  pairs  of  points  which  divide  the  three 
diagonals  of  a  quadrilateral  harmonically  lie  on  one  conic. 

774.  If  the  extremities  of  two  diagonals  of  a  quadrilateral 
be  conjugate  points  with  respect  to  a  conic,  the  extremities  of 
tbe  third  will  be  likewise  conjugate. 

775.  If  two  of  the  three  pairs  of  joins  of  four  points  be 
conjugate  lines  with  inspect  to  a  conic,  the  third  pair  will  be 
conjugate  with  respect  to  it. 

776.  The  pairs  of  chords  drawn  from  a  fixed  point  on  a 
conic  so  as  to  make  equal  angles  with  a  given  line  intercept 
a  variable  chord  which  passes  through  a  fixed  point. 

777.  The  pairs  of  tangents  to  a  conic  from  points  on  a 
straight  line  determine  an  involution  on  any  transversal  through 
its  pole,  or  on  any  tangent  to  the  conic 

778.  Tbe  pairs  of  tangents  to  a  parabola  from  points  in  the 
same  straight  line  are  parallel  to  conjugate  rays  of  a  pencil 
in  involution. 

779.  Two  tangents  being  drawn  to  a  conic  from  any  point 
on  a  fixed  straight  line,  if  x  and  x'  be  their  distances  from  its 
pole,  and  y  and  y  their  distances  from  a  fixed  point,  shew  that 

X        X 

-  +  -  =  a  constant. 

y    y 
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780.  Any  two  ranges  in  inyolotion  on  the  same  axis  have 
one  segment  in  common. 

781.  The  locus  of  the  middle  point  of  a  chord  drawn  from 
a  fixed  point  to  a  conic  is  a  conic  through  the  point,  and 
through  the  points  of  contact  of  the  tangents  from  it  to  the 
original  coniC|  and  through  the  two  points  at  infinity  on  that 
conic. 

782.  Find  the  enyelope  of  a  line  which  meets  two  fixed 
lines  in  a  pair  of  conjugate  points  with  respect  to  a  giren  coni& 

783.  The  envelope  of  the  parallel  from  any  point  on  a  fixed 
straight  line  to  the  polar  of  the  point  with  respect  to  a  conic 
is  a  parabola  touching  the  fixed  line* 

784.  The  locus  of  the  intersection  of  a  pair  of  conjugate 
lines  with  respect  to  a  given  conic,  drawn  each  through  a  fixed 
point,  is  a  conic,  which  passes  through  the  two  fixed  points,  and 
through  the  points  of  contact  of  the  tangents  from  them  to 
the  original  conic. 

785.  If  two  angles  be  circumscribed  to  a  conic  their  two 
summits  and  their  four  points  of  contact  lie  on  one  conic 

786.  Any  transversal  being  drawn  to  a  conic  from  a  fixed 
point  Oj  the  perpendicular  to  it  from  its  pole  envelopes  a 
parabola,  which  touches  the  polar  of  0  and  the  tangents  to 
the  conic  at  the  feet  of  the  normals  to  it  from  0* 

787.  Circumscribe  to  a  given  conic  a  polygon  having  each 
of  its  summits  upon  a  given  straight  line. 

788.  The  poles  of  a  given  straight  line  L  with  respect  to 
the  system  of  conies  through  four  given  points  is  a  conic,  whidi 
with  the  line  L  divides  the  six  joins  of  the  four  points  har- 
monically, and  passes  through  their  three  intersections,  and 
through  the  two  points  on  L  which  are  conjugate  with  respect 
to  every  conic  of  the  system :  it  also  touches  the  sixteen  conies 
which  pass  through  the  said  conjugate  points  and  touch  by 
fours  the  sides  of  the  four  triangles  determined  by  the  given 
points. 
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789*  If  ^^^^  couicB  pass  through  the  same  four  points,  the 
polars  of  any  point  with  respect  to  them  form  a  pencil  whose 
cross  ratio  is  constant)  being  equal  to  that  of  the  tangents 
to  the  four  conies  at  any  one  of  their  points  of  concourse :  and 
reciprocally,  if  four  conies  touch  the  same  four  lines,  the  poles 
of  any  straight  line  with  respect  to  them  form  a  range  whose 
cross  ratio  is  constant,  being  equal  to  that  of  the  points  in 
which  the  four  conies  touch  any  one  of  their  common  tangents. 

790.  If  two  conies  osculate  at  0,  their  tangents  at  the 
fiirther  extremities  of  any  chord  through  0  intersect  on  the 
tangent  at  0,  and  conversely :  and  every  two  equal  and  coaxal 
parabolas  osculate  at  infinity. 

79 1 .  Two  conies  which  have  two  pairs  of  conjugate  diameters 
of  the  one  parallel  to  two  pairs  of  conjugate  diameters  of  the 
other  must  be  similar  and  similarly  situated. 

792.  Deduce  from  Art.  1 14  (i)  that  parallel  conies*  have  a 
common  chord  (real  or  imaginary)  at  infinity;  and  if  abo 
concentric  they  have  double  contact  at  infinity.  Shew  how 
to  draw  a  conic  which  shall  be  parallel  to  a  given  conic,  and 
shall  also  pass  through  three  given  points  or  touch  three  given 
lines. 

793.  Three  fixed  conies  having  four  points  in  common,  shew 
that  if  a  variable  pair  of  transversals  be  drawn  from  fixed 
points  0  and  cd  to  meet  the  three  conies  in  triads  of  points  mAB 

and  mab  respectively,  the  ratio  of  the  ratios  — r- — n  and  — - — r 
*^  •"  mA.mB         ma.mb 

is  constant.t    Hence  deduce  that  a  conic  may  be  regarded  as 

the  locus  of  a  point  the  square  of  the  tangent  from  which  to 

a  fixed  circle  varies  as  the  product  of  its  distances  from  two 

fixed  lines,  which  are  common  chords  of  the  conic  and  the 

circle. 


*  Similar  and  similarly  sitaated  oonics  may  be  called  paraUd  sinoe  their  cnrrea 
are  ererywhere  parallel  at  oorreBponding  points:  they  have  also  been  called 
^homothetic"  (Chaslee  Sections  Coniques  %  373),  which  should  rather  mean  <' placed 
together.''    For  another  nae  of  the  term  parallel  see  Qergonne's  Annates  zii.  1. 

t  Exx.  793  Ac,  have  been  extended  to  quadrics  by  Mr.  Martin  Gardiner  in  the 
Qitarterfy  Journal  of  Mathematics  X.  182—147. 
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794.  If  from  any  point  on  one  of  three  conies  wbicli  have 
four  points  in  common  a  tangent  be  drawn  to  each  of  the 
remaining  two^  the  ratio  of  the  ratios  of  these  tangents  to  the 
parallel  diameters  of  their  conies  is  constant :  and  if  OPQ  be 
the  middle  points  of  the  intercepts  made  by  the  three  conies 
on  any  transversal,  then  OP  and  OQ  are  in  the  ratio  of  the 
parallel  focal  chords  of  the  second  and  third  conies, 

795.  Four  fixed  conies  having  four  points  in  common  being 
met  by  a  variable  transversal,  viz.  two  of  them  in  the  pairs 
of  points  aa!  and  bb\  and  the  third  in  two  points  of  which  m 
is  one,  and  the  fourth  in  two  points  of  which  n  is  one;   shew 

that  the  ratio  of  the  ratios  — ^-^ — =7  and  — ,^-t»  is  constant. 

mo .  mo  no  •  no 

796.  If  ABGD  be  four  conies  such  that  the  eight  points 
of  concourse  of  AB  and  GD  lie  on  one  conic,  the  eight  points 
of  concourse  oi  AG  and  BD  (or  AD  and  BG)  lie  on  one  conic. 

797.  When  a  point  0  has  the  same  polar  with  respect  to 
three  conies  ABG^  three  pairs  of  the  common  chords  of  AB^ 
BGj  GA  respectively  pass  through  0  and  form  a  pencil  in 
involution:  and  when  two  conies  A  and  B  have  each  double 
contact  with  a  third  conic  (7,  a  pair  of  the  common  chords  of 
A  and  B  are  harmonic  conjugates  with  respect  to  their  chords 
of  double  contact  with  G. 

798.  The  common  tangents  to  three  conies  taken  in  pairs 
form  three  quadrilaterals:  shew  that  the  three  parabolas 
inscribed  in  them  have  a  common  circumscribed  triangle, 

799.  If  through  the  intersections  of  two  given  conies  A 
and  B  a  third  conic  G  be  drawn,  and  if  from  any  point  0 
on  G  there  be  drawn  tangents  Oa,  Oa  to  A  and  OJ,  Ob'  to  5; 
tlie  lines  abj  ah\  ab^  a'b'  and  the  four  common  tangents  of 
A  and  B  touch  a  fourth  conic. 

800.  The  locus  of  the  point  the  pairs  of  tangents  from  which 
to  two  given  conies  form  a  harmonic  pencil  is  a  third  conic, 
on  which  lie  the  eight  points  in  which  the  given  conies  touch 
their  common  tangents.     State  the  reciprocal  theorem. 
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CHAPTER    XL 

OONIOAL  PROJECTION. 

128.  Two  fignres  A  and  B  in  any  two  planes  are  said 
to  be  in  Peritpective  when  a  point  0  can  be  found  in  space 
such  that  every  radiant  from  it  to  a  point  on  A  passes  through 
a  point  on  J9,  and  conversely.  Either  figure  is  then  said  to 
be  the  Central  or  Conical  Projection  of  the  other  on  the  plane 
of  the  former,  the  point  0  being  called  the  Vertex  or  the  Centre 
of  projection.  When  0  is  at  infinity  the  projection  becomes 
parallel  or  orthogonal.  [Art.  86. 

Let  P  and  Q  be  any  two  points  in  th6  plane  of  Aj  and  P' 
and  Of  their  projections  from  the  vertex  O  upon  the  plane 
of  B»  Then  evidently  the  lines  PQ  and  P'Q  intersect  upon 
a  fixed  straight  line,  viz.  the  common  section  of  the  planes 
of  A  and  B.  Now  by  projecting  the  whole  figure  orthogonally 
upon  any  one  plane,  or  by  supposing  the  planes  of  A  and  B 
to  become  coincident,  we  see  that  if  to  every  point  P  of  one 
figure  corresponds  a  single  point  P*  of  another  figure  in  the 
same  plane,  and  conversely,  and  if  PP*  passes  through  a  fixed 
point;  then  every  line  PQ  in  the  one  figure  meets  the  cor* 
responding  line  P'Q^  in  the  other  upon  a  fixed  straight  line. 
For  example,  if  the  joins  of  the  vertices  of  two  triangles  meet 
in  a  point,  the  joins  of  their  opposite  sides  lie  in  one  straight 
line.  [Ex.  696. 

Two  figures  thus  related  in  one  plane  are  said  to  be  in 
Perspective  or  in  Homology.  We  shall  in  general  use  the 
former  term  for  this  kind  of  correspondence,  and  the  term 
Projection  for  the  case  of  figures  in  perspective  in  space.  The 
terms  Reveraion  and  nomographic  Trarirfonnation  wiQ  be 
explained  in  their  place. 

X2 
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129.  It  is  evident  that  Art.  88  applies  to  central  as  well 
as  to  parallel  projection.  Parallel  lines  however  do  not  project 
from  any  vertex  into  parallels,  except  in  the  case  in  whidi 
they  are  parallel  to  the  common  section  of  the  primitive  plane 
with  the  plane  of  projection. 

If  through  the  vertex  V  of  projection  (fig.  p.  314)  there 
be  drawn  the  plane  Vab  parallel  to  the  plane  of  projection 
AOB^  and  so  as  to  meet  the  plane  of  the  figure  to  be  projected 
in  the  line  ah]  it  Is  evident  that  all  points  on  ab  will  be 
projected  to  infinity,  or  in  other  words  they  will  remain  onpro- 
jected.  For  this  reason  a&  is  called  the  TJnprojected  lAne^  and 
it  is  also  said  to  be  projected  to  infinity. 

Since  every  point  at  infinity  in  the  plane  A  OB  corresponds 
projectively  to  some  point  on  ciby  we  come  again  to  the  con- 
clusion that  all  points  at  infinity  in  one  plane  lie  in  a  straight 
line  (Art.  17  Cor.  2).  The  straight  line  at  infinity  is  to  be. 
regarded  as  parallel  to  every  other  straight  line  in  its  plansj  mnce 
it  intersects  every  such  line  at  infinity :  it  is  in  fact  coincident 
with  the  circle  of  infinite  radius*  described  about  any  point 
whatever  in  its  plane.  The  line  at  infinity  and  the  two  foooids 
(Art.  123  Cor.  4)  or  circular  points  at  infinity — so  called  because 
every  circle  in  their  plane  passes  through  them — will  be  seen 
to  be  of  peculiar  importance  in  the  projection  and  transforma- 
tion of  curves. 

THE  FOCOIDS.t 

PROPOSITION  I. 

130.  Every  circle  in  a  given  plane  passes  through  the  foooids^ 
and  conversely;  and  every  two  concentric  circles  in  the  same 
plane  touch  one  another  at  thefocoids. 


*  For  a  tangential  equation  to  this  cinde,  which  is  sometimes  inadequately 
said  to  represent  the  foooids  only,  see  Whitworth's  TrUinear  CoordiiuUet  4^ 
Art.  882  (Cambridge  1866). 

t  This  term  is  open  to  the  objection  that  it  combines  a  Latin  word  with  a  Gre^ 
ending:  but  we  may  perhaps  be  allowed  to  treat  both  as  naturalised  English 
expressions.  In  speaking  of  the  focoids  ^c  we  tacitly  refer  to  a  specified  plane. 
£veiy  plane  not  at  infinity  has  its  two  focoids  and  its  ime  line  at  infinity^ 
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(i)  Any  number  of  right  angles  turning  about  their  summits 
in  one  plane  generate  similar  pencils  in  involution  (Art.  llOjt 
whose  imaginary  double  rays  form  two  sets  of  parallels;  that 
18  to  say,  each  set  pass  through  one  of  two  fixed  imaginary 
points  <l>j  4>  on  the  line  at  infinity. 

These  are  accordingly  the  foci  of  the  Involution  which  the 
arms  of  all  right  angles  in  one  plane  determine  upon  the  line 
«t  infinity  in  that  plane ;  and  conversely  every  right  angle  A  OB 
ia  divided  harmonically  by  the  lines  0<f>  and  0<f>\ 

If  therefore  0  be  a  variable  point  at  which  a  fixed  line  AB 
Bubtends  a  right  angle,  it  follows  from  the  harmonicism  of 
0{A4>Bil>']  that  the  locus  of  0  is  a  conic  through  the  points 
AB4>4i!  (Art.  113).  That  is  to  say,  every  circle  A  OB  passes 
through  the  focoids,  and  conversely  every  conic  through  the 
focoida  is  a  circle. 

(ii)  The  centre  C  being  the  pole  of  the  line  at  infinity 
(which  is  the  join  of  the  focoids),  it  follows  that  the  lines 
from  C  to  the  focoids  touch  the  circle  at  those  points;  and 
hence  that  all  circles  in  one  plane  which  have  any  point  0 
for  their  common  centre  touch  one  another  at  the  focoids  of 
that  plane. 

(iii)  Or  by  §1  and  Art.  122  Cor.  5,  all  concentric  circles  in 
one  plane  touch  one  another  at  the  focoids.  This  also  follows 
from  the  consideration  that  any  two  diameters  CX  and  CY 
of  a  circle  which  are  at  right  angles  are  conjugate  lines  with 
respect  to  the  circle,  and  the  lines  C^  and  (7<^'*  with  respect 
to  which  they  are  harmonic  conjugates  must  therefore  touch  the 
circle — and  all  circles  having  G  for  centre  must  touch  one 
another — at  ^  and  0'. 

Corollary. 

Every  rectangular  hyperbola  has  for  a  pair  of  conjugate 
points  with  respect  to  it  the  focoids  of  its  plane,  since  its  points 
at  infinity  lie  on  two  straight  lines  at  right  angles. 

*  These  lines  may  be  regaided  as  the  atympMes  of  the  drcle  (Art.  1 H), 
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PKOPOsmoir  ii. 

131.  Every  conic  may  he  regarded  as  inscribed  in  the 
quadrilateral  which  has  for  opposite  summits  the  real  and 
imaginary  foci  of  the  curve  and  the  focoids^  and  for  diagonals 
the  ttvo  axes  of  the  conic  and  the  line  at  infinity. 

(i)  This  Is  proved  by  the  method  of  Art  123  Cor.  4,  where 
S  and  H  may  be  either  the  real  or  the  imaginaiy  foci. 

[Scholium  A. 

(Ii)  Otherwise  thus.  Every  two  lines  through  8  whidi 
are  conjugate  with  respect  to  the  conic  being  at  right  angles 
(Art.  7),  the  lines  8^  and  84>  which  divide  them  harmonically 
are  tangents  to  the  conic  (Art.  116  Cor.  2).  That  is  to  say, 
the  lines  joining  the  real  or  imaginary  foci  to  the  focoids  touch 
the  conic,  as  was  to  be  proved. 

PEOPOSITIOlf  III. 

132.  Any  two  straight  lines  dravm  at  a  given  angle  in  a  given 
plane  and  the  lines  joining  their  point  of  concourse  to  thefoooids 
form  a  pencil  of  constant  cross  ratio. 

For  if  oi  be  a  fixed  straight  line,  and  w  any  point  at  which 
it  subtends  an  angle  of  given  magnitude  a,  then  by  a  property 
of  the  circle  (oab^  the  pencil  subtended  by  ab  and  the  focoids 
at  ck)  is  of  constant  cross  ratio ;  and  the  rays  c»a,  o&  may  be 
parallel  to  any  two  lines  OA  and  OB  inclined  at  an  angle 
a  in  the  same  plane. 

Corollary. 

Any  plane  figure  may  be  moved  about  in  any  way  in  its 
own  plane  without  changing  its  relation  to  the  focoids,  since 
every  angle  in  the  figure  has  an  invariable  relation  to  tiie 
focx)ids. 

SCHOLIUM  A. 

Desabgttes  regarded  the  opposite  extremities  of  an  infinite  line 
as  coincident  or  consecutive  points,  and  the  asymptotes  of  a  hyper- 
bola as  its  tangents  at  infinity  (Poudra's  (Euvres  de  Desargues  i.  103, 
197,  210,  245).  Hence  we  deduce  (Scholium  B,  p.  153)  that  the 
hyperbola  is  a  single  curve,  which  spreads  completely  across  its 
plane  without  breach  of  continuity.    It  follows  logically  that  no 
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transverBal  can  be  drawn  in  the  same  plane  so  as  not  to  meet 
the  hyperbola.  Neyertheless  it  is  obvious  that  some  lines — its 
conjugate  axis  for  example — do  not  (however  far  produced)  meet 
the  curve  in  geometrical  points.  Thus  we  are  driven  to  the  con- 
ception of  ideal  or  imaginary  points  and  chords  of  intersection,  and 
are  led  to  say  that  every  straight  line  meets  any  hyperbola  (or 
other  conic)  in  two  points  real  or  itnaginary^  which  coalesce  in  the 
case  of  tangency.  Although  this  is  here  given  merely  by  way  of 
inference,  the  words  of  Desargues  himself  (used  in  another  con- 
nexion) are  very  appropriate  to  this  subject:  *^ L* entekdement  ne 
pent  comprendre  eomm&nt  8ont  les  proprietez  que  U  raisonnement  luy  en 
fait  conelure*^  {(Euvres  i.  195). 

BosGOViOH  has  a  very  remarkable  appendix  to  his  treatise  on 
oonics,  entitled  De  IVaneformatione  Zooarum  Geometricarum^  tthi  de 
Omtinuitatis  legeaode  quthusdam  Infiniti  my«/«r«V.8(Univers8BMatheseos 
Elementa,  tom.  lu.  pp.  228 — 356),  in  which  he  brings  out  clearly 
and  with  an  abundance  of  geometrical  illustration  the  notions  of 
positive  and  negative  in  direction :  of  geometrical  continuity :  of  the 
transition  from  positive  to  negative  through  zero  or  infinity :  of  the 
imaginary  chords  of  the  hyperbola,  whose  squares  are  negative: 
and  of  the  quaei-eUiptie  nature  of  the  hyperbola,  certain  of  the 
properties  of  which  follow  from  properties  of  the  ellipse  by  change 
of  sign  (§§  678,  715,  758,  770,  808,  812,  &c.).  See  also  Scholium  0, 
p.  101. 

The  discussion  of  these  matters  having  been  revived  in  the 
present  century  (Chasles  Rapport  eur  lee  progrke  de  la  GiomHrie 
chap.  I.  §  19,  p.  60),  PoNOELET  at  length  worked  out  his  theory  of 
cordee  ideates  (1820) ;  and  he  shewed  that  all  circles  in  one  plane  pass 
through  the  same  two  imaginary  points  ^  and  <f>  on  the  line  at 
infinity,  and  that  a  focus  S  common  to  any  two  conies  in  one  plane 
is  a  "centre  of  homology''  or  intersection  of  common  tangents 
to  the  two  conies.  Hence  it  follows,  by  supposing  one  of  the  two 
conies  to  become  a  circle,  that  S<^  and  Sffi  are  tangents  to  every 
conic  of  which  iS  is  a  focus.  See  Gergonne's  Annates  xi.  73,  xii.  234 ; 
Poncelet  Traits  des  PropriMs  Frofectives  des  Figures  §§  89 — 98,  258, 
367,  453  (Paris,  1822).  Pliicker  extended  this  conception  to  plane 
curves  of  all  orders,  regarding  as  a  "  focus"  of  any  curve  the  point 
of  concourse  of  any  two  tangents  drawn  to  it  from  the  focoids,  one 
from  each  (Crelle's  Journal  x.  84 — 91;  Salmon's  Higher  Flans 
Curves  §  138). 

According  to  Pliicker's  definition,  the  tangents  from  the  focoids 
^  and  ^'  to  an  ellipse  (or  other  conic)  determine  by  their  opposite 
intersections  two  pairs  of  "  foci."  If  5  be  any  one  of  the  four, 
every  pair  of  conjugate  lines  from  S  to  the  conic  form  a  harmonic 
pencil  with  S^  and  S^'  (Art.  116,  Cor.  2),  and  are  therefore  at  right 
angles.  This,  which  is  of  course  a  corollary  from  Desargues'  theory 
of  polars  was  proved  for  the  real  foci  by  De  la  Hire  {Seetiones 
Coniea  Lib.  vni.  prop.  23,  p.  189.  Paris,  1685).  The  two  points 
on  the  transverse  axis  at  distance  ± y/{CA'^ -  CB^)  from  the  centre  C 
have  been  shewn  to  possess  the  property  in  question  (Art.  7,  Cor.) ; 
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and  by  ejmmeixyf  the  two  points  on  the  conjugate  axis  at  distance 
±  ^{CB*~  CA^)  from  Cmust  be  the  remaining  two  (or  imaginary) 
foci.  In  order  to  proYe  that  a  point  /9  is  a  focus  of  a  given  conicy 
it  suffices  to  prove  that  two  pain  tfconfugate  Unei  at  right  angles  can 
hi  drawn  to  ths  conic  from  S.  [Art.  110. 

PROJECTION. 

PROPOSITION  IT. 

133.  AU  rows  of  points  and  pencils  of  rays  are  homograpJiic 
with  their  projections. 

(i)  For  if  ABCD  be  any  row  of  four  points  in  the  primitiTe 
plane,  sjiiiA'B'G'n  their  projections  from  a  vertex  F  upon 
any  other  plane,  it  is  cedent  that  [ARG'U]  =  [ABGD].  And 
if  0  be  any  fifth  point  in  the  primitive  plane  and  G  its  projection, 
then 

<y  [AFC'D]  =»  [A'B'C'iy}  =  [ABGD]  =  0  [ABCD], 


Thus  every  tetrad  of  radiants  OA,  OB,  OG,  CD  or  of 
collinear  points  ABCD  is  equicross  with  its  projection ;  a  result 
which  may  be  briefly  expressed  by  saying  that  figures  in  per- 
spective are  homographic. 

(ii).  More  generally,*  let  the  joins  of  any  number  (say  mz) 
of  points  ABGDEF  be  connected  by  a  homogeneous  and 
symmetrical  relation 

l.AB.CD.EF^-m.AC.BE.DF+n.AD.BE.CF^^O, 

in  which  the  terms  differ  from  one  another  only   in    their 


*  See  Salmon's  Conic  Sections^  Art.  961. 
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'Coefficients  and  in  the  wder  In  which  the  letters  ABCDEF 
occur  in  them.    And  first  let  all  the  points  lie  in  one  straight 
line,  and  let  VP  be  the  perpendicular  upon  it  from  the  vertex 
of  projection. 
Then  since 

VA  VB  vn  vn 

the  above  relation  reduces,  by  the  omission  of  a  common  factor, 
to  a  relation  between  the  eines  of  the  angles  which  the  joins 
of  the  six  points  subtend  at  F.  It  therefore  still  subsists 
-when  the  points  in  question  are  replaced  by  their  projections 
<apon  any  plane. 

And  forther,  if  any  number  of  points  ABCDEF  &c.  lie 
on  different  straight  lines,  the  perpendiculars  upon  which  from  V 
are  VPj  VF'j  FT",  &c.,  then  any  symmetrical  and  homo- 
geneous relation  between  the  joins  of  the  points  will  still  be 
projective,  provided  that  it  implicitly  involves  in  every  term 

VA .  VB.  VC.  VD  •  &c. 
the  same  factor     y*   yL,  ^^,  ' — - .    Thus  Camot's  theorem 

(Ex.  744)  is  projective,  so  that  when  proved  for  the  circle 
it  is  may  be  extended  to  all  conies  by  projection. 

Carollary. 

The  properties  of  harmonic  section,  of  poles  and  polars, 
and  of  involution  are  projective ;  so  that  it  suffices  to  prove  them 
for  the  simplest  figure  into  which  any  figure  to  which  they  belong 
4»n  be  projected. 

PROPOSITION  V. 

134.  Any  stray ht  line  in  the  primitive  plane  can  be  projected 
to  infinity  J  and  any  two  angles  in  that  plane  can  at  the  same  time 
he  projected  into  angles  of  given  magnitudes. 

(i)  Draw  any  straight  line  db  in  the  primitive  plane,  and  take 
any  plane  Vab  through  ab  for  the  ^Vertex-plane,"  in  which 
the  vertex  V  of  projection  is  to  lie.  Then  it  is  evident  that  the 
line  db  projects  to  Infinity  upon  any  assumed  plane  of  projection 
ABff  parallel  to  the  vertex-plane. 
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(ii)   Two  conditions  now  suffice  to  fix  the  position  of   V 
in  the  vertex-plane. 


To  project  a  given  angle  A  OB  in  the  primitive  plane  into 
an  angle  of  given  magnitude  a,  let  the  arms  of  A  OB  meet 
the  unprojected  line  in  a  and  b ;  and  upon  ab  describe  in  the 
vertex-plane  a  circular  segment  a  Vb  containing  an  angle  equal 
to  a.  Then  the  vertex  V  may  be  taken  at  any  point  on 
this  segment. 

For  the  vertex-plane  and  the  plane  of  projection  (being 
parallel)  are  met  by  the  plane  VOa  in  parallel  lines  Va  and  A  O^ 
and  by  the  plane  VOb  in  parallel  lines  Vb  and  BO.  Therefore, 
O  being  the  projection  of  0, 

L  AOB^aVb^d^ 
or  the  projection  AO*B  of  the  angle  AOB  is  of  the  assigned 
magnitude  a. 

To  project  a  second  given  angle  in  the  primitive  plane  into 
an  angle  of  given  magnitude  /S,  let  its  arms  meet  the  unprojected 
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line  in  cl  and  V :  then  the  vertex  F  must  lie  also  od  a  segment 
described  upon  dV  in  the  vertex-plane  so  as  to  contain  an  angle 
equal  to  fix  and  the  intersection  of  this  with  the  segment 
on  oh  oompletelj  determines  the  position  of  Fl 

Corollary  1. 

Project  any  four  collinear  points  ABCD  into  points  abed. 
Then  in  the  special  case  in  which  one  of  the  latter  d  is  at 
infinity, 

If  therefore  we  determine  the  point  D  on  2k  given  straight 
line  ABO  so  that  [ABCD]  may  be  equal  to  a  given  ratio, 
and  if  any  straight  line  through  D  be  taken  as  the  unprojected 
line,  the  projections  of  AB  and  CB  will  be  in  the  given  ratio. 
In  like  manner  a  second  point  U  on  the  unprojected  line  is 
determined  by  the  condition  that  the  segments  of  a  second  line 
A'B'G*  shall  project  in  another  given  ratio. 

Corollary  2. 

Any  pencil  of  rays  in  involution  may  be  projected  into 
a  rectangular  pencil  in  involution  by  projecting  the  angles 
between  any  two  pairs  of  its  conjugate  rays  into  right 
angles.  [Art.  IKK 

Corollary  3. 

Any  two  points  F  and  F  may  he  projected  into  the  focoida 
of  a  given  plane.  For  if  AB  and  CD  be  any  two  segments 
in  the  involution  of  which  F  and  F  are  the  foci,  we  have 
only  to  project  the  line  FF  to  infinity  and  any  two  angles 
AOB  and  CPD  in  the  primitive  plane  into  right  angles 
(Art.  130  §i).  This  construction  is  imaginary  when  JF'and  F 
are  real  points. 

PROPOSITION  VI. 

135.  Any  quadrilateral  may  he  projected  into  any  other 
quadrilateral  of  given  form  and  magnitude, 

(i)   To  project  a  given  quadrilateral  ABCD  into  a  square 


» 


316  CONICAL  PBOJECTION. 

project  one  of  its  angles  BAD  and  the  angle  AOD  between 
its  two  diagonals  into  right  angles,  and  its  third  diagonal 
PQ  to  infinity.  Thus  the  projection  otABCD  becomes  a  sqoicre^ 
whose  magnitude  is  determined  by  the  distance  of  its  plane  from 
the  vertex-plane. 

(ii)  To  project  a  given  quadrilateral  ABCD  into  another 
of  given  form,  it  suffices  to  project  one  of  ita  angles  BAD 

Q 


and  the  angle  AOD  between  its  two  diagonals  into  angles 
of  certain  given  magnitudes,  and  the  segments  AO^  OC  and 
BO^  OD  into  segments  which  are  in  certain  given  ratios. 

[Art.  134  Cor.  1. 
For  in  the  projection — ^the  same  letters  being  used — ^if  AO 

be  taken  arbitrarily,  the  point  G  is  determined  by  the  ratio  -yr^ ; 

and  the  position  of  the  line  BOD  is  known ;  and  from  the  angle 

BO 
BAD  and  the  ratio  yry.  the  points  B  and  D  are  determined. 

The  form  of  the  projection  being  thus  determined,  its  magnitude 
may  be  increased  or  diminished  at  pleasure  by  moving  the  jdane 
of  projection  towards  or  away  from  the  vertex-plane. 

Corollary. 

Any  four  points  or  lines  in  one  plane  may  be  projected  into 
any  other  four  points  or  lines  in  one  plane. 

PROPOSITION  VII. 

136.  A  given  conic  may  he  projected  into  a  conic  having 
the  projections  of  tivo  given  points  for  foci^  or  the  one  for  centre 
and  the  other  for  a  focus. 
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(i)  To  project  a  given  conic  Q  and  a  given  point  S  within 
it  into  Of  and  8'  respectively  eo  that  8'  may  be  a  focus  of  Q': 
draw  from  8  any  two  pairs  of  lines  conjugate  with  respect 
to  Q^  and  project  the  angles  contained  by  them  into  right  angles. 
Thus  8'  becomes  a  focus  of  Q\  being  a  point  such  that  every 
pair  of  conjugate  lines  drawn  from  it  to  Q  are  at  right  angles. 

[Art,  134  Cor.  2. 

We  may  at  the  same  time  project  a  given  point  C  in  the 
plane  of  Q  into  the  centre  C  of  Q'^  viz.  by  taking  the  polar 
of  C  with  respect  to  Q  for  the  unprojected  line. 

(ii)  Otherwise  thus.  Let  CS  and  the  tangent  at  any  assumed 
point  P  to  the  conic   Q  meet  the  polar  of  fi^  in   X  and  B 


respectively.  Then  if  the  polar  of  C  be  projected  to  infinity  and 
each  of  the  angled  BX8  and  BSP  into  a  right  angle,  the  points 
O  and  8  will  be  projected  into  a  centre  and  focus  of  Q',  as  before. 

(iii)  By  properly  choosing  the  point  C  in  the  foregoing 
constructions,  we  may  project  Q  so  that  any  two  points  8  and  H 
within  it  project  into  8'  and  H'  the  real  foci  of  Q'. 

For  if  SH  meets  Q  \n  A  and  B^  and  if  the  double  points 
of  the  involution  determined  by  the  couples  AB  and  SH  be 
the  point  C  on  SH  and  the  point  G  on  its  complement; 
then  in  the  projection,  the  double  point  0'  bisects  every  segment 
8'H\  A'B\  &c.  of  its  involution,  since  in  conjunction  with 
the  second  double  point  (in  this  case  at  infinity)  it  divides  every 
such  segment  harmonically.  [Art.  112. 

Hence  8'  and  H'  are  equidistant  from  the  centre  C  of  Q\ 
and  since  8*  is  a  focus  H'  is  likewise  a  focus,  as  required. 

(iv)  The  system  of  conies  inscribed  in  a  given  quadrHateral 
SFHF*  may  be  projected  into  confocal  conies  by  projecting  i^and 
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F  into  the  focoids  of  the  plane  of  projection  (Art  134  Oor.  3). 
This  constraction  is  imaginaTy  when  the  qaadrilateral  F8HF' 
is  real:  bat  the  foregoing  constructions  are  always  real,  the 
points  8  and  ^  being  taken  within  Q. 

PROPOSITION  VIII. 

137.  A  given  conic  may  be  projected  into  a  circle  Kaving 

the  projection  of  a  given  point  for  centre  :  a  system  of  conies  through 

four  given  points  may  he  projected  into  coaxal  circles  z  or  a  system 

of  conies  toitching  one  another  at  ttoo  given  points  into-  concentric 

circles, 

(i)  By  taking  the  point  C  hi  8  'm  Art.  136  we  project 
the  given  conic  into  a  conic  having  the  same  point  (not  at  infinity) 
for  both  centre  and  focus;  that  is  to  say,  we  project  it  into 
a  circle  having  the  projection  of  a  given  point  for  centre. 

(ii)  Otherwise  thus.  Take  the  polar  of  any  point  C  for 
the  unprojected  line:  through  0  draw  any  chord  ACA\  and 


project  the  angles  which  it  subtends  at  two  assumed  points 
P  and  Q  on  the  given  conic  into  right  angles.  Then  in  the 
projection,  the  same  letters  being  used, 

CA^GA^^CP^CQ, 

or  the  projection  is  a  circle  about  C  as  centre. 

Thus  the  two  angles  determine  the  species  of  the  projection, 
and  the  unprojected  line  may  be  taken  arbitrarily.* 

(iii)   Hence,  by  projecting  any  conic  into  a  circle  and  one 
of  its  chords  FF  into  the  line  at  infinity,  we  may  project 


*  This  may  also  be  deduced  from  a  consideration  of  the  circular  sections  of  a  cone 
described  arbitrarilj  on  anj  given  conic  as  base  (Salmon's  Conic  SecUcm  Art.  865). 
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nny  two  points  F  and  i^  on  a  conic  into  the  focoids,  as  was 
otherwise  shewn  in  Art.  134  Cor.  3. 

It  follows  that  all  conies  through  two  given  points  maj 
be  projected  iixto  circles,  and  all  conies  through  four  given  points 
into  coaxal  circles^  and  all  conies  touching  one  another  at  two 
^ven  points  into  concenttic  circles.  [Art  130  §  ii. 

PROPOSITION  IX. 

138.  The  arms  of  any  angle  of  constant  magnitude  in  a  given 
plane  may  he  projected  into  rays  of  a  pencil  of  constant  cross  ratio j 
whose  other  two  rays  pass  each  through  a  fixed  point. 

For  the  arms  of  a  constant  angle  and  the  lines  joining  their 
intersection  to  the  focoids  form  a  pencil  of  constant  crpss  ratio 
(Prop.  III.),  which  projects  upon  any  plane  into  a  pencil  of 
constant  cross  ratio,  two  of  whose  rays  pass  through  the  projec* 
tions  of  the  focoids.  Note  that  this  pencil  is  harmonic  when 
the  constant  angle  is  a  right  angle.  [Art.  130  §  i. 

139.  In  the  following  examples  of  the  projection  of  angle- 
properties*  the  theorem  to  the  right  follows  in  each  case  from 
that  opposite  to  it  on  the  left,  as  appears  conversely  by  pro- 
jecting the  points  FF*  into  the  focoids. 

The  tangent  to  a  circle  is  at  rigfat  Any  chord  FF'  of  a  conic  is  cat  har- 
angles  to  the  radius  to  its  point  of'  con-  monicallj  by  any  tangent  and  the  line 
tact.  joining  ite  point  of  contact  to  the  pole  C 

of  FF'. 
Confocal   conies    intersect    at    right         If  two  conies  be  inscribed  in  a  quadri- 
angles.  lateral  of  which  FF'  are  a  pair  of  opposite 

snmmits,  the  tangents  at  any  one  of  their 

common  points  cut  FF'  harmonically. 

The  locus  of  the  point  of  concourse  of         The  locus  of  the  point  of  concourse  of 

two  tangents  to  a  conic  which  intersect    two  tangents  to  a  conic  which  divide  a 

at  right  angles  is  a  concentric  circle ;  or     given  line  FF'  harmonically  is  a  conic 

in  the  case  of  the  parabola  the  locus  is  the    touching  the  former  at  FF'\  or  if  FF' 

• 

directrix.  touches  the  original  conic,  the  locus  is 

the  join  of  the  points  of  contact  of  the 
second  tangents  to  it  from  F  and  F', 
The  locus  of  the  intersection  of  tan-         The  locus  of  the  intersection  of  tan- 
gents to  a  parabola  which   meet  at  a    gents  to  a  conic  which  divide  a  given 


*  See  Salmon's  Conic  Sectiofu  §§  306-8 ;  Roucbc  et  de  Combcrousse  Geomctrie 
§  1175. 
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given  angle  ii  a  hyperbola  haying  the    finite  Hne  FF*  tonching  the  oonic  in  a 
aame  foooa  and  directzix.  constant  crow  ratio  ia  a  conic  toocfaing 

the  former  at  the  points  of  contact  of  the 

second  tangents  to  it  from  F  smL  F\ 

The  enTelope  of  a  chord  of  a  conic         If  tangents  SF  and  8F'  be  drawn  to 

which  subtends  a  constant  angle  at  one  of    a  oonic  from  given  points  F  and  F'^  the 

the  foci  is  another  conic  having*  the  same    envelope  of  a  variable  chord  AB  snch 

focus  and  directrix.  that  S  {AFBF'}  is  constant  is  a  conic 

teaching  the  former  at  its  points  of  con- 

tact  with  3F  and  ^#". 

If  P  be  any  point  on  a  given  oonic,         If  SFF'  be  fixed  points,    and  P  a 

8  any  fixed  point,  and  8PT  an  angle  of    variable  point  on  a  oonic  through       and 

constant  magnitude,  the  envelope  of  TP    F\  the  envelope  of  a  line  FT  soch  that 

is  a  conic  having  5  for  a  focus.  P  {SFTP*}  is  constant  is  a  oonic  tonching 

SFaxidSF*. 
If  the  point  P  be  taken  on  a  given         If  P  be  taken  on  a  given  Btraig^  line 
straight  line  (instead  of    a  oonic),  the    (instead  of  a  conic),  the  envelope  of  TP 
envelope   of    TP    becomes    a   parabola    becomes  a  oonic  inscribed  in  the  triangle 
having  8  for  foeiw.  FSF\ 

PERSPECTIVE. 

140.  The  relation  of  Perspective  in  one  plane  may  be  treated 
either  as  a  limiting  case  of  the  projective  relation  (Art.  128), 
or  independently  as  follows.* 

From  a  fixed  centre  of  perspective  8  in  the  plane  of  a  given 
figure  draw  radiants  to  all  points/?  of  the  figure,  and  let  these 
radiants  meet  a  fixed  axis  of  perspective  in  the  same  plane 
in  points  Ji  (fig.  p.  10).  Then  if  on  every  radiant  8B  there 
be  taken  a  point  q  such  that 

{SpBq}  =  a  constant, 

the  locus  of  q  is  said  to  be  in  Perspective  with  the  locus  of  p. 
Taking  any  two  positions  of  8Bj  we  have 

{8p'B!q'}  =  {8pBq} ; 

and  therefore  pp  and  qq'  always  intersect  on  the  axis  of 
perspective  MR  (Art.  104).  Hence  also  we  see  that  to  every 
straight  line  pp  in  the  one  figure  corresponds  a  straight  line 
qq  in  the  other;  and  to  every  range  [p]  in  the  one  a  homo- 
graphic  range  [q]  in  the  other.  Figures  in  perspective  in  piano 
are  therefore  homographic,  and  they  possess  the  same  properties 
as  figures  projectively  related  in  space. 

*  See  Chasles  Sectiont  Coniqties  p.  169. 
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It  may  be  shewn  that  if  two  figures  in  perspective  in  relief 
be  turned  about  the  line  of  intersection  of  their  planes,  their 
centre  of  perspective  describes  a  circle  in  a  plane  perpendicular 
to  that  line  *  [Ex.  850. 

SCHOLIUM  B. 

The  method  of  Projection— whicli  is  implicitly  contained  in  the 
ancient  theorem  of  Art.  103 — was  freely  used  by  Desauotjks.  It 
was  used  also  by  Newton,  under  the  name  Generatio  eurvarum  ptr 
UmhraSj  in  his  Enumeration  of  Lines  of  the  Third  Order,  where 
he  remarks  (p.  25,  ed.  Talbot) :  '*  And  in  the  same  manner  as  the 
circle,  projecting  its  shadow,  generates  all  the  conic  sections,  so 
the  five  divergent  parabolas,  by  their  shadows,  generate  all  other 
curves  of  the  second  genus.  And  thus  some  of  the  more  simple 
curves  of  other  genera  might  be  found,  which  would  form  all 
curves  of  the  same  genus  by  the  projection  of  their  shadows  on  a 
plane." 

Desargues  also  proved  the  fundamental  property  (Ex.  696)  of 
triangles  in  perspective,  whether  in  relief  or  in  piano  {(Euvres  i. 
413,  430).  The  term  **  homologie,"  for  perspective  in  one  plane, 
was  introduced  by  Poncelet,  and  is  now  generally  used  by  French 
writers.  But  since  the  term  is  in  itself  inexpressive,  an  incon- 
venient distinction  has  to  be  made  between  homologue  and  homo- 
hgique  (Bouch^  et  I)e  Comberousse  OiomStrie  §§  1094,  1167). 


EEVERSIOK 

141.  Take  fixed  points  8^  0  and  a  fixed  straight  line  MN: 
and  through  the  fixed  points  draw  any  two  straight  lines 
intersecting  at  some  point  B  on  MNj  and  also  a  pair  of  parallels 
meeting  BO  and  B8  in  P  and  p  respectively  (p.  10).  Then 
P,  p  may  be  called  Beverse  Points'.  O  and  8  the  Origins  of 
reversion :  and  MN  the  Base  Line.  When  the  locus  of  P  is  a 
conic  having  8  and  MN  for  focus  and  directrix,  we  have  seen 
that  the  locus  of  the  reverse  point  p  is  the  eccentric  circle  of 
0;  and  we  have  derived  properties  of  the  conic  from  pro- 
perties of  this  circle-t  We  now  proceed  to  treat  the  subject 
of  reversion  more  generally.  The  original  figure  from  which 
a  reverse  figure  is  derived  may  be  called  its  Obverse. 


•  Ghasies  Gi'ometrie  Super ieure  §§  368-9 ;    Cremona  Gcometrie  Prqfeetive  §  90. 
t  S«e  Arts.  4>6,  IG  and  Ezx.  6-10. 

Y 
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PROPOSITION  X. 

142.  To  any  straight  line  drawn  in  a  given  direction  cor- 
responds a  reverse  line  passing  through  a  fixed  point  on  the  base 
line. 

Let  0  and  oi  be  the  origins  of  reversion :  P  and  p  any  two 
reverse  points :  «m  and  PM  a  pair  of  parallels,  meeting  the 
base  line  in  M  and  m. 


Then,  if  £  be  the  point  on  the  base  line  at  which  Po*  and  Op 

intersect 

OPi  ap^PB  :  aS^PM:  o)»i, 

and  therefore  OM  and  pm  are  parallel. 

Hence,  if  wm  be  a  fixed  line  and  P  a  variable  point  on 
any  assumed  line  parallel  to  o>m,  the  locus  of  p  is  the  straight 
line  drawn  through  the  fixed  point  m  on  the  base  line  parallel 
to  OM. 

Corollary  1. 

The  point  at  infinity  on  any  system  of  parallels  PAf  cor- 
responds to  a  reverse  point  m  on  the  base  line.  All  points 
at  infinity  in  the  same  plane  are  therefore  to  be  regarded  as  lying 
in  one  straight  line,  of  which  the  base  line  is  the  reverse. 

Furthermore  the  direction  of  the  line  at  infinity  is  indeter* 
minate.     For,  as  pm  turns  about  the  same  point  m  on  the 
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base  line,  the  reyerse  line  PM  remainB  parallel  to  mm',  and 
ultimately,  when  pm  coalesces  with  the  base  line,  PM  becomes 
the  line  at  infinity^  which  may  accordingly  be  regarded  as 
parallel  to  any  assumed  line  torn. 

Corollary  2. 

If  the  arms  of  any  angle  MPN  and  of  the  reverse  angle 
fnpn  meet  the  base  line  \n  M^N  and  m^  n  respectively,  then 

L  mmn  =  MPN]  and  Z.  MON==  mpn. 

Notice  that  to  every  angle  PSQ  subtended  at  either  origin  8 
(fig.  Art  4)  corresponds  an  equal  reverse  angle  pOq  subtended 
at  the  other.  For  example,  the  angles  PSOy  p08  are  equal, 
in  the  figure  of  Art.  6. 

PROPOSITION  XI. 

143.  Any  straight  line  being  taken  as  base  line^  any  two  given 
angles  may  be  reversed  into  angles  of  given  magnitudes. 

For  the  angle  MPN  (Prop.  x.  Cor.  2)  reverses  into  an  angle 
of  given  magnitude  a,  if  the  origin  0  be  taken  on  the  circular 
segment  MON  described  on  MN  so  as  to  contain  an  angle  equal 
to  a.  By  a  like  construction  a  second  angle  may  be  reversed 
into  an  angle  of  given  magnitude  13.  And  if  0  be  taken 
at  the  intersection  of  the  two  segments,  the  two  angles  will  reverse 
simultaneously  into  angles  equal  a  and  fi  respectively. 

The  applications  of  this  general  theorem  are  precisely 
analogous  to  those  of  the  corresponding  theorem  in  Conical 
Projection.  [Prop.  v. 

Corollary. 

From  any  origin  0  a  given  conic  may,  by  properly  choosing 
the  base  line,  be  reversed  into  a  conic  through  two  given  points 
at  infinity,  whose  magnitude  is  then  determined  by  the  position 
of  the  reverse  origin  co.  Or  if  the  base  line  be  given,  the  origin 
0  may  be  determined  by  reversing  the  angles  between  two 
assumed  pairs  of  lines  PAj  PB  and  P(7,  PD — ^which  may  be 
drawn  conjugate  with  respect  to  the  given  conic — into  angles 
a  and  /9  respectively.     By  properly  determining  the  origins 

Y2 
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and  the  base  line  together  we  may  reverse  any  conic  and  point 
U  and  P  into  any  conic  and  point  U'  and  P\  For  example, 
if  a  and  iS  be  right  angles  and  the  polar  of  P  with  respect 
to  17  be  taken  as  base  line|  V  becomes  a  circle  whose  centre 
is  P'.  [Prop.  viiL 

144.  The  following  are  some  applications  of  the  property 
of  reverse  figures  that  all  angles  subtended  at  the  origin  in  tie 
one  fyure  correspond  to  equal  angles  subtended  at  the  reverse 
origin  in  the  other.  •  [Art.  142  Cor.  2. 

a*  A  variable  chord  of  a  conic  which  suhtends  a  right  angle 
at  a  given  point  envelopes  a  conic  having  that  point /or  a  focus. 

For  if  the  given  point  0  and  its  polar  be  taken  as  origin 
and  base  line,  the  reverse  conic  has  its  centre  at  the  reverse 
origin  en  (Art.  142  Cor.  1) ;  and  a  variable  chord  of  the  latter 
conic  which  subtends  a  right  angle  at  oi  envelopes  a  concentric 
circle  (Ex.  289),  of  which  the  obverse  is  a  conic  having  Oand 
the  base-line  for  a  focus  and  directrix. 

b.  A  variable  chord  of  a  conic  which  subtends  a  right  angle 
at  a  given  point  on  the  curve  passes  through  a  fixed  point  on  the 
normal  thereat,^ 

For  if  a  conic  through  0  be  reversed  into  a  circle  through 
a>,  every  chord  of  the  foraier  which  subtends  a  right  angle  at  0 
has  for  its  reverse  a  diameter  of  the  circle,  and  therefore  passes 
through  the  fixed  point  which  is  the  obverse  of  the  centre  of 
the  circle.  Note  that  the  tangents  and  also  the  normals  at 
0  and  (o  are  reverse  lines. 

Hence,  to  reverse  a  conic  from  any  point  0  upon  it  as  origin 
into  a  circle,  we  must  have  as  base  line  the  polar  BC  of  the 
point  of  concourse  of  all  chords  which  subtend  right  angles  at  0. 

c.  Let  DOE  be  a  fixed  angle  inscribed  in  a  conic,  P  any 
point  on  the  curve,  B  and  C  the  points  in  which  PD  and  PE 
meet  the  polar  of  the  point  of  concourse  of  all  chords  which 


♦  This  theorem  of  Fi6gier— p.  276,  note,  and  Corretpondance  tur  V  Ecoh  Royak 
Polytechnique  tome  III  p.  394,  1816 -is  a  limiting  case  of  §0.  See  Scholium  B, 
p.  2H5. 
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subtend  rigbt  angles  at  0:  then  will  the  angle  BOG  he  equal 
or  supplementary  to  the  angle  DOEJ^ 

For  if  with  0  as  origin  and  BC  as  base  line  the  conic  be 
reversed  into  a  circle,  then  (with  the  same  notation)  the  points 
B  and  G  are  removed  to  infinity,  and  the  theorem  follows  at 
once  from  the  equality  of  the  angles  DOE  and  DPE  in  the 
same  segment  of  the  circle. 


d.  If  a  straight  line  PDB  turning  about  a  fixed  point  P 
meet  the  arms  of  a  constant  angle  BOD^  which  turns  about  a 
fixed  point  0,  in  B  and  D)  then  if  the  point  B  moves  along 
a  straight  line  BG^  the  point  D  describes  a  conic  through  0  and  P. 
For  when  BG  is  the  line  at  infinity  the  locus  of  D  is  evidently  a 
circle  through  0  and  P;  and  therefore  by  reversion,  the  locus 
of  D  in  the  general  case  is  a  conic  through  0  and  P. 

This  is  a  limiting  form  of  Newton's  Descriptio  Organica 
(Art.  113  Cor.  1),  since  the  line  through  P  may  be  regarded  as 
a  vanishing  angle  BPD. 

e.  Every  range  [ABGD]  and  its  reverse  [abed]  subtend 
similar  pencils  0  [ABGB]  and  a>  [abed]  at  the  origins,  and  are 
therefore  homographic.  All  the  properties  of  cross  ratio  may 
therefore  be  extended  from  the  circle  to  the  general  conic  by 
reversion. 

145.    The  Orthocentre, 

a.  Let  the  sides  of  a  triangle  ABG^  the  reverse  of  A'B'G\ 

*  See  Afathematical  Quesliont  from  the  Educational  Times,  toI.  i.  pp.  33,  40 
((Question  1409). 
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meet  the  base  line  in  points  Z>,  Ej  Fj  and  let  oD^  bEj  cFhe  seg' 
ments  of  the  base  line  which  subtend  right  angles  at  ».  Then 
Aoj  Bbj  Cc  are  reverse  to  the  perpendiculars  of  the  triangle 
ABG*  (Art.  142  Cor  2)  and  cointersect  at  the  reverse  P  of 
its  orthocentre. 

It  is  hence  evident  that  the  sides  of  any  triangle  ABC  and 
the  radiants  from  any  point  to  its  vertices  determine  an  involo- 
lation  [aD^  bEj  cF]  on  any  transversal.  [Art.  110. 


b.  If  the  triangle  ABG  envelopes  a  fixed  conic  touching 
the  base  line,  the  obverse  of  which  is  a  parabola^  the  point  F 
traces  a  straight  line,  the  reverse  of  the  directrix  of  the 
parabola.  [Art  29  Cor.  1. 

Or  if,  starting  with  the  parabola  and  taking  its  directrix 
as  base  line,  we  reverse  it  into  a  circle  about  a>  as  centre, 
the  point  P  is  removed  to  infinity.  Hence,  if  the  sides  of  a 
triangle  ABG  touch  a  circle,  and  meet  any  fourth  tangent 
to  it  in  abc^  and  if  the  diameters  parallel  to  the  polars  of  abc 
meet  the  fourth  tangent  in  BEF^  the  lines  AD,  BEj  CF  are 
parallel.    In  other  wbrds : 

If  the  sides  of  a  triangle  ABG  touch  a  circle^  and  if  the 
parallel  tangents  meet  any  seventh  tangent  in  DEFj  the  lines 
ADjBE^  GF  are  parallel 
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More  generally : 

If  from  three  collinear  paints  XYZ  pairs  of  tangents  be  drawn 
to  a  conicj  and  if  ABC  be  the  triangle  formed  by  one  tangent  from 
each  pair  and  DEF  the  points  in  which  the  remaining  three 
tangents  meet  any  seventh  tangent^  the  lines  AD^  BE^  CF  meet  at 
a  point  in  a  straight  line  with  XYZ. 

146.  The  Normal 

The  reverse  of  the  Dormal  at  any  point  P  to  a  conic  is  the 
line  through  the  reverse  point  p  which  with  the  tangent  at  p 
intercepts  on  the  base  line  a  length  which  subtends  a  right  angle 
at  the  reverse  origin  a>.  [Art.  142  Cor.  2. 

147.  Conjugate  Diameters, 

If  a  conic  be  reversed  into  the  eccentric  circle  of  Wj  it 
may  be  seen  that  a  pair  of  its  conjugate  diameters  inclined  at 
angles  a  and  7r~a,  reverse  into  lines  through  the  pole  of 
the  base  line  with  respect  to  the  circle  and  which  contain  angles 
TT^a  and  ou 

148.  The  Asymptotes. 

If  a  conic  meets  the  base  line  in  M  and  Nj  the  asymptotes 
of  its  reverse  correspond  to  the  tangents  at  M  and  Nj  and 
are  therefore  parallel  to  MO  and  NOj  where  0  is  the  origin 
(Art.  142).  We  may  therefore  determine  the  eccentricity  of 
the  reverse  conic  by  making  the  angle  MON  of  any  assumed 
magnitude,  real  or  imaginary. 

80H0LIT7M  0. 

Bevebse  lines  OP  and  pw  through  the  origins  (which  may 
be  supposed  to  lie  on  the  same  side  of  the  base  line)  being  reverse 
in  direction,  figures  are  consequently,  in^a  manner,  turned  ovsr 
in  this  transformation,  so  that  an  original  fig^ure  and  its  derivative 
may  be  regarded  as  obverse  and  reverse  respectively.  Thus 
in  Art.  4,  if  the  circle  be  divided  by  axes  through  0  parallel 
and  at  right  angles  to  the  base  line,  its  first  and  third  quadrants 
must  be  turned  over  or  interchanged,  and  likewise  its  second 
and  fourth,  in  order  that  they  may  become  similarly  situated  with 
the  sectors  of  the  conic  to  which  they  severally  correspond. 

If  reverse  points  P  and  p  be  referred  to  rectangular  axes 
of  coordinates,  the  base  line  being  the  common  axis  of  x  and 
the  axes  of  y  being  drawn  through  0  and  oi  respectively,  then 
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if  Xf  F  be  the  coordinates  of  F  and  x^  y  those  of  p,  and  if  OB 
and  lad  be  the  ordinates  of  0  and  o).  it  may  be  shewn  that 
Fy  «  wrf .  OD^  and  X  :  -  x  =»  F :  wrf.  Hence  an  equation  of  any 
degree  between  x  and  y  implies  an  equation  of  the  same  degree 
between  X  and  F. 

Beversion  is  a  special  case  of  the  following  transformation. 
Take  fixed  origins  0  and  di,  and  a  fixed  director  line  (or  plane) 
corresponding  to  each :  from  any  point  P  draw  POD  to  meet 
the  0-director  and  Pwd  to  meet  the  w-director:  then  the  point 
of  concourse  oi  wD  and  Od  corresponds  to  P.  The  construction 
in  the  text  results  from  supposing  one  of  the  directors  to  be 
at  infinity.  The  analysis  for  the  general  case  is  fully  given 
in  a  section  by  Prof.  Oayley  contributed  to  my  article  on  the 
Homographic  Transformation  of  Angles  in  the  Quarterly  Journal 
of  Matheniattes  XIV.  25 — 39. 


HOMOGRAPHIC  TRANSFORMATION. 

PROPOSITION  XII. 

149.  Any  two  plane  homographic  figures  of  the  same  species 
are  capable  of  being  placed  in  perspective. 

We  have  seen  that  any  two  plane  fignres  in  perspective 
are  so  related  that  to  every  range  in  the  one  corresponds  a 
homographic  range  in  the  other  (Prop.  iv).  Conversely, 
any  two  plane  figures  thus  related  are  capable  of  being  placed 
in  perspective. 

(i)  For  if  ABCD  be  four  fixed  points  and  P  a  variable  point 
in  a  plane  figure,  and  AB'C'D'F  the  corresponding  points  in  a 
homographic  figure,  it  is  evident  from  the  relation, 

P\ABCD]^F{A'B'G'D'], 

that  by  projecting  the  points  ABGD  into  A'B'C'D'  (Art.  135) 
we  at  the  same  time  project  every  point  P  into  its  corre- 
apondent  P'. 

(Ii)   The  same  result  may  also  be  arrived  at  as  follows. 

Let  ^  be  a  given  plane  figure,  regarded  as  moveable  in 
any  way  in  its  plane,  and  B  a  fixed  homographic  figure  in 
the  same  plane.  Then  to  the  focoids  (f>  and  <f>\  regarded  as 
belonging  to  Aj  correspond  fixed  points  jp'and  F  related  to  B. 

[Art.  132. 
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Let  F4>  and  F'<l>'  meet  in  the  point  0  related  to  jB,  and 
let  0'  be  the  correspondinp^  point  in  A.  Also  let  P  and  Q 
be  any  two  points  in  B^  and  F'  and  Q'  the  corresponding  points 
in  A. 

Move  the  figure  A  a  certain  distance  in  a  certain  direction 
until  (y  coincides  with  0,  and  then  turn  it  about  0  until 
the  points  POP'  are  brought  into  one  straight  line.*  Then, 
since  A  and  B  are  homographic, 

0{PQFF}:=0{P'Q'FF}; 

and  therefore,  since  three  rays  in  the  one  pencil  coalesce 
severally  with  three  in  the  other,  the  fourth  ray  OQ  coalesces 
with  the  fourth  0Q\  or  every  two  corresponding  points  Q^  Q 
are  in  a  straight  line  with  0,  the  required  centre  of  perspective 
of  A  and  B,  It  then  follows  from  Art.  140  that  A  and  B  may 
be  placed  perspective  in  space. 

Corollary. 

Since  figures  homographic  with  the  same  figure  are  homo- 
graphic  with  one  another,  and  since  any  conic  and  an  assumed 
point  in  its  plane  may  be  projected  into  a  circle  and  its  centre 
(Art.  137],  and  conversely;  it  follows  that  any  conic  and  point 
in  one  plane  may  be  projected  into  any  other  conic  and  point 
in  one  plane.  [Prop.  xi.  Cor, 

SCHOLIUM  D. 

.  Transformation  is  a  convenient  (if  not  strictly  accurate)  ex- 
pression for  the  derivation  of  one  figure  from  another  in  accordance 
with  an  assigned  law  of  correspondence.  The  general  idea  of 
homographic  transformation  may  be  found  in  a  passing  remark 
of  Desargtjes  {(Euvres  i.  214),  who,  having  enunciated  the  funda- 
mental property  of  the  polar  planes  of  a  sphere,  concludes  by 
stating  curtly  that  it  may  be  extended  to  surfaces  which  are  related 
to  the  sphere  as  the  ellipse  is  to  the  circle:  **  Semblable  propriety 
se  trouve  a  Tegard  d'autres  massifs  qui  ont  du  rapport  h  la  boule, 
comme  les  ouales  autrement  ellipses  en  ont  au  cercle,  mais  il 
y  a  trop  a  dire  pour  n'en  rien  laisser." 

In  the  tract  on  Plani-coniques  appended  to  his  Nouvelle  mithode 
en  Giomitfie  Sfc,  (Paris  1673),  De  la  Hire  derived  the  general  conic 


♦  See  Salmon's  lligher  Plane  Curves  Art.  330. 
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from  the  circle  bj  a  geometrical  transformation  tn  piano*  A 
similar  transformation  appears  to  have  been  anived  at  by  Le 
Poivre  about  thirty  years  later  (Ghasles  Section*  Contques  p.  174). 
Newton  shewed  how  to  transform  curves  of  all  orders  {Prine^na 

Lib*  I.  sect.  t.  lemma  22)  by  substitutions  of  the  form  X**  —  and 

Fb^  (cf.  Schol.  C),  and  added  two  examples  of  the  application 

of  liis  method  {he.  eit.  props.  25,  26).  The  "collinear"  fignres 
of  M5bius  *'6ont  aussi  des  figures  homographiques  les  plus  g^n^rales" 
(Ghasles  SeetioM  Contques  p.  165).  MObius  proved  inter  alia  ihs^ 
any  four  points  in  a  plane  may  be  projected  into  any  other  four 
points  in  a  plane  {Baryeentrisehe  Catcul  p.  327,  1827).  For  a 
general  expotdtion  of  the  principle  of  Homography  see  Chasles' 
Mimoire  on  duality  and  homography,  at  the  end  of  his  Apergu 
hietorique.  See  also  his  Giomdtrie  Supirieure  pp.  362 — 412,  and 
Townsend's  Modern  Oeofnetry  chaps.  19 — 22. 

EXAMPLES. 

[It  %»  ^ft  to  iht  reader  in  acme  caaes  to  modify  the  enundatums  of  the  pain  of 
theorems  in  the  double  columns  so  as  to  bring  them  into  exact  correspondence^, 

801.  The  diftgonalfl  of  a  parallelograin  Each  diagonal  of  a  complete  qnadri- 
and  the  lines  bisecfcing  its  two  pairs  of  lateral  is  divided  harmonicallj  by  tho 
opposite  sides  form  a  harmonic  pencU.  remaining  two  diagonals. 

802.  If  two  triangles  be  similar  and  If  the  intersections  of  the  three  pain 
similarly  placed,  the  joins  of  their  corre-  of  sides  of  two  triangles  lie  in  one  straight 
Bponding  yertioes  meet  in  a  point.  line,  the  joins  of   the  opposite  Teitioes 

cointersect. 

803.  Any  two  pairs  of  parallels  through  The  three  pairs  of  joins  of  any  fonr 
points  P  and  Q  meet  any  transversal  in  points  in  a  plane  determine  an  involutioa 
an  involution  having  its  centre  on  PQ.  on  any  transversal. 

804.  The  centres  of  the  diagonals  of  a  An  infinity  of  pairs  of  straight  lines 
complete  quadrilateral  are  in  one  straight  can  be  found  which  divide  the  three  dia- 
line.  [p>  256.    gonals  of  a  quadrilateral  harmonically. 

805.  Parallel  chords  of  a  circle  are  Concurrent  chorda  of  a  oonic  are 
bisected  by  a  straight  line  through  its  divided  harmonically  by  their  oommoa 
centre.  point  and  its  polar. 

806.  If  two  of  the  three  pairs  of  op-         The  three  imrs  of  opposite  sides  of  any 
posite  sides  of  a  hexagon  inscribed  in  a  hexagon  inscribed  in  a  conic  have  their 
circle  are  parallel,    the   third   pair   are  intersections  in  one  straight  line, 
parallel.* 

807.  A  system  of  coaxal  circles  meet  All  the  conies  through  fonr  given  points 
any  transversal  in  pairs  of  points  in  an  meet  any  transversal  in'  pairs  of  points  in 
involution.  [Art.  109.    an  involution. 

•  See  Qergonne  8  Annates  it.  79. 
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808.  Fonr  circles  can  be  drawn  toach-  Eour  oonioB  can  be  drawn  through  two 
ing  three  given  Btraight  lines,  given  points  and  toaching  three  given 

lines. 

809.  Fonrconicsean  be  drawn  thiongh  Four  conies  can  be  drawn  throuj^ 
three  given  points  so  as  to  have  a  given  three  given  points  so  as  to  touch  two 
point  for  a  focus.  given  lines. 

810.  The  diameters  of  a  circle  subtend  A  system  of  concurrent  chords  of  a 
a  pencil  in  involution  at  any  point  on  the  conic  subtend  a  pencil  in  involution  at 
dicnmferenoe.  any  point  on  the  curve.  [p.  276. 

811.  Given  two  pain  of  lines  oonju-  Given  a  chord  FF'  of  a  conic  and  two 
gate  with  respect  to  a  circle,  the  locus  of  pairs  of  lines  conjugate  with  respect  to  it, 
its  centre  is  the  rectangrolar  hyperbola  the  locus  of  the  pole  of  FF'  is  a  conic  with 
cixGumsczibing  the  quadrilateral  of  which  respect  to  which  F  and  F*  are  a  pair  of 
the  conjugate  lines  are  opposite  sides.^  conjugate  points. 

812.  Given  three  pairs  of  Unes  oonju-  Through  two  given  points  four  oonios 
gate  with  respect  to  a  circle,  the  positiona  can  be  drawn  so  as  to  have  three  given 
of  its  centre  constitute  an  orthocentxic  pairs  of  lines  conjugate  with  respect  to 
tetrastigm.  them ;  and  their  common  chord  is  divided 

harmonically  by  every  conic  through  its 
fonr  poles  with  respect  to  them. 

818.  Every  circle  through  the  centre         If  two   triangles   be  self-polar   with 

of  a  rectangular  hyperbola  circumscribes  respect  to  a  conic,  their  su:  angular  points 

an  infinity  of  triangles   self-polar  with  lie  on  a  conic, 
respect  to  the  hyperbola. 

814.  If  a  triangle  PQR  right  angled  If  J' and  F'  be  conjugate  points  with 
at  P  be  inscribed  in  a  rectangular  hyper-  respect  to  a  conic,  PQ  and  PR  any  two 
bola,  the  perpendicular  from  P  to  Q ft  is  chords  which  divide  FF'  harmonically; 
the  tangent  at  P,  then  QR  and  the  tangent  at  P  divide 

FF'  harmonically. 

815.  The  directions  of  two  sides  of  a  If  two  sides  of  a  triangle  inscribed  in 
triangle  inscribed  in  a  circle  being  given,  a  conic  pass  each  through  a  given  point, 
the  envelope  of  the  third  side  is  a  conoen-  the  envelope  of  the  third  side  is  a  conic 
trie  circle.  touching  the  former  at  two  points  on  the 

join  of  the  given  points. 

816.  The  envelope  of  the  polar  of  any  The  envelope  of  the  polar  of  any  point 
point  on  a  circle  with  respect  to  a  con-  on  a  conic  with  respect  to  a  second  having 
centric  circle  is  a  concentric  circle.  the  same  focas  and  directrix  is  a  third 

having  the  same  focus  and  directrix. 


*  From  the  centre  0  of  the  circle  draw  a  perpendicular  OP  to  one  of  the  lines,  and 
let  it  meet  the  conjugate  line  in  Q ;  and  draw  OP'  perpendicular  to  one  of  the  second 
pair  of  lines,  and  let  it  meet  the  fourth  line  in  Q'.  Then  since  OP.OQ  =  (radius)* 
z=.  OP*.  OQ,  the  locns  of  (7  is  a  conic  through  the  four  vertices  of  the  quadrilateral  j 
and  it  is  easily  seen  that  the  orthooentre  of  any  three  of  them  is  a  point  on  the  locus. 
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817.  Parallel  chords  of  a  circle  are  cat  Ck)ncurrent  chorda  of  a  conic  are  diTilded 
in  a  constant  ratio  bj  a  concentric  ellipse  in  a  constant  cross  ratio  bj  eTeiy  ocHoe 
touching  the  circle  at  the  extremities  of  having  doable  contact  with  the  fonner 
the  perpendicular  diameter.  upon  the  polar  of  the  point  of  concmr- 

rence. 

818.  Every  parallelogram  inscribed  in  The  intersections  of  the  two  diagonals 
a  circle  is  rectangular.  and  of  the  opposite  sides  of  anj  qoadrila- 

tend  are  a  conjugate  triad  with  rspeot  to 
every  conic  drcumscribing  the  quadrila- 
teral. 

819.  The  diagonals  of  every  parallelo-  The  diagonals  of  a  complete  quadri- 
gram  circumscribed  to  a  circle  meet  at  lateral  are  a  conjugate  triad  with  respecfi 
right  angles  at  its  centre.  to  eveiy  conic  inscribed  in  it. 

820.  The  centres  of  all  the  rectangular         Given  four  points  on  a  conic,  the  locoi 
hyperbolas  circumscribed  to  a  given  tri-    of  the  pole  of  a  given  line  is  a  conic,  &c. 
angle  lie  on  its  nine-point  circle.  [Ex.  788. 

821.  The  circumscribed  circle  of  every  If  two  triangles  drcnmacribe  a  coniCy 
triangle  which  drcumscribes  a  parabola    their  six  summits  lie  on  a  conic 

passes  through  its  focus. 

822.  The  envelope  of  the  polar  of  a  The  envelope  of  the  polar  of  a  given 
given  point  with  respect  to  a  system  of  point  with  respect  to  the  system  of  conies 
oonfocal  conies  is  a  parabola  touching  inscribed  in  a  quadrilateral  is  a  conic 
their  axes  and  having  the  given  point*  for  touching  its  three  diagonals ;  and  the 
a  point  on  its  directrix.                [Ex.  379.  chord  of  contact  of  the  second  tangents  to 

this  conic  from  the  extremities  of  any  dia- 
gonal of  the  quadrilateral  is  the  line  join- 
ing the  given  point  to  the  point  of  oon- 
coarse  of  the  remaining  two  diagonals. 

823.  If  from  a  fixed  point  0  tangents  If  from  a  fixed  point  0  tangents  OP 
OP  and  OQ  be  drawn  to  any  one  of  a  and  OQ  be  drawn  to  any  one  of  a  system 
system  of  confocal  conies,  the  circle  through  of  confocal  conies,  the  conic  through  their 
OPQ  passes  through  a  second  fixed  point,  foci  and  OPQ  passes  through  a  fourth 

[Exx.  340,  380.    fixed  pointf 

824.  Given  three  concentric  circles,  If  three  conies  touch  one  another  at 
any  tangent  to  one  of  them  Lb  divided  into  the  same  two  points,  any  tangent  to  one 
segments  of  constant  lengths  by  the  re-  of  them  is  divided  in  a  constant  cros 
maioing  two.  ratio  by  the  remaining  two. 

825.  Four  fixed  tangents  to  a  parabola  Four  fixed  tangents  to  a  conic  divide 
divide  any  fifth  tangent  into  segments  any  fifth  tangent  in  a  constant  cross  ratio. 
whose  ratios  are  constant.  [Ex.  726. 


*  The  tangents  at  this  point  to  the  two  confocals  through  it  touch  the  pfuiabola. 
t  Project  the  common  fod  of  the  first  system  into  the  focoids  of  the  plane  of  the 
second.    See  the  Quarterltf  Journal  of  Matkematict  X.  287. 
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82G.  Anj  two  pain  of  points  which  If  the  extremities  of  each  of  two  dia- 
diTide  the  diagonals  of  a  rectangle  har-  gonals  of  a  quadrilateral  are  conjugate 
XQOnicallj  lie  on  a  circle.  points  with  respect  to  a  conic,  the  extre- 

mities of  the  third  are  conjugate  with 
respect  to  it.* 

827.  If  POp^  QOq^  ROr^  SOa  be  any  four  concurrent 
chords  of  a  conic,  the  conies  through  OFQRS  and  Opqrs  havo 
a  common  tangent  at  0. 

828.  If  FF'  be  a  common  chord  of  two  given  conies,  its 
pole  with  respect  to  any  conic  which  touches  both  of  them 
and  passes  through  F  and  F'  has  for  its  locus  a  conic  touching 
the  tangents  at  F  and  F'  to  the  given  conies. 

829.  If  a  conic  touches  the  sides  8F  and  SF'  of  a  given 
triangle  and  also  two  other  given  lines,  the  second  tangents 
to  It  from  F  and  F'  meet  on  a  fixed  straight  line. 

830.  Given,  in  addition  to  a  chord  of  a  conic,  two  tangents, 
or  one  tangent  and  one  point,  find  in  each  case  the  locus  of 
the  pole  of  the  given  chord. 

831.  If  two  conies  have  double  contact,  the  cross  ratio  of 
four  of  the  points  in  which  any  four  tangents  to  the  one 
meet  the  other  is  equal  to  that  of  the  remaining  four  points, 
and  also  to  that  of  the  points  of  contact  taken  in  the  same  sense 
of  rotation. t 

832.  Extend  by  projection  Newton's  theorem,  that  the 
diameter  of  a  quadrilateral  is  the  centre-locus  of  all  conies 
inscribed  therein.f  [p.  282. 

833.  The  circle  through  any  triad  of  points  conjugate  with 
respect  to  a  conic  is  orthogonal  to  its  orthocycle  (pp.  274,  280). 
Is  this  theorem  projective  ? 


*  This  theorem  and  its  reciprocal  are  due  to  Hesse  (Crclle's  Journal  XX.  301, 
1840). 

f  See  Salmon's  Conic  Sections  Arts.  276,  354. 

X  Its  analo^e  in  space  was  given  in  Gergonne*8  Annales  xvii.  200. 
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834.  From  a  fixed  point  0  tangents  OP  and  OQ  are  drawn 
to  any  conic  inscribed  in  a  giTeo  qnadrSlateral^  and  through  P 
and  Q  are  drawn  the  straight  lines  which  with  PO  and  QO 
respectively  divide  the  three  diagonals  of  the  quadrilateral  har- 
monically.    Shew  that  the  lines  so  drawn  touch  the  fixed  conic 

which  is  the  envelope  of  PQ*  [Ex.  S22. 

• 

835.  If  AB  be  one  of  the  diagonals  of  this  quadrilateral, 
the  conic  through  ABOPQ  passes  through  a  fourth  fixed  point 
Cy,  such  that  AOy  AO'  and  BO^  BO'  divide  the  remaining  two 
diagonals  harmonically.  Shew  also  that  the  three  positions  of 
ff  corresponding  to  the  three  diagonals  of  the  quadrilateral  lie 
in  one  straight  line. 

836.  If  from  a  fixed  point  0  tangents  OP  and  OQ  be 
drawn  to  any  one  of  a  system  of  confocal  conies,  and  if  the 
normals  at  P  and  Q  meet  in  N]  the  locus  of  the  orthooentre 
of  the  triangle  NPQ  is  a  straight  line,  and  the  locus  of  the 
orthocentre  of  OPQ  is  a  rectangular  hyperbola  having  one 
asymptote  parallel  to  the  central  distance  of  0.*  What  do 
these  theorems  become  by  projection  ? 

837.  Given  the  orthocentre  of  a  triangle  inscribed  (or  cir- 
cumscribed) to  a  given  conic,  the  product  of  the  segments  of 
its  perpendiculars  is  constant.  Hence  shew  that  if  one  solid 
angle  contained  by  three  planes  mutually  at  right  angles  can  be 
inscribed  (or  circumscribed)  to  the  surface  of  a  given  cone  of  the 
second  degree,  an  infinity  of  such  angles  can  be  inscribed  (or 
circumscribed)  to  it. 

838.  The  locus  of  the  point  in  space  from  which  triads  of 
lines  mutually  at  right  angles  can  be  drawn  to  triads  of  points 
on  a  given  conic  is  a  sphere. 

839.  If  the  conic  be  supposed  to  vary,  yet  so  as  always 
touch  the  sides  of  a  given  quadrilateral,  the  sphere  will  pass 


*  See  the  Quarterly  Journal  of  Mathematics  x.  289, 


EXAMPLES.  385 

through  a  fixed  circle  in  a  plane  at  right  angles  to  the  plane  of 
the  quadrilateral.* 

840.  ABG  is  a  triangle  inscribed  in  a  conic :  Aa^  Bb^  Cc 
are  chords  drawn  through  a  point  0:  and  Ab^  Bc^  Ca  meet 
the  polar  of  0  in  PQR  respectively.  Shew  that  the  lines  from 
anj  point  on  the  conic  to  the  points  PQR  respectively  meet  the 
sides  of  ABG  in  three  coUinear  points. 

841.  Bays  being  drawn  from  a  fixed  point  on  a  conic,  shew 
that  the  intercepts  upon  them  between  the  conic  and  a  fixed 
tangent  may  all  be  projected  upon  a  given  line  through  the 
fixed  point,  from  another  point  on  the  conic,  into  segments  of 
the  same  length. 

842.  If  a  point  P  on  a  conic  be  connected  with  two  fixed 
points  J^and  F*  in  its  plane,  all  the  chords  which  are  divided 
harmonically  by  FP  and  F'P  are  concurrent ;  and  the  locus  of 
their  point  of  concourse,  as  P  varies,  is  a  conic  touching  the 
first  at  two  points  on  FF\ 

m 

843.  If  a  conic  passes  through  two  given  points  and  touches 
a  given  conic  at  a  given  point,  its  chord  of  intersection  with 
the  given  conic  passes  through  a  fixed  point. 

844.  ABGD  being  four  points  on  a  conic,  E  and  F  are  the 
poles  and  0  is  the  point  of  concourse  of  AB  and  GD.  Through 
E  is  drawn  a  straight  line  meeting  GD  in  M  and  the  conic 
in  Q  and  R\  and  upon  this  line  a  point  P  is  taken  a  fourth 
harmonic  to  QMR.  Shew  that  the  locus  of  P  is  the  conic 
through  ABGDEFj  the  tangents  to  which  at  E  and  F  pass 
through  0 ;  and  that  the  tangents  from  0  to  the  first  conic 
pass  through  the  four  points  in  which  the  common  tangents  to 
the  two  conies  touch  the  second. 


*  On  Ezx.  837—9  see  Picquet's  Etude  geomHrxque  det  Systetnes  Ponctuelt  4t  Tan- 
gentieU  de  Sections  Coniques  §§  72,  73,  85,  86.  Picquet  now  uses  the  term  orthoptut 
circle  (p.  42)  to  denote  the  orthocyde,  and  the  term  orthoptic  eummits  (p.  41)  of  the 
«  pendl**  of  conies  inscribed  in  a  qoadrilateral  to  denote  the  two  fixed  points  on  their 
orthocycles.  Gaskin's  discovery  of  these  points  was  anticipated  by  Pliicker  {Analy^ 
tiseh-geometrtBcke  Entwieklungen  II.  198,  1831). 
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845.  If  a  variable  conic  has  double  contact  with  each  of  two 
fixed  conies,  find  the  loci  of  the  points  of  concourse  of  its 
common  tangents  with  the  fixed  conies. 

846.  If  aa^  hh\  cc*  be  parallel  chords  of  a  conic  and  p  any 
seventh  point  on  the  curve,  prove  that  the  three  points  (ap,  h'c)^ 
{bpj  c'a)^  (cp,  a'b')  lie  on  a  straight  line  parallel  to  the  chords. 

847.  If  from  each  of  four  points  on  a  circle  perpendiculars 
be  drawn  to  the  joins  of  the  remaining  three,  the  feet  of  these 
perpendiculars  lie  by  threes  on  four  concurrent  lines.  Gene- 
ralise this  theorem  by  reversion,  or  otherwise. 

848.  Any  two  conies  may  be  regarded  as  homographic 
figures  in  which  any  three  points  on  the  one  correspond  to 
three  points  taken  arbitrarily  on  the  other.* 

849.  Shew  how  to  place  reverse  figures  in  perspective,  and 
adapt  the  constructions  of  Arts.  141—148  to  the  case  of  figures 
in  perspective  in  one  plane. 

850.  The  construction  in  Art.  134  (ii)  for  fixing  the  position 
of  V  in  the  vertex-plane  Is  independent  of  the  angle  between 
that  plane  and  the  primitive  plane:  as  this  angle  varies  the 
vertex  remains  fixed  in  its  plane  :  it  therefore  describes  a  circle 
in  a  plane  perpendicular  to  ah^  or  to  the  intersection  of  the 
plane  of  projection  with  the  primitive  plane. 

*  Chasles  Sections  Coniques  p.  167. 

NOTE. 

The  undermentioned  Examples  (cf.  p.  141)  are  taken  from  the 
Educational  Times  Reprint : 

Ex.  441  (I.  52);  442  (xi.  31);  443  (v.  101);  444  (vii.  49);    445 


104);  680  (IV.  69) ;  681  (x.  32) ;  682  (xvii,  60)  ;  684  (xxii.  22) ; 
685  (xxii.  51) ;  687  (xxiv.  101) ;  688  (xxvi.  69) ;  689  (xxvin.  95); 
690  (XXXI.  18) ;  714  (xi.  60);  727  (xiii.  26) ;  737  (xxv.  61)  ;  738 
(ii.  6);  835  xiii.  61);  840  (in.  39);  841  (ix.  79);  842  (xi.  100); 
643  (xii.  54) ;  844  (xiv.  80) ;  846  (xix.  101) ;  846  (xxm.  94)  ;  847 
(xxx.  64.    xxvni.  57). 
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CHAPTER    XIL 

EBOIPROOATION  AND  INVERSION. 

150.  We  now  return  to  the  method  of  Reciprocal  Polars, 
of  which  some  account  was  given  in  Chapter  X.  [p.  268. 

Take  any  fixed  conie  as  Director^  and  let  any  straight  line 
or  point  be  said  to  correspond  or  be  reciprocal  to  its  pole  or 
polar  with  respect  to  the  director.  It  is  evident  that  to  the 
intersection  of  any  two  lines  corresponds  the  join  of  the 
reciprocal  points,  and  that  to  a  system  of  concurrent  lines 
correspond  a  system  of  coUinear  points.  [Art.  17  Cor.  1. 

To  any  curve,  regarded  as  the  envelope  of  its  tangents, 
corresponds  the  locus  of  their  poles  with  respect  to  the  director ; 
and  to  the  join  of  any  two  consecutive  points  on  either  curve 
corresponds  the  join  of  two  consecutive  tangents  to  the  other. 
Hence,  to  every  tangent  and  its  point  of  contact  in  either  figure 
correspond  a  point  and  the  tangent  thereat  in  the  other. 

It  is  hence  evident  that  if  two  curves  touch  one  another  in 
one  or  more  points,  their  reciprocals  touch  one  another  in  the 
same  number  of  points. 

INotice  that  the  tangents  to  the  director  at  its  intersections 
with  any  curve  are  also  tangents  to  the  reciprocal  curve. 

PROPOSITION   I. 

151.  The  degree  of  any  curve  not  having  singular  points 
is  equal  to  the  class  of  its  reciprocal  with  respect  to  a  conic^ 
and  conversely, 

(i)  For  if  U  be  any  curve  and  u  its  reciprocal,  A  any 
straight  line  and  a  its  reciprocal;  then  to  every  point  in 
which  A  meets  U  corresponds  a  tangent  to  t/,  and  every  such 

z 
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tangent  passes  through  a.  The  number  of  points  In  wbicb 
an  arbitrary  line  A  meets  U  is  therefore  equal  to  the  number 
of  tangents  that  can  be  drawn  from  any  one  point  to  Uj  aa 
was  to  be  proved. 

It  follows  that  the  reciprocal  of  a  conic  is  a  conic,  as  was 
otherwise  shewn  in  Art.  117;  and  that  the  reciprocals  of  all 
conies  touching  the  same  four  lines,  or  having  the  same  foci^  are 
conies  passing  through  the  same  four  points.  [Prop.  Yi. 

PROPOSITION  II. 

152.  To  every  point  and  its  polar  with  respect  to  a  come 
correspond  a  straight  line  and  its  pole  with  respect  to  the  reciprocal 
conic :  to  every  conjugate  triad  of  points  in  the  one  jigure  a 
conjugate  triad  of  lines  in  the  other  :  and  to  every  pencil  or  range 
in  the  one  a  honiographic  range  or  pencil  in  the  other. 

(i)  For  if  ah  and  ac  be  the  tangents  from  any  point  a  to  a 
conic,  then  to  their  points  of  contact  h  and  c  correspond  a 
pair  of  tangents  AB  and  AG  to  the  reciprocal  conic;  and  to 
the  points  of  contact  B  and  C  correspond  reciprocally  the 
tangents  at  h  and  c  to  the  original  conic.  [Art.  150. 

It  follows  that  the  join  of  B^  C  corresponds  to  a,  and  the 
join  of  6,  c  to  the  point  of  concourse  A  of  the  tangents  at 
B  and  0. 

Hence  to  any  point  a  and  its  polar  be  in  the  one  figure 
correspond  a  line  BG  and  its  pole  A  in  the  other ;  and  there- 
fore to  every  conjugate  triad  of  points  in  either  corresponds 
a  conjugate  triad  of  lines  in  the  other. 

(ii)  It  has  been  shewn  in  Art.  116  that  every  row  of  points 
and  their  polars  with  respect  to  any  director  are  homographic. 

Corollary, 

Since  the  points  of  concourse  of  a  conic  and  its  reciprocal 
correspond  to  their  common  tangents,  the  cross  ratio  of  the  four 
common  points  of  any  two  conies  in  either  is  equal  to  that  of  their 
common  tangents  in  the  other.  [£x.  727. 
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PROPOSITION  III. 

153.  Oiven  in  a  plane  two  straight  lines  and  their  poles 
tvith  respect  to  a  conic^  the  ratio  of  the  distances  of  any  point 
in  the  plane  from  the  given  lines  varies  as  the  ratio  of  the 
distances  of  its  polar  from  their  poles,* 

(i)  Let  the  polars  of  any  two  points  0  and  P  with  respect 
to  a  conic  whose  centre  is  C  meet  CO  in  L  and  M  respectively, 
and  let  P^be  an  ordinate  to  the  diameter  CO. 


D' 

Then  since  CL.CO^  CM. CN,^ 

or  CM+  OM:  CM^  CL-\-NLi  CL*, 

therefore  OM :  GM=  NL:  CL  =  PR:  GL, 

if  PjB  be  drawn  parallel  to  CLio  meet  the  polar  of  0,  That 
18  to  say,  tJie  distances  of  0  and  C  from  the  polar  of  P  are  as 
the  distances  of  P  and  C  from  the  polar  of  0.  [Ex.  325. 

(ii)   If  OX  and  CH  be  perpendiculars  to  the  polar  of  P,  it 
follows  that 

PR  I  CL^OXi  CH', 
and   the  same  proportion  will  hold  if  PR  and  CL  be  now 
Bapposed  perpendicular  to  tho  polar  of  0. 

In  like  manner,  taking  any  second  position  0  oi  0  whilst 
P  remains  as  before,  we  have 

Pr  :  CI  =^ox    :  CH. 


*  Chasles  ApertpA  higtorique  p.  590,  1875. 

t  If  CM  meets  the  conic  in  B  and  />',  and  if  ao  be  the  polar  of  BIZ,  the  point 
M  and  its  polar  Poo  divide  BB'  harmonically.  Hence  CM.CN -  CB^,  whatever 
be  the  position  of  P.    This  follows  abo  by  orthogonal  projection  from  Kx.  281. 

Z2 
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PH. 
Hence,  whatever  be  the  position  of  P,  the  ratio  -^^  is  equal 

CL     OX 
to  -y^  .  —  ,  where  CL  and  01  are  constant  for  given  positions 
\jL       ox 

of  0  and  o ;  that  is  to  say,  the  ratio  of  the  perpendiculars  from 

a  variable  point  P  to  ihepolars  of  two  fixed  points  0  and  o  varies 

as  the  ratio  of  the  perpendiculars  from  0  and  o  to  the  polar  of  P. 

We  may  of  course,  as  a  special  case,  suppose  either  point  and 

its  polar  to  become  a  point  on  the  curve  and  the  tangent  thereat. 

Oorollary, 

It  is  hence  evident  that  any  homogeneous  relation  between 
the  distances  of  a  variable  point  P  from  any  number  of  fixed 
straight  lines  implies  a  homogeneous  relation  of  the  same 
degree  between  the  distances  of  the  polar  of  P  with  respect  to 
a  conic  from  the  poles  of  the  fixed  lines.  Thus  from  the  Locus 
ad  quatuor  lineas^  PQ.PE  =  k,PS.PT  (Scholium  C,  p.  266), 
we  deduce  a  relation  of  the  same  form  between  the  distances 
of  the  tangent  at  P  from  two  pairs  of  fixed  points,  opposite 
vertices  of  a  quadrilateral  circumscribed  to  the  conic.     [Ex.  707. 

POINT  RECIPROCATION. 

154.  If  0  be  the  centre  of  a  circle,  OA  the  perpendicular 
from  it  to  any  straiglit  line  L  and  a  the  point  on  OA  or  its 
prolongation  such  that  OA ,  Oa  =  (radius)* ;  then  a  is  the  pole 
or  reciprocal  of  L  with  respect  to  the  circle.  The  same  point 
a  may  also  be  determined  by  regarding  0  merely  as  a  fixed 
point,  without  reference  to  the  circle,  and  taking  OA.Oa  equal 
to  a  constant  quantity  c'.  This  last  construction  is  called 
reciprocation  with  respect  to  a  pointy  the  point  being  called  the 
07n(/in»  When  c*  is  negative  every  line  or  point  and  its 
reciprocal  lie  on  opposite  sides  of  the  origin.  The  construction 
is  then  equivalent  to  reciprocating  with  respect  to  an  imaginary 
circle.  [Prop.  v.  (ii). 

Notice  that  to  the  foot  of  the  perpendicular  A  from  the 
origin  to  any  straight  line  L  corresponds  the  line  through 
the  reciprocal  point  a  parallel  to  L  or  at  right  angles  to  Oa ; 
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and  that  to  each  line  id  a  system  of  parallels  correspoDds  a 
point  on  the  common  perpendicular  to  them  from  the  origin. 

PROPOSITION   IV. 

155.  Any  two  straight  lines  contain  an  angle  equal  to  that 
subtended  hy  their  point-reciprocals  at  the  origin  ;  and  the  distance 
of  any  straight  line  from  the  origin  varies  inversely  as  the 
distance  of  its  reciprocal  therefrom. 

The  first  part  of  the  proposition  follows  immediately  from 
the  perpendicularity  of  every  straight  line  to  the  line  joining 
its  reciprocal  to  the  origin. 

The  second  part  is  merely  another  way  of  stating  that  the 
product  OA.Oa^  in  the  construction  of  Art.  154,  is  equal  to  a 
constant  c*. 

Corollary  1. 

From  the  relation  Oa  =  -—  we  deduce,  that  to  any  straight 

line  L  through  0  corresponds  the  point  at  infinity  in  the 
direction  at  right  angles  to  X,  and  conversely.  All  points  at 
infinity  in  the  same  plane  therefore  lie  on  the  reciprocal  of  the 
origin,  and  are  consequently  to  be  regarded  as  collinear.  To 
the  polar  of  the  origin  with  respect  to  the  origiual  conic 
corresponds  the  centre  of  the  reciprocal  conicj  the  polar  of  the 
line  at  infinity  with  respect  to  it.  [Art.  17  Cor.  2, 

Corollary  2. 

To  the  tangents  OP  and  OP'  from  the  origin  to  any  conic 
correspond  the  points  at  infinity  in  the  directions  at  right 
angles  to  OP  and  OP' ;  the  eccentricity  of  the  reciprocal  conic 
is  therefore  determined  by  the  angle  POP\  the  supplement 
of  the  angle  between  its  asymptotes.  Hence  the  reciprocal 
will  be  a  hyperbola,  an  ellipse  or  a  parabola  according  as  0  is 
taken  without,  within  or  upon  the  original  conic.  Thus  we  see 
again  that  every  parabola  touches  the  line  at  infinity^  the  reci- 
procal of  the  origin.  The  reciprocal  of  a  conic  with  respect 
to  any  point  at  which  it  subtends  a  right  angle  is  a  rectangular 
hyperbola.  In  any  case  the  axis  of  the  reciprocal  conic  is  parallel 
to  the  bisector  of  the  angle  POP'. 
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Corollary  3. 

From  either  point  of  concourse  of  their  orthocjcles  as  origin 
any  two  conies  CTand  F  reciprocate  into  rectangular  hyperbolas 
u  and  v;  and  conversely  every  conic  through  the  four  inter- 
sections of  u  and  v,  being  itself  a  rectangular  hyperbola  (Art.  69}, 
is  reciprocal  to  a  conic  subtending  a  right  angle  at  the  origin 
and  touching  the  four  common  tangents  to  U  and  F.  Hence 
the  orihocycles  of  all  the  conies  which  touch  four  given  lines  have 
two  points  in  common.  [Art.  123  Cor.  1. 

PROPOSITION   V. 

156.  The  reciprocal  of  a  circle  vnth  respect  to  any  point  is 
a  conic  having  that  point  for  afocus^  and  conversely. 

(i).  If  the  director  be  a  circle  about  the  origin  0  as  centre, 
any  other  circle  O  meets  it  at  the  focoids  0  and  (f>'j  and  there- 
fore has  for  its  reciprocal  a  conic  touching  0<f>  and  0<l>\  the 
tangents  to  the  director  at  the  focoids.  [^^*  130. 

This  conic  therefore  has  0  for  a  focus ;  and  its  O^irectrix 
(the  polar  of  0)  corresponds  to  the  pole  of  the  line  at  infinity 
with  respect  to  0,  that  is  to  say,  it  corresponds  to  the  centre 

of  a 

(ii).  Otherwise  thus.  Reciprocate  a  conic  from  either  focus 
£r  as  origin,  and  let  Fbe  the  point  corresponding  to  any  tangent 
to  the  conic,  and  Zthe  projection  of  ^  upon  that  tangent. 
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Then  if  CB  be  the  coDJugate  semiaxis,  and  -  CB*  be  taken 
as  the  constant  of  reciprocation, 

HKHZ^-CB^ 

or  V  lies  on  the  major  auxiliary  circle,  which  is  accordingly 
a  reciprocal  of  the  conic  with  respect  to  either  focus.  Hence, 
whatever  be  the  constant  of  reciprocation,  the  reciprocal  of  a 
conic  with  respect  to  either  focus  is  a  circle,  and  conversely.* 

In  the  limiting  case  of  the  parabola^  produce  8Y  and  BA 
(fig.  Art.  26)  to  Zand  5,  so  that  SY.SZ^  8A.8B^9.  constant. 
Then  Z  lies  on  the  circle  upon  8B  as  diameter,  which  is  accord- 
ingly a  zSeciprocal  of  the  parabola  with  respect  to  5,  and  con- 
versely. 

(iii).   In  the  diagram,  the  eccentricity  of  the  conic  is  equal  to 

■jta  1  *^^  "*  latu8  rectum  to  —ttt'  • 

Moreover,  if  X  be  the  foot  of  the  /f-directrix, 

HG.  HX^  -  CB\  [Art.  35  Cor.  3 

and  therefore  (1)  the  -S-directrix  is  reciprocal  to  the  centre  of 
the  ctrcfe,  and  (2)  the  polar  of  H  with  respect  to  the  circle — 
which  in  this  case  coincides  with  the  J^T-directrix  (Art.  35  Cor.  1) 
— is  reciprocal  to  the  centre  of  the  conic. 

If  the  constant  of  reciprocation  be  changed  the  relative 
magnitude  of  the  conic  and  the  circle  will  alter,  but  the  following 
relations  will  still  be  found  to  subsist.  The  origin  is  now 
denoted  by  0,  and  the  centre  of  the  circle — which  will  in 
general  be  distinct  from  that  of  the  conic — by  0. 

,  .  .,  distance  of  C  from  0 

eccentricity      = j: ■=—. — -. . 

^  radius  of  circle 

-  •  ^  ,  constant  of  reciprocation 

*  latus  rectum  = r: ..  .    . . 

*  radius  oi  circle 

centre  of  circle  =  reciprocal  of  0-directrix. 

centre  of  conic  =  reciprocal  of  polar  of  0  with  respect  to  circle. 


*  Another  proof  has  been  given  by  Laqai^re,  NouveUes  AnnaUs  zx.  42,  18^1 ;  and 
another  by  Salmon,  Conic  Sections  Art.  308. 
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Corollary  1. 

One  inscribed  and  three  escribed  circles  can  be  drawn  to 
a  given  triangle,  and  their  radii  are  connected  by  the  relation, 

1111 

r      r,      r,      r. 

Hence,  by  reciprocation  with  respect  to  any  point  0,  four  conies 
can  be  described  having  a  given  point  for  a  focus  and  passing 
through  three  given  points,  and  the  latera  recta  of  three  of 
them  are  together  equal  to  the  latus  rectum  of  the  fourth. 

Corollary  2. 

The  point  Fin  the  diagram  corresponds  to  the  tangent  YZ\ 
the  point  C  to  the  JST-directrix ;  the  line  VG  to  the  point  of 
concourse  D  of  YZ  with  the  ^-directrix ;  the  point  of  concourse 

Y  of  VG  and  YZ  to  the  line  D  V.  But  Y  lies  on  the  circle ; 
therefore  2>F  touches  the  conic.  The  second  point  V  in  which 
J)V  meets  the  circle  corresponds  to  the  second  tangent  from 

Y  to  the  conic.  This  tangent  is  evidently  parallel  to  the  oppo- 
,Bite  tangent  DV]  therefore  YHV  is  at  right  angles  to  i>Fand 
jETis  the  orthocentre  of  the  triangle  DYV.  [Ex.  330. 

PKOPOSITION  VI. 

157.  All  the  circles  of  a  coaxal  system  reciprocate  Jrom 
either  of  their  limiting  points  into  confocal  conies, 

(i).  Whatever  be  the  position  of  the  origin  0  in  the  plane 
of  the  circles,  their  reciprocals  have  0  for  a  common  focus. 

If  the  origin  be  taken  at  either  limiting  point*  of  the  system 
of  circles,  It  has  the  same  polar  with  respect  to  them  all,  and 
therefore  the  line  at  infinity  has  the  same  pole  with  respect 
to  all  their  reciprocals.  That  is  to  say,  the  latter  have  a 
common  centre  as  well  as  one  focus  in  common.  They  are 
therefore  confocal,  as  was  to  be  proved. 


*  These  points  are  the  limits  of  the  STstem  "par  rapport  &  rinfiniment  petit" 
and  the  radical  axis  and  the  line  at  infinity  are  its  limits  "  par  rapport  ft  rin^iment 
grandP  When  a  circle  becomes  infinite  it  degenerates  in  general  into  a  straight  line 
at  a  finite  distance  together  with  the  line  at  infinity.  See  Poncelet's  Traite  des  Pnqtr, 
Frojeetwes  p.  49  (1822)  j  Townsend's  Modern  Geometry  T.  199. 
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(ii).  The  system  of  conies  through  four  given  points  reci- 
procate with  respect  to  any  one  of  the  system  as  director  into 
conies  touching  the  tangents  to  the  director  at  the  given  points. 
The  construction  §  i.  corresponds  to  the  case  in  which  the 
focoids  are  two  of  the  four  given  points,  and  the  director  reduces 
to  a  point-circle. 

Corollary!^ 

The  further  limiting  point  (7  of  the  circles  corresponds  to 
the  minor  axis  of  the  confocals,  and  the  line  bisecting  Off  at 
right  angles  to  their  further  focus.  The  orthogonal  circles 
througb  0  and  0*  reciprocate  at  the  same  time  inio  parabolaa 
touching  the  minor  axis  of  the  confocals^  and  whose  directrices 
j}ass  through  the  further  focus  of  the  confocals  ;  and  every  common 
tangent  to  one  of  the  confocals  and  one  of  the  parabolas  sub- 
tends a  right  angle  at  0. 

SOHOLITTM  A. 

Becipbogation  presupposes  the  idea  of  an  envelope,  which 
originated,  according  to  Montucla  {Hist  des  Mdthimattques  tome  ii. 
120,  1758),  with  Florimond  db  Beaune  (1601 — 1651),  a  zealous 
advocate  of  the.  new  Cartesian  geometry.  In  a  letter  to  De  Beaune 
dated  20  fev.  1639,  Descartes  writes:  ''Pour  vos  lignes  courbes, 
la  propri^t^  dont  vous  m'envoyez  la  demonstration  me  paroit  si 
belle  que  je  la  prdfere  a  la  quadrature  de  la  parabole  trouv^e  par 
Archim^de;  car  il  examinoit  une  ligne  donn^e,  au  lieu  que  vous 
dSterminez  Vespace  contenu  dans  une  qui  n^est  pas  encore  donnie,  Je 
ne  crois  pas  qu'il  soit  possible  de  trouver  g^niralement  la  converse 
de  ma  regie  pour  les  tangentes,  &c."  {(Euvres  de  DesearteSy  ed. 
Cousin,'  tome  viii.  p.  105,  Paris  1824).  Huyghens  was  the 
discoverer  of  evolutes  (Scholium,  p.  221) :  Tschirnhausen  of  caustics 
(Chasles  Apergu  kistorique  p.  110,  1875). 

MAOLAtTBix  {Geometria  Organica,  sect.  iii.  pp.  94  &c.,  London, 
1 720)  propounded  the  theory  of  pedal  and  negative  pedal  curves. 
Notice,  as  a  converse  of  Art.  38,  that  a  conic  may  be  regarded 
as  the  envelope  of  the  arm  TZ  of  a  right  angle  inscribed  in  its 
auxiliary  circle,  whose  other  arm  VZ  passes  through  a  focus  H, 
Hence  by  projection,  if  two  sides  of  a  triangle  inscribed  in  a 
given  conic  pass  through  fixed  points  C  and  H  respectively,  the 
envelope  of  the  third  side  is  a  conic  having  double  contact  with 
the  former  on  the  line  CH. 


*  This  corollary  was  suggested  by  Mr.  R.  R.  Webb,  Eellow  of  St.  John's  College. 
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We  have  seen  that  Nbwton  proved  the  general  tangent-propertj 
of  conies,  which  was  eventually  presented  in  a  new  form,  as  a 
property  of  "double"  or  "  an  harmonic"  ratio,  by  Steiner  and 
Chasles  (pp.  262,  295.  Cf.  Ex.  726,  note).  Chasles'  second  proof 
of  Ex.  724  ( QueUleV%  Correspondance  ifc,  v.  289),  viz.  by  recipro- 
cation with  respect  to  a  parabola,  is  interesting  as  an  application, 
of  reciprocation  to  metric  properties.  See  also  Bobillier  in 
Gergonnin  Annales  xviii.  185;  Poncelet,  ProprUtii  JPrt^'eetives  n. 
431  (1866);  Booth,  ^ew  Geometrical  Methods  vol.  i.  chap.  29. 

The  Principle  of  JDtMlity  wets  first  fully  brought  out  by  Poncelet's 
method  of  reciprocal  polars  (Scholium  E,  p.  290).  For  some 
controversies  on  the  discovery  of  the  principle  see  his  Propriitis 
Projectives  u.  351 — 396.  It  has  since  been  illustrated  by  the 
coordinate  methods  of  Mobius,  Pliicker,  Booth,  &c.  See  aleo 
Chasles'  Aperqu  historique  pp.  572 — 694,  1875  ;  Townsend's  Modem 
Geometry  chap.  23.  Figures  which  correspond  according  to  the 
law  of  duality  have  been  called  by  Chasles  (p.  587)  CorreUstive 
figures.  They  may  also  be  called  Btud  figures.  Any  two  dual 
$gures  are  such  that  to  every  point  in  either  corresponds  a  straight 
line  in  the  other,  and  to  every  range  in  either  a  homographic  pencil 
in  the  other,  as  is  the  case,  for  example,  with  reciprocal  figures. 

MINOR  DIRECTRICES. 

PROPOSITION   Yll. 

158.  With  either  focus  and  directrix  of  an  ellipse  as  origin 
and  base  line  the  major  auxiliary  circle  reverses  into  a  similar 
ellipse  having  for  its  minor  auxiliary  circle  the  reverse  of  the 
original  ellipse, 

(i);  For  in  Art.  4  it  is  evident  that  the  major  auxiliary 
circle  of  the  ellipse  reverses  into  an  ellipse  having  the  circle 
about  0  for  its  minor  auxiliary  circle ;  and  by  comparing  the 
segments  of  the  latus  rectum  of  the  obverse  with  the  segments 

of  the  major  axis  of  the  reverse  we  see  that  ytt  "^  ^^  '^^  ^^® 

one  is  equal  to  ^ta  ^°  ^^  other.     The  two  ellipses  are  therefore 
similar. 

(li).  Let  the  annexed  diagram  represent  the  reverse  figure, 
and  let  GA^  be  the  major  semiaxis  of  the  obverse  ellipse,  and  F 
the  point  on  the  minor  axis  of  the  reverse  corresponding  to  G. 
Then  F  and  its  polar  (th^  base  line)  are  said  to  be  a  Minor 
Focus  and  Directrix  of  the  reverse. 


or 


RECIPROCATION. 

It  is  evident  by  parallels  that 

0F\  OB:  OD^  C8:  CA^ :  CX, 
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where  e  Is  the  common  eccentricity  of  the  two  ellipses. 

(iii).   In  the  case  of  the  Hyperbola,  if  7r-  2;^  and  x   ^^  ^^^ 


angles  of  the  obverse  and  reverse  hyperbolas  respectively,  and  F 

as  before  the  point  corresponding  to  the  centre  C  of  the  obverse, 

it  may  be  shewn  in  like  manner  that  F  now  lies  on  the  major 

OA 
axis*  of  the  reverse  at  a  distance  equal  to  - —  from  its  centre  0. 

sin^ 

In  the  Eectangular  Hyperbola  the  '^  major"  and  minor  foci 
and  directrices  are  coincident.  In  the  Circle  the  minor  foci 
coincide  with  the  centre  and  the  minor  directrices  are  at  infinity. 

(iv).  The  properties  of  the  minor  directrices  may  also  be 
arrived  at  by  Reciprocation.  It  is  easily  seen  that  the  reciprocal 
of  an  ellipse  with  respect  to  its  major  auxiliary  circle  is  a  similar 
ellipse  having   that  circle  for  its  minor  auxiliary  circle,  &c. 

*  Notice,  in  jnstification  of  the  term  mifwr  axis  in  the  general  hyperbola,  that  the 
square  of  this  axis,  being  negative,  is  always  less  than  that  of  the  transrerse  axis. 
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Notice,  in  illastration  of  this  remarkable  identitj  of  results 
arrived  at  by  reciprocation  and  reversion,  that  if  an  ellipse  and 
a  hyperbola  have  the  same  axes^  each  is  its  own  reciprocal  with 
respect  to  the  other,  [Ex.  326. 

Corollary  1. 

From  S  in  the  obverse  draw  8Y  to  meet  tbe  major  auxiliary 
circle  and  draw  £^qo  at  right  angles  to  SY\  then  Yco  touches 
the  conic  (Art.  38).  Hence,  in  the  reverse  figure,  if  OP  be  any 
radius  of  the  conic  and  OR  be  drawn  at  right  angles  to  it 
to  meet  the  minor  directrix,  the  envelope  of  PR  is  the  mmor 
auxiliary  circle. 

Corollary  2. 

Every  chord  drawn  through  8  to  the  major  auxiliary  circle 
of  the  obverse  has  its  pole  on  the  base  line  and  makes  equal 
angles  with  the  tangents  to  the  circle  at  its  extremities.  Hence 
any  two  parallel  tangents  QM^  QN  drawn  to  the  reverse 
conic  and  terminated  by  the  minor  directrix  subtend  equal 
angles  at  0. 

BCHOLirM   B. 

The  theory  of  Minor  Directrices*  is  due  to  Booth  (iVW  Oeoms- 
trical  Methods  vol.  i.  269),  who  investigated  their  properties  by  the 
method  of  reciprocation.  In  some  cases  he  makes  use  of  a  double 
reciprocation,  first  reciprocating  a  figure  A  into  B  and  then  B 
into  A'.  But  since  figures  reciprocal  to  the  same  figure  are 
homographic  with  one  another,  it  should  be  possible  to  derive 
the  properties  of  A'  directly  from  those  of  A.  Take  for  example 
the  property  that  if  a  fixed  straight  litie  and  the  tangents  from  any 
point  P  upon  it  to  an  ellipse  about  0  as  centre  meet  one  of  its  minor 
directrices  in  Q  and  Ty  T'  respectively^  then  taniTOQ.tanJ^T'OQ  i> 
constant,  Begard  the  conic  as  the  reverse  of  a  circle,  as  in 
Prop.  VII ,  and  let  qtif  be  the  points  at  infinity  corresponding  to 
QTT.  Then  the  angles  TOQ,  T'OQ  are  equal  to  tSq,  t'Sq  or 
tpg,  t'pq  respectively ;  and  it  remains  only  to  prove  for  the  circle  that 
teLU^tpq .tan ^t'pq  is  constant.  Compare  the  longer  method  of 
double  reciprocation  by  which  Booth  establishes-  the  proposition 
(loc.  cit.  p.  276).  Similar  remarks  apply  to  his  double  recipro- 
cation of  umbilical  quadrics  (p.  208). 

Taking  0  and  (a  as  origins,  let  it  be  required  to  reverse  three 
given  points  PQE  in  space  into   given   points  pqr  respectively 

•  They  have  also  been  called  secondary  directrices  {Proc.  Royal  JrUh  Academy 
in.  503). 
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(Scholium,  p.  328),  each  pair  of  points  Pp^  &c.  being  supposed  to 
lie  in  a  plane  through  the  origins.  Each  pair  Pp  determine  a 
point  (OP,  tap)  on  the  0-director  and  a  point  (Oj?,  wP)  on  the 
w-director ;  and  thus  the  three  pairs  Pp^  Qq^  Rr  completely 
determine  the  two  director  planes.  This  construction  is  equivalent 
to  reversing  five  given  points  OiaPQR  into  five  given  points 
III  Opqr.  Cf.  Chasles,  Apergu  Sfc,  p.  754.  If  one  director-plane  be 
now  removed  to  infinity,  every  two  corresponding  lines  through 
the  origins  become  parallel,  as  in  piano  (Art.  142). 

From  a  given  point  0  on  an  ellipsoid  draw  triads  of  chords 
OA,  OB  J  OC  aX  right  angles,  and  let  the  Jixed  point  of  concourse 
of  the  planes  ABC  (cf.  p.  324,  note)  and  its  polar  plane  be  called 
the.  Frigier  point  and  plane  of  0.  Then,  if  0  be  taken  as  origin 
and  its  Fr6gier  plane  as  director,  the  ellipsoid  reverses  into  a 
sphere.  If  0  be  not  on  the  surface,  we  may  reverse  the  ellipsoid 
into  a  spheroid  about  w  as  centre,  and  thus  shew  that  the  envelope 
of  the  planes  ABC  (Booth  i.  97)  is  a  quadric  of  revolution  having 
0  for  a  focus.  [Art.  144. 

159.   Exjamples  of  Reciprocation. 

We  shall  now  give  some  illustrations  of  the  method  of 
applying  the  principles  established  above.  The  following 
theorems  will  be  seen  to  be  reciprocal : 

If  two   yertioes   of   a  triangle  slide         If  two  sides  of  a  triangle  pass  through 

on  fixed  straight  lines  whilst  the  sides  fixed  points  whilst  the  yertices  slide  each' 

pass  each  through  a  fixed  point,  the  locus  on  a  fixed  straight  line,  the  third  side 

of  the  third  vertex  is  a  conic  passing  envelopes  a  conic  touching  the  lines  on 

through  the' fixed  points  on  the  adjacent  which  its  extremities  slide, 
sides.                                                 [p.  264. 

If  two  sides  of  a  triangle  inscribed  in  If  two  yertices  of  a  triangle  circam- 

a  conic  pass  each  through  a  fixed  point,  scribed  to  a  conic  slide  each  on  a  fixed 
the  envelope  of  the  third  side  is  a  conic  line,  the  third  describes  a  conic  having 
having  double  contact  with  the  former  on  double  contact  with  the  former  upon  the 
the  join  of  the  fixed  points.*  tangents  to  it  from  the  intersection  of  the 

fixed  lines. 

The  diameter  of  a  quadrilateral  is  the         Given  four  points  on  a  conic,  the  polar 
centre- locus  of  idl  conies  inscribed  therein,    of  a  fixed  point  passes  through  a  fixed 

[Ex.  832.  point  conjugate  to  the  former  with  re- 
spect to  every  conic  through  the  four 
given  points.  [p.  278. 

The  envelope  of  the  polar  of  a  given  Given  four  points  on  a  conic,  the  locus 

point  with  reepect  to  a  system  of  confocal  of  the  pole  of  a  fixed  straight  line  is  a 

conies  is  a  parabola  touching  their  axes,  conic,  &c,  [Art.  125. 
&c.                                                  [Ex.  822. 


♦  This  is  eaeily  proved  by  projecting  the  conic  and  one  of  the  fixed  points  into 
a  cUclc  and  its  cculre  (Art.  38;. 
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The  six  centres  of  similitude  of  three  If  three  Gonics  have  two  oommon  tao- 
arbitrary  circles  lie  by  threes  on  four  gents  (or  a  oommon  focus),  their  six  chordB 
straight  lines.  of  intersection  pass  by  threes  thron^li  the 

same  four  points. 

The  kx;ns  of  the  centre  of  a  circle  The  polar  of  the  centre  of  a  ciicle 
which  toaches  two  given  circles  is  a  touching  two  given  circles  with  respect  to 
conic  having  their  centres  for  foci,  either  of  them  envelopeB  another  circle. 

The  centre  of  any  one  of  the  eight         The  polar  of  the  centre  of  a  ciide 

circles  which  touch  three  given  circles  touching  three  given  circles  with  respect 

may  be  determined  as  a  point  of  concourse  to  any  one  of  the  three  may  be  detennined 

of  two  conies,  each    of   which  has   for  as  a  common  tangent  of  two  other  circles, 

foci  the  centres  of  two  of  the  given  dr-  The  oraitre  itself  may  then  be  determined 

des.*  from  its  polar. 

A  variable  chord  drawn  through  a  Parallel  tangents  to  a  oonic  (oar  tan- 
fixed  point  0  to  a  conic  subtends  a  pencQ  gents  from  points  on  a  given  straight 
in  involution  at  any  point  on  the  curve.  line)  determine  an  involution  on  any  fixed 

[Art  120.  tangent. 

The  product  of  the  focal  perpendi-  The  square  of  the  distance  of  any 
culan  upon  any  tangent  to  a  conic  is  point  on  a  oonic  from  a  fixed  origin  varies 
constant,  as  the  pi-oduct  of  its  distAnoes  £rom  two 

fixed  right  lines. 

For  if  the  polars  of  any  two  points  P  and  F  be  taken  with 
respect  to  a  circle  whose  centre  is  0,  and  if  Pf  be  a  perpen- 
dicular to  the  polar  of  F  and  Fp  a  perpendicular  to  the  polar  of 
P,  it  is  easily  seen  (Art.  153  §i.)  that  OF.Pf=^OP.Fp.\  If 
therefore  Pand  F'  be  the  foci  of  a  conic  and  Pany  point  on  the 
curve,  it  follows  that  OF.Pf.OF'.Ff'  =^OP\Fp.Fy,  or  0P« 
varies  as  the  product  of  the  perpendiculars  from  P  to  the  reci- 
procals of  F  and  F\ 

160.   Angles.     Gonfocal  Conies, 

We  shall  next  give  some  examples  of  the  reciprocation  of 
angles  (Art,  155),  and  of  confocal  conies. 

At  any  point  on  a  circle  the  tangent         Any  point  on  a  conic  and  the  inteneo- 
is  at  right  angles  to  the  radius.  tion  of  the  tangent  thereat  with  the  direc- 

trix subtend  a  right  angle  at  the  focus. 

The  polar  of  any  point  with  respect  to         The  pole  of  any  straight  line  with 
a  circle  is  at  right  angles  to  the  diameter    respect  to  a  conic  and  the  point  of  con- 
through  the  point.  course  of  the  line  with  the  directrix  sub- 
tend a  right  angle  at  the  focus. 


«  See  Salmon's  Conic  Sections  Art.  817. 

t  For  an  independent  proof  see  Macdowell's  Exercises  in  Euclid  ^.  Art.  256. 
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Orthogonal  tangents  to  a  conic  inter-  A  chord  of  a  conic  which  subtends  a 
sect  on  a  concentric  circle.  right  angle  at  any  fixed  point  envelopes  a 

conic  having  that  point  and  its  polar  for 
a  focus  and  directrix. 

Confocal  oonics  intersect  everywhere         Every  common  tangent  of  two  circles 

at  right  angles,  and  the  tangents  to  two  subtends  a  right  angle,  and  the  opposite 

oonfocals  from  any   point,  taken  alter-  intercepts   on    any    transversal    subtend 

nately,  include  equal  angles.         [Art.  50.  equal  angles,  at  either  limiting  point. 

If  XX'  and  YY'  be  two  pairs  of  col-  If  tangents  be  drawn  from  any  point 

linear  points  on  two  circles,  the  tangents  to  two  confocal  conies,  the  four  joins  of 

at  XX'  intersect  those  at  YY'  in  four  the  alternate  points  of  contact  touch  a 

points  lying  on  a  third  coaxal  circle.*  third  confocal. 

Given  three  pairs  of  lines  conjugate  Given  a  focus  0  of  a  conic  and  three 
with,  respect  to  a  circle,  every  conic  pairs  of  points  conjugate  with  respect  to 
Huongh  the  four  positions  of  its  centre  is  it,  there  are  four  positions  of  the  0-direc- 
a  rectangular  hyperbola.  [Ex.  812.    trix,  and  the  orthocycle  of  every  conic 

touching  the  four  passes  through  0. 

Tangents  being  drawn  in  a  given  The  tangents  to  the  circles  of  a  coaxal 
direction  to  a  system  of  (x>nfocal  oonics,  system  at  their  points  of  concourse  with 
their  points  of  contact  lie  on  a  rectangular  a  given  transversal  through  either  limiting 
hyperbola.  point  0  envelope  a  conic,  whose  ortho- 

cycle  passes  through  0. 

161.    The  Parabola. 

a.  The  reciprocal  of  a  parabola  with  respect  to  any  point 
0  is  a  conic  through  0,  and  if  0  be  the  focus  of  the  para- 
bola the  reciprocal  is  a  circle  through  0,  and  conversely. 
Hence  the  following  theorems  are  reciprocal: 

11 A  OB  he  a  right  angle  inscribed  in  The  locus  of  the  vertex  of  a  right 
a  circle  the  hypotenuse  AB  passes  through  angle  circumscribed  to  a  parabola  is  the 
the  centre.  directrix. 

The  locus  of  the  vertex  of  a  right  A  chord  of  any  given  conic  which 
angle  circumscribed  to  a  parabola  is  the  subtends  a  right  angle  at  a  fixed  point  0 
directrix.  on  the  curve  passes  through  a  fixed  point 

F  on  the  normal  at  0. 

Thus  by  a  double  reciprocation  we  deduce  Fr6gier's  theorem 
(Art.  144  §  b)  from  a  property  of  the  circle.  Notice  that  the 
FrSgzer-point  F  corresponds  to  the  directrix  of  the  parabola,  the 
normal  at  0  to  the  point  at  infinity  on  the  parabola,  the  further 
extremity  of  the  normal  at  0  to  the  tangent  at  the  vertex 
of  the  parabola,  and  that  the  tangent  at  0  is  parallel  to  the 
directrix. 


•  See  Townsend*s  Modem  Geometry  i.  264. 
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b.  A  triad  of  points  ABG  reciprocate  with  respect  to  their 
orthocentre  into  a  triad  of  lines  parallel  to  BCj  CA^  ABj  and 
having  the  same  orthocentre.  Also  a  parabola  reciprocates 
from  any  point  0  on  its  directrix  into  a  rectangular  hyperbola 
through  0.     Hence  the  following  are  reciprocal  theorems : 

The  orthocentre  of  kqj  triaDgle  cu>  The   orthooentre  of  any  triangle  in- 

comtfcnbed   to  a  parabola   lies  on    the    Bciibed  in  a  rectangular  hyperbola  lies  on 
directrix.  the  curve. 

The  former  is  a  special  case  of  Brianchon's  theorem  (p.  290), 
the  latter  of  Pascal's  (p.  175). 

c.  If  the  reciprocals  of  three  points  ABC  with  respect  to  0 
be  the  lines  ahcj  then  to  any  point  A'  on  BG  corresponds  the 
line  through  be  making  an  angle  equal  to  A  OA'  with  a.    Hence — 

The  perpendiculars  of  any  triangle  If  from  a  fixed  point  0  on  a  conic 
circumscribed  to  a  parabola  meet  on  the  there  be  drawn  any  three  chorda  OA^  OB, 
directrix.  OC  and  the  three  lines  at  right  angles  to 

them,  and  if  the  latter  meet  BC,  CA^ 
AB  in  A\  B'f  C  respectively,  then  A\ 
f ,  (7'  lie  on  a  straight  line  passing 
through  the  Fr6gier  point  of  0. 

162.    The  Minor  Directrices. 

a.  Let  the  tangent  at  Q  to  a  conic  meet  the  minor  directrices 
in  M  and  -Jf' ,  and  let  Fp  and  Fp  be  perpendiculars  to  this 
tangent  and  Q7and  QT  perpendiculars  to  the  minor  directrices. 
Then  the  angle  QOM  is  equal  to  QOM'  (Art.  158  Cor.  2),  and 
therefore 

OMx  OM'=QM:  QM'^QT:  QT^FpiTp', 

OT      .  QT 

~-   being  to  -^^^7-7  in  a  constant  ratio   (Prop.  III.)   which  is 
Jip  If  p 

evidently  a  ratio  of  equality  when  Q  is  taken  on  either  axis. 

b.  It  may  be  seen  that  at  any  point  Q  on  the  conic, 

QT.QTi  0(2'=  OB':e\OA% 

QT,QT' . 
since  if  Q  be  a  point  such  that  — 7Ynr~  ^^  constant  the  locus  of 

^  is  a  conic  (Art.  159),  and  the  above  proportion  requires  that 
this  conic  should  meet  the  axes  in  the  same  points  as  former. 
It  then  follows  that 

Fp.F'p':  OQ^=::OT':CA% 
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if  OY  be  the  central  perpendicular  to  MM\ 

c.  If  C  be  the  polo  of  MM'  with  respect  to  the  minor 
auxiliary  circle,  so  that  OM  is  at  right  angles  to  FG  and  OM' 
to  FC,  and  FG-¥FG^20B  (Art  158  §iv),  then,  with  the 
help  of  similar  triangles,  it  may  be  shewn  that,  if  X  be  the 
intersection  of  MM*  with  the  major  axis, 

FG:  OM^  OF  I  OX^FG:  CM'; 

and  therefore  J9Jlf+2)'if' =  20Z=«(0Jf+ Oif'),  D  and  2)' 
being  the  points  in  which  the  minor  directrices  meet  the  minor 
axis. 

d.  The  following  are  examples  of  reversion,  or  the  same 
results  may  be  obtained  by  reciprocation. 

Any  chord  of  a  dicle  is  at  right  angles  Any  ohord  of  a  conic  and  the  line 
to  the  diameter  thioagh  its  pole.  joining  the  minor  focns  F  to  the  pole  of 

the  chord  meet  the  F-^Urectrix  in  points 
which  subtend  a  right  angle  at  the  centre. 

If  AB  be  fixed  points  on  a  circle  and  The  arms  of  any  angle  ACB  inscribed 
Cany  other  point  upon  it,  the  angle  ACB  in  given  segment  of  a  conic  intercept  on 
has  one  of  two  constant  and  supplemen-  the  minor  directrices  lengths  which  sub- 
tazy  ralues.  tend  constant  and  sapplementary  angles 

at  the  centre. 

In  like  manner  it  may  be  shewn  that  the  two  pairs  of 
opposite  sides  of  a  quadrilateral  inscribed  in  a  conic  make 
intercepts  on  either  minor  directrix  which  subtend  supplementary 
angles  at  the  centre. 

€.  The  major  auxiliary  circles  of  a  system  of  conies  having 
a  focus  8  and  its  directrix  in  common  may  be  reversed  into 
concentric  conies  having  the  same  minor  directrices  (Prop.  vii.). 
Hence,  the  circles  being  coaxal  and  having  8  for  a  limiting 
point  :* 

The  opposite  intercepts  made  by  any  The  opposite  intercepts  made  by  any 

two  circles  on  any  transTersal  subtend  two  concentric  conies  having  the   B&me 

equal  angles  at  either  limiting  point.  minor  directrices  upon  any   transversal 

[Art.  160.  subtend  equal  angles  at  the  centre. 

/.  Each  focus  and  directrix  of  a  Rectangular  Hyperbola  being 
at  the  same  time  a  minor  focus  and  directrix  (Art.  158  §iii), 


*  Sec  Macdowell's  Exercises  in  Euclid  (,fc.  Art.  201. 
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we  obtain  in  this  case  the  following  propertj,  oorresponfng 
to  that  of  the  ellipse  in  Art.  158  Cor.  1 : 

If  PUDP'  be  a  chord  of  a  rectaogolar  hyperbola  touching 
its  anziliarj  circle  and  meeting  the  directrices  in  D  and  !>', 
the  diametetB  through  P  and  D  {cr  P  and  U)  are  at  right 
angles.  Hence  it  follows  also  that  FD  and  Piy  sabtend  equal 
angles  at  the  centre. 

INVEESION. 

163.  We  shall  conclude  with  a  slight  sketch  of  the  method 
of  Inyersion. 

K  0  be  a  fixed  point  and  P  a  yariable  point  in  a  giTen 
plane,  and  if  a  point  p  be  taken  on  OP  or  its  complement 
such  that  OP.  Op  is  equal  to  a  constant  c\  then  p  is  said  to  be 
an  inverse  of  P  with  respect  to  the  pole  0^  and  the  locus  of  p 
is  said  to  be  the  inverse  of  the  locus  of  P.  It  is  eyident  that 
a  straight  line  through  the  pole  is  its  oum  inverse* 

To  curves  intersecting  in  points  PQR  &c.  correspond  curves 
intersecting  at  the  inverse  points  pgr  &c. ;  and  therefore  to 
curves  having  contact  of  any  order  at  P  correspond  inverse 
curves  having  contact  of  the  same  order  at  the  inverse  point  p. 

164.  The  inverses  of  any  two  curves  intersect  at  the  same 
angles  as  the  original  curves. 

For  if  PQ  be  any  two  points  on  a  curve  and  pg  the  inverse 
points,  then  OP.Op^  OQ.Oq^  and  therefore  the  angles  OPQ 
and  Oqp  are  equal.  Hence,  supposing  P  and  Q  to  coalesce, 
the  tangents  at  the  inverse  points  P  and  p  are  equally  inclined 
(on  opposite  sides)  to  the  radius  vector  OPp.  It  then  follows 
that  the  tangents  to  any  two  curves  at  a  common  point  P  are 
inclined  at  the  same  angles  as  the  tangents  to  the  inverse 
curves  at  p. 

m 

165.  The  inverse  of  a  straight  line  not  passing  through  the 
pole  is  a  circle  through  the  pole,  and  conversely ;  and  the  inverse 
of  a  circle  not  passing  through  the  pole  is  a  circle. 

(i).  To  a  given  line  draw  a  perpendicular  OX  from  the 
pole  of  inversion,  take  any  point  D  on  the  given  line,  and  let 
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the  point  X  be  inverse  to  X  and  d  to  D.  Then  since 
Ox.OX^  Od^ODj  and  since  OXD  Is  a  right  angle,  therefore 
Odx  is  a  right  angle,  or  the  locus  of  (2  is  a  circle  having  its 
diameter  throagh  0  at  right  angles  to  the  given  line. 

Conversely  the  inverse  of  a  circle  through  0  is  a  straight  line 
at  right  angles  to  its  diameter  through  0, 

It  is  further  evident  that  the  tangent  to  anj  curve  at  P 
inverts  into  a  circle  through  0  touching  the  inverse  curve  at 
the  inverse  point  p ;  unless  P  coincides  with  0,  in  which  case 
the  tangent  at  that  point  is  also  an  asymptote  to  the  inverse 
curve. 

(ii).  The  inverse  of  a  circle  not  passing  through  (7  is  a 
circle.  For  if  OPQ  be  drawn  to  meet  the  gfiven  circle  in  P 
and  Q,  and  if  the  point  p  be  inverse  to  P,  and  q  to  Q^  then 
since  OP.OQ  is  constant  and  OP. Op  is  likewise  constant; 
therefore  Op  varies  as  VQ^  or  the  locus  of  p  is  similar  to  the 
locus  of  Qj  which  is  a  circle. 

(iii).  Notice  that  by  making  the  constant  of  inversion  equal 
to  OP.OQ  we  may  invert  the  given  circle  into  itself.  If  QQ' 
be  a  common  tangent  to  two  circles  and  M  its  middle  point, 
then  with  M  as  pole  and  MQ^  as  the  constant  of  inversion 
each  of  the  circles  inverts  into  itself.  Again,  if  0  be  the 
centre  and  c  the  radius  of  a  circle  orthogonal  to  a  set  of  coaxal 
circles,  then  with  0  as  pole  and  c*  as  the  constant  of  inversion 
the  whole  system  inverts  into  itself. 

166.  The  nine-point  circle  of  any  triangle  touches  the  in- 
scribed c^nd  escribed  circles. 

Let  ABG  be  a  triangle,  /  the  inscribed  circle  touching 
BG  in  Q,  and  E  the  escribed  circle  opposite  to  A  touching 
BG  in  Q.  Bisect  P(7,  GA  in  M  and  M'  respectively,*  draw 
AP  perpendicular  PC,  and  let  the  nine-point  circle  N  meet 
AP  in  P,  which  will  be  the  further  extremity  of  its  diameter 
through  M.  Then,  with  M  as  pole  and  M^  (equal  to  MQ'^) 
as  the  constant  of  inversion,  I  inverts  into  itself,  E  into  itself, 
and  N  into  a  straight  line  at  right  angles  to  MD. 

*  See  the  lithographed  figure  No.  5.    On  the  abore  proof  see  p.  191,  note. 
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This  straight  line  meets  BC  in  a  point  B  such  that 
MP.MR^M(j^^  that  is  to  say,  in  the  point  of  concoiurse  of 
BG  with  the  line  joining  the  centres  of  /  and  E*^  and  it 
makes  an  angle  with  BC  equal  to  MJDPj  or  MM'P^  or 
B'^'Gj  and  may  therefore  be  shewn  to  coincide  with  the  second 
tangent  from  B  to  I  and  E. 

And  since  the  inverse  of  N  thus  touches  the  inverse  of  / 
and  the  inverse  of  Ey  therefore  N  touches  /  and  E^  which  are 
their  own  inverses;  that  is  to  say,  it  touches  the  inscribed 
circle  and  each  of  the  escribed  circles  of  the  triangle  ABC^  as 
was  to  be  proved. 

To  determine  the  points  of  contact,  let  B8  be  the  second 
tangent  from  -H  to  /  (or  E)j  produce  MS  to  meet  the  circle 
again  in  S\  then  S'  (the  inverse  of  8)  is  the  required  point 
in  which  ^touches  /  (or  E). 

9 

167.    The  Cardtoid. 

The  inverse  of  a  parabola  with  respect  to  its  focus  is  a  car- 
dioid  having  its  cusp  at  the  origin.  Hence  the  following  are 
inverse  theorems : 

The  sam  of  the   redprocate  of   the         The  length  of  aay  cuspidal  cfaoxd  of  a 
Fcgments  of  any  focal  chord  of  a  para-    cardioid  is  constant, 
bola  is  constant. 

Every  focal  chord  of  a  parabola  is  The  locos  of  the  middle  points  of  the 
divided  harmonically  by  the  focus  and  cuspidal  chords  of  a  cardioid  is  a  dzde 
the  directrix.  through  the  cusp. 

The  tangents  to  a  parabola  at  the  ex-  The  tangents  to  a  cardioid  at  the  ex- 
tremities of  a  focal  chord  which  makes  tremities  of  a  cuspidal  cLord  inclined  at 
an  angle  a  with  the  axis  are  inclined  at    an  angle  a  to  the  axis  make  angles  equal 

angles  -  and  -  —  -  to  the  chord.  to  -  and  7  —  -  with  the  chord.  [Ajt.  164. 

Hence  the  tangents  to  a  cardioid  at  the  extremities  of  any 
cuspidal  chord  intersect  at  right  angles;  and  it  may  now  be 
shewn  that  the  locus  of  their  intersection  is  the  circle  concentric 
with  the  bisector  of  all  cuspidal  chords  and  of  thrice  its  radius. 

Tlie  tangents  to  a  parabola  at  the  ex-  The    two   circles   through   the   cusp 

tremities  of  any  focal  chord  intersect  at    which  touch  a  cardioid  each  at  one  ex- 
right  angles  on  the  directrix.  tremity  of  any  cuspidal  chord  meet  at 

right  angles  on  a  fixed  circle  through  the 

cusp. 

»  ■      ■  II. 

♦  See  Macdowell's  Exercises  in  Euclid  ifc.  Art.  86. 
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From  a  fiLiced  point  0  draw  OY  to  any  From  a  fixed  point  Oana  given  drcle 
point  F  on  a  gi^en  straight  line ;  then .  draw  any  chord  Oy ;  then  the  envelope  of 
the  envelope  of  the  line  through  Y  at  the  circle  on  Oy  bb  diameter  is  a  caidioid 
right  angles  to  OYiatk  parabola.  having  its  cusp  at  0, 

The  intersections  of  any  three  tan-  Any  three  circles  touching  a  cardioid 
gents  to  a  parabola  lie  on  a  circle  through  and  passing  through  its  cusp  meet  in 
the  focus.  three  other  points  lying  on    a  straight 

line. 

If  ABCA'B'C'  be  any  six  points  on  a  If  abca'b'<f  be  any  six  points  on  a 
parabola,  the  intersections  of  {AB,  A'B'),  cardioid  whose  cusp  is  at  Of  the  intersect- 
{BCf  B*C%  {CAf  C'A')  lie  in  a  straight  ions  of  the  three  purs  of  circles  {Oah, 
line.  Oa'h')y  {Obc,  Ob'<f),  Oca,  Oc^aTj  lie  on  one 

circle. 

If  ABCA'B'C  be  any  six  tangents  to  If  abca^b'c^  be  any  six  circles  touching 
a  parabola,  the  joins  of  {AB,  A'B'),  {BC,  a  cardioid  and  passing  through  its  cusp, 
B'C')f  (CAf  C'A')  meet  in  a  point.  the  three  circles  through  the  intersections 

of  {ab,  a'b'),  (6e,  VcTj,  (m,  cfa')  are  coaxal . 


168.    Circles  of  Curvature. 

The  osculating  circle  at  any  point  P  on  a  curve  inverts 
from  any  point  0  into  the  circle  (Art.  165)  which  osculates  the 
inverse  curve  at  the  inverse  point  j?.  [Art.  163. 

But  if  the  former  circle  passes  through  0  it  inverts  into 
a  straight  line,  and  p  becomes  a  point  of  zero  curvature,  or  of 
inflexion.    Hence  the  following  are  inverse  theorems : 

'  Three  points  can  be   found   on   an         The  inverse  of  an  ellipse  with  respect 

ellipse  whose  osculating  droles  meet  at  to  any  point  upon  it  is  a  curve  having 

a  given  point  on  the  curve,  and  these  three  points  of  inflexion,  which  lie  in  a 

three  points  lie  on  a  circle  through  0.  straight  line. 

It  may  be  added  that  a  parabola  inverts  from  its  vertex 
as  pole  into  a  cissoid;  a  central  conic  from  either  focus  into  a 
limagonj  and  from  its  centre  into  an  oval  of  Cassini  or,  if  an 
equilateral  hyperbola,  into  a  lemniscccte  of  Bernoulli ;  a  conic 
from  any  point  upon  it  into  a  circular  cubic  having  a  node  at  the 
pole;  and  a  conic  from  any  other  point  in  its  plane  into  a 
trinodal  quartic  having  its  nodes  at  the  focoids  and  the  pole. 

BGHOLTUM  0. 

For  the  principle  of  Inversion  Ohasles  {Bappart  pp.  140 — 2) 
refers  to  Ptolemy,  and  to  Qaetelet  (1827) ;  and  u>r  a  general  state- 
ment of  the  method  to  Bellavitis  (1836).  In  1843 — 4  it  was  pro- 
pounded afresh  by  Ingram  and  Stubbs  {Transaetiani  of  the  Dublin 
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Pkthsophtcal  Society  vol.  i.  58,  145,  159;  Phihsophiedl  MagaziM 
zzin.  338,  xxv.  208).  It  has  been  applied  by  Dr.  Hirst  to  attrac- 
tions {PhiL  Mag,  1 858),  and  embodied  by  Peaucellier  in  bis  linkages. 
Cf.  also  Camh,  and  Dublin  Math.  Journal  viii.  47 ;  Oxf.  Catnh-  IHi^. 
Messmger  of  Mathematics  iii.  228 ;  Booth's  New  Geometrical  Methods 
vol.  L  chap.  30;  Salmon's  Higher  Plane  Curves^  Arts.  348  &c.; 
Proc.  London  Math.  Soe.Y.  105,  yn.  91.  And  for  a  complete  exposi- 
tion of  the  method  as  applied  to  the  straight  line  and  circle  see 
Townsend's  Modern  Geometry^  chaps.   9,  24.     This  method,  unlike 

E rejection  and  reciprocation,  enables  us  to  deduce  properties  of  the 
igher  curves  from  those  of  a  lower  order,  and  is  thus  peculiarly 
effective  as  an  instrument  of  discovery  and  research. 
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[851.  If  a  triangle  Is  self-polar  to  a  parabola  (p.  281),  the 
three  lines  joining  the  middle  points  of  Its  sides  touch  the 
parabola,  and  conversely.  [Ex.  715. 

852.  Two  rectangular  hyperbolas  being  such  that  the  axes 
of  the  one  are  parallel  to  the  asymptotes  of  the  other,  and  the 
centre  of  each  lies  on  the  other ;  shew  that  any  circle  through 
the  centre  of  either  meets  the  other  again  in  a  conjugate  triad 
with  respect  to  the  former. 

853.  If  two  angles  of  given  magnitudes  turn  about  their 
summits  A  and  B  as  poles,  then  (1)  If  one  pair  of  their  arms 
remain  constantly  parallel,  the  other  pair  Intersect  at  a  constant 
angle  and  thus  describe  a  circle  G  through  the  poles ;  and  (2) 
if  one  pair  of  their  arms  Intersect  on  a  fixed  straight  line  D  as 
director,  the  other  pair  by  their  Intersection  describe  In  general 
a  conic  through  the  poles.  The  points  at  Infinity  on  the  conic 
correspond  to  the  intersections  of  C  and  2>;  the  axes  of  the 
conic  are  parallel  to  the  positions  which  the  parallel  arms  In 
case  (1)  assume  when  the  arms  describing  the  circle  Intersect 
at  the  extremities  of  the  diameter  at  right  angles  to  D ;  and 
If  the  director  be  any  line  In  a  system  of  parallels  the  axes 
of  the  conies  described  are  parallel. 

854.   If  the  tangent  at   (7  to  a  rectangular  hyperbola  be 
met  at    right    angles  In  P  by  a  chord  QJS^  the  diameters 
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bUecting  OQ  and  OB  bisect  the  angles  between  the  diameters 
to  0  and  P.* 

855.  IfAA'y  BBy  CC  be  the  three  pairs  of  summits  of  a 
quadrilateral  circumscribed  to  a  parabola  whose  focus  is  8^  then 

SA .  BA  =  SB.  SB'  =  SC.  SC\ 

856.  Beciprocate  the  theorem  that  the  feet  of  the  focal 
perpendiculars  upon  the  tangents  to  a  parabola  are  collinear. 

857.  Given  two  conies,  find  a  conic  with  respect  to  which 
thej  are  polar  reciprocals. 

858.  The  tangent  to  a  circle  at  anj  point  makes  with  any 
chord  through  the  point  an  angle  equal  to  the  angle  in  the 
alternate  segment.  What  does  this  proposition  become  by 
reciprocation  with  respect  to  any  origin  ? 

859.  The  problem,  to  inscribe  in  a  given  conic  a  2n-gon 
whose  n  pairs  of  opposite  sides  shall  pass  in  any  assigned  order 
through  n  given  points,  is  always  indeterminate  or  impossible.f 

860.  If  two  circles  be  drawn  meeting  a  conic  in  OABG  and 
OA'B'C  respectively,  every  two  of  the  vertices  of  the  triangles 
AB G  hui  A'B'C  subtend  at  0  an  angle  equal  to  that  between 
the  opposite  sides.  Conversely,  if  the  vertices  of  two  triangles 
inscribed  in  a  conic  be  thus  related  to  a  point  0,  then  0  lies 
on  the  conic. 


*  The  niBe-point  circle  (Art.  64  Oor.  4)  of  OQR  poaaefl  through  0. 

t  This  question  and  its  solution  were  suggested  by  Prof.  Towksbkd.  Starting 
from  an  arbitrary  point  P  on  the  conic  as  one  vertex,  draw  n  successive  sides  of  the 
polygon  through  the  n  points  taken  in  the  assigned  order,  and  the  other  n  sides 
through  the  same  points  taken  in  the  reverse  order;  and  let  the  points  on  the  conic 
thus  arrived  at  be  Q  and  Q^  respectively.  As  P  varies,  the  three  systems  of  points 
P,  Q,  Q!  are  homographic  (Art.  120  Cor.  2),  and  therefore  also  the  two  systems 
P  +  Q  and  Q^  -^  P.  If  (2  and  Q*  once  coincide,  one  pair  of  homologous  points  in  the 
two  homographic  systems  P  +  Q  and  Q'  +  P  are  interchangeable,  and  therefore  every 
pair  are  interchaugeable  (Townsend's  Modern  Geometry  ii.  §860),  or  Q  and  (/  always 
coincide.  If  then  Q  and  Q;  coincide  for  any  one  position  of  P  the  solution  is  inde- 
terminate, and  if  not  it  is  impossible. 
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86 1.  The  circumscribed  circles  of  any  two  triangles  FQR 
and  P*QB!  circamscribing  a  parabola  meet  In  a  point  0  (other 
than  the  focus)  such  that  the  angle  subtended  at  0  by  any 
two  of  the  vertices  of  the  triangles  is  equal  to  that  between 
the  opposite  sides.*  Hence  shew  that  the  seven  points 
OPQRFQ'E  lie  on  a  conic 

■ 

862.  If  three  conies  have  one  point  in  common,  their  nine 
common  chords  which  do  not  pass  through  It  touch  one  conicf 
Conversely,  If  three  triangles  circumscribe  a  conic,  the  three 
conies  which  circumscribe  them  by  pairs  have  one  point  in 
common.  [^x-  ^^i* 

863.  Any  three  parabolas,  taken  in  pairs,  have  three  triads 
of  common  tangents,  whose  nine  intersections  lie  on  a  conic 
What  does  this  become  by  projection  and  reciprocation  ? 

864.  If  ABC  be  the  triangle  formed  by  three  tangents  to 

a  parabola  whose  focus  is  8y  the  inclination  of  BG  to  the  axis 

is  equal  to  the  angle  subtended  by  8A  at  the  circumference 

of  the  circle.     Hence  shew  that  the  square  of  the  radius  of  the 

8a.Sb.8c 
circle  is  equal  to  — ' — '- —  ,  Kp  be  the  parameter  and  cibc  the 

points  of  contact  of  the  tangents. 

863.  Two  triangles  ABO  and  ABO'  Inscribed  In  a  circle 
being  such  that  every  two  of  their  vertices  subtend  at  the  cir- 
cumference an  angle  equal  to  that  between  the  opposite  sides, 
shew  that,  if  0  be  the  centre  and  08  a  given  radius  of  the  circle, 

L  80  A  +  80B  ^800^  80  A  +  80B  +  80G\ 

and  conversely.  Hence  deduce  that,  if  ABO  be  a  variable 
triangle  circumscribed  to  a  given  parabola  whose  focus  is  fi>, 
and  inscribed  in  a  fixed  circle  whose  centre  is  0,  the  sum  of 
the  angles  80 A^  80B^  800^  measured  in  the  same  sense 


*  If  (?  be  a  point  on  the  arc  SP  (p.  56)  and  r  the  point  of  contact  of  PQ,  the 
angle  ROS  is  eqnal  to  RPQ  +  SPr,  and  therefore  to  BrQ,  In  like  manner  ROS  is 
equal  to  Sr'Q'  j  and  therefore  ROB!  is  equal  to  the  angle  (PQ.  P'Q'), 

t  Pioquet,  Eivde  geomt'trxqut  des  Systemes  Ponctueh  ife,  pp.  27,  61  (Paris  1872). 
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of  rotation  is  constant;  and  the  sum  of  the  angles  which 
BC^  GAj  AB  make  with  the  axis  is  constant.  Shew  also  that 
the  product  SA.SB.SGj  or  8a.Sb.Sc  (Ex.  864),  is  constant, 
and  that  the  product  of  the  focal  perpendiculars  upon  the  three 
tangents  is  constant. 

866.  If  a  triangle  ABC  inscribed  in  a  given  ellipse 
envelopes  a  fixed  parabola,  the  sum  of  the  eccentric  angles 
of  its  vertices  is  constant  ;*  and  the  circles  ABC  pass  through 
a  fixed  point  on  the  ellipse  and  have  a  common  radical  axis. 

867.  A  variable  conic  through  four  given  points  ABCD 
meets  a  fixed  conic  through  D  at  the  vertices  of  a  variable 
triangle,  which  envelopes  a  fixed  conic  inscribed  in  ABC. 
State  the  reciprocal  theorem. 

868.  The  tangents  to  an  ellipse  from  any  point  on  a  minor 
directrix  intercept  on  the  major  axis  a  length  which  varies  as 
the  central  distance  of  the  point. 

869.  Any  chord  PQ  of  an  ellipse  and  the  tangents  at  P 
and  Q  meet  the  minor  directrices  in  pairs  of  points  RE^  MM' 
and  NN'  respectively  such  that,  if  0  be  the  centre,  the  angle 
R  OE  is  equal  to  \  [MOM  +  NOW) ;  and  the  central  distances 
of  the  points  MM'NN'  and  their  perpendicular  distances  from 
PQ  are  to  one  another  severally  in  the  same  ratio. 

870.  Prove  by  reciprocation  with  respect  to  a  point,  that 
the  sum  of  the  reciprocals  of  the  perpendiculars  from  any 
point  0  within  a  circle  to  the  tangents  from  any  point  on  the 
polar  of  0  is  constant.  Also  prove  that  the  reciprocals  of 
equal  circles  with  respect  to  the  same  point  have  equal 
parameters,  and  the  reciprocals  of  coaxal  circles  with  respect 
to  any  point  on  the  radical  axis  have  equal  minor  axes.t 


•  This  theorem,  which  is  dne  to  Mr.  R.  Pendlebury,  Fellow  of  St.  John's  CSoUege, 
follows  from  Ex.  865  bj  orthogonsJ  projection. 

t  If  OAB  be  drawn  from  the  origin  to  meet  a  given  circle  in  A  and  By  then 

5Z        "OB  ^^  ^      *®  *^®  perpendiculars  from  a  focus  of  the  reciprocal  conic  to  a 

Xwir  of  parallel  tangents.    The  length  of  the  minor  axis  is  therefore  determined  by 
the  product  OA.OB, 
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871.  Deduce  the  property  of  the  focus  and  directrix  of  a 
conic  from  the  Locus  ad  quaiuar  lineas.* 

872.  If  F  and  Q  be  opposite  intersections  of  the  common 
tangents  to  two  conies,  any  two  lines  OA  and  OB  which  are 
conjugate  with  respect  to  both  conies  are  harmonic  conjugates 
with  respect  to  the  lines  OP  and  OQ.  Deduce  this  irom 
Newton^s  property  of  the  diameter  of  a  quadrilateral  (Art.  124), 
viz.  by  projecting  OA  or  OB  to  infinity.  Also  state  the 
reciprocal  theorem.f  [i.  19. 

873.  An  ellipse  being  drawn  through  the  centre  0  of  a 
circle,  shew  that  the  lines  from  0  to  a  pair  of  opposite 
intersections  of  their  common  tangents  are  equally  inclined 
to  the  tangent  to  the  ellipse  at  0.  [l  33. 

874.  Find  the  locus  of  the  centre  of  a  conic  which  cuts 
four  given  finite  straight  lines  harmonically,  or  which  passes 
through  two  given  points  and  cuts  two  given  finite  straight 
lines  harmonically.  [i.  62. 

875.  If  a  given  polygon  be  moved  about  in  its  plane  so 
that  two  of  its  sides  touch  each  a  fixed  circle,  every  side  of 
the  polygon  touches  a  fixed  circle.  [i.  68. 

876.  Deduce  from  Ex.  738,  that  if  a  curve  has  one  tetrad 
of  foci  (p.  311)  lying  on  a  circle  it  has  three  other  such  tetrads, 
and  the  four  circles  cut  one  another  orthogonally.  [ii.  10. 

877.  If  four  circles  be  mutually  orthogonal,  their  centres 
form  an  orthocentric  tetrastigm,  and  one  at  least  of  the  circles 
is  imaginary.  ,  [ii.  10. 


*  Firat  deduce  the  Loctu  ad  tret  Knetu  afi  =  ky^^  and  let  the  two  tangents  be 
drawn  from  the  foctui  S.  These  are  represented  by  the  Cartesian  equation  x'+^^rO, 
and  the  perpendiculars  to  them  from  (:c,  y)  are  proportional  to  « :£: 4{—  ^)  9*  Therefore 
a^-^y*  varies  as  y*,  or  the  diatanoe  of  (x,  y)  from  S  varies  as  its  distance  from  the 
poLir  of  8. 

t  £xx.  872  Ac.  are  taken  from  the  Editoatxonal  Tiubs  Reprint^  the  volume  and 
page  of  which  are  specified  in  each  case.    See  also  pp.  HI,  336. 
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878.  Find  the  locus  of  the  pole  of  a  common  chord  of  two 
fixed  conies  with  respect  to  a  conic  having  double  contact  with 
each  of  them.  [ii.  46. 

879.  If  two  triangles  circumscribed  (or  inscribed)  to  a  conic 
be  in  perspective,  every  radiant  through  their  centre  of  per- 
spective meets  their  sides  in  three  pairs  of  points  in  involution. 
Keciprocate  this  theorem,  and  point  out  its  relation  to  Steiner's 
property  of  the  directrix  of  a  parabola  inscribed  in  a  triangle. 

[n.  50. 

880.  If  two  conies  meet  any  transversal  in  pairs  of  points 
AB  and  A'B*  respectively,  the  foci  of  the  involution  determined 
by  AA'  and  BE'  (or  AB'  and  A'B)  lie  on  a  third  conic  passing 
through  the  intersections  of  the  former  two.  [11.  91. 

881.  Given  that  one  focus  of  a  conic  to  which  a  given 
triangle  is  self-conjugate  lies  on  a  given  straight  line,  find  the 
locus  of  its  second  focus,  and  deduce  Ex.  715.  [iii.  33. 

^^2.  Given  two  points  P  and  Q  on  a  conic,  find  a  third 
point  0  upon  it  such  that  OP  and  OQ  may  divide  a  given 
finite  straight  line  in  a  given  cross  ratio.  [iii.  47. 

883.  Let  ahc  be  the  middle  points  of  the  sides  of  a  triangle, 
0  the  centre  of  its  circumscribing  circle  and  0'  its  orthocentre. 
Then  if  Oa,  Oi,  Oc  be  produced  to  ABC  respectively  so  that 
0^  =  20a,  OB  =2  Ob  J  0C=^20c^  the  sides  of  the  triangle 
ABC  and  of  the  original  triangle  touch  one  conic,  which  has 
their  common  nine-point  circle  for  its  major  auxiliary  circle  and 
the  points  0  and  0'  for  foci.  [lil.  53. 

884.  Through  four  given  points  draw  a  conic  such  that  the 
chord  which  it  intercepts  on  a  given  line  shall  be  of  given 
length,  or  shall  subtend  a  given  angle  at  a  given  point,  [iii.  84. 

885.  If  2?5  p  be  variable  points  collinear  with  a  fixed  point  ^, 
and  so  situated  that  the  segment  j>p'  always  subtends  a  right 
angle  at  another  fixed  point  My  prove  the  following  properties 
of  corresponding  loci  of  p  and  p\  Kight  lines  equidistant  from 
the  middle  point  of  AM  correspond  to  similar  conies  passing 
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through  A  and  cutting  AM  perpendicularly  at  M.  These 
conies  are  similar  ellipses,  or  parabolas,  or  similar  hyperbolas 
according  as  the  common  distance  of  the  primitiye  lines  from 
.  the  middle  point  of  AM  is  greater  than,  equal  to,  or  less  than 
\AM.  The  circles  which  pass  through  A  and  M^  taken  in 
pairs,  are  corresponding  loci,  as  also  are  the  circles  which  pass 
through  if  and  have  their  centres  on  AM.  [iii.  91. 

886.  The  critical  conic  of  a  quadrilateral  being  defined  as 
the  circumscribed  conic  which  projects  into  a  circle  when  the 
quadrilateral  is  projected  into  a  square,  shew  that,  if  AA\  BB^ 
CC  be  the  three  pairs  of  summits  of  a  quadrilateral,  a  conic 
can  be  found  having  double  contact  at  points  lying  on  AA*  with 
the  critical  conic  of  BBGC\  double  contact  at  points  on  BB' 
with  the  critical  conic  of  CC'AA'^  and  double  contact  at  points 
on  CC  with  the  critical  conic  of  AA'BB'.  [ill.  92. 

887.  If  a  straight  line  meet  the  sides  BG^  CA^  AB  of  a 
triangle  in  PQR  respectively,  and  0  be  any  point  in  the  same 
plane,  the  tangents  at  0  to  the  conies  OAPBQ  and  OAPCB 
are  harmonic  conjugates  with  respect  to  OA  and  OP.      [iv.  44. 

888.  Shew  how  to  prove  the  principal  properties  of  the 
lemniscate  by  inversion.  [lY.  47. 

889.  Prove  that  the  "  characteristics*'  of  a  system  of  conies 
satisfying  four  conditions  are  unaltered  when,  in  place  of  passmg 
through  a  given  point,  each  conic  is  required  to  divide  a  given 
finite  segment  harmonically.  [iv.  56^ 

890.  Given  four  straight  lines  in  a  plane,  we  may  project 
one  of  them  to  infinity  and  the  remaining  three  into  the  sides 
of  an  equilateral  triangle.  Is  it  possible  to  project  two  given 
triangles  at  once  into  equilateral  triangles,  or  a  conic  and  a 
triangle  into  a  circle  and  an  equilateral  triangle?  [lY.  88. 

891.  The  envelope  of  the  circles  on  a  system  of  parallel 
chords  of  a  conic  as  diameters  is  a  conic  having  its  foci  at  the 
extremities  of  the  diameter  conjugate  to  the  chords.  Find 
where  any  cu^cle  touches  the  envelope.  [y.  40. 
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892.  A  variable  conic  being  drawn  touching  three  given 
conies,  if  the  normals  at  the  three  points  of  contact  cointersect 
investigate  the  locus  of  their  point  of  concourse.  [v.  50. 

893.  Four  conies  being  drawn  through  the  same  four  points 
so  that  their  tangents  thereat  form  four  harmonic  pencils,  shew 
that  if  one  conjugate  pair  of  the  conies  be  a  circle  and  an 
equilateral  hyperbola  the  other  pair  must  have  equal  eccen- 
tricities, [v.  103. 

894.  Through  a  given  point  0  on  a  hyperbola  two  chords 
are  drawn  each  at  right  angles  to  an  asymptote,  and  from  a 
variable  point  F  on  the  curve  perpendiculars  FM  and  FN  are 
drawn  to  the  two  chords  through  0.  Shew  that  MN  passes 
through  a  fixed  point  F\  find  the  locus  of  F  for  different 
positions  of  0  on  the  hyperbola ;  and  determine  the  hyperbola 
for  which  the  locus  reduces  to  a  point.  [yi.  45. 

895.  Three  conies  being  described  so  that  each  of  them 
passes  through  the  same  point  0  and  through  the  extremities 
of  two  of  the  diagonals  of  the  same  complete  quadrilateral, 
prove  that  the  remaining  three  points  of  concourse  of  the  conies 
lie  upon  their  tangents  at  0.  [vi.  54. 

896.  If  ABCD  be  four  points  on  a  conic,  the  intersections 
of  AB  and  CD  with  any  two  tangents  lie  on  a  conic  touching 
A  G  and  BD.  [vi.  56. 

897.  The  axes  of  every  conic  circumscribed  to  a  quadrangle, 
which  is  itself  inscribed  in  a  circle,  are  parallel  to  two  fixed 
right  lines,  viz.  the  asymptotes  of  the  equilateral  hyperbola 
(Ex.  518)  which  is  the  centre-locus  of  all  conies  circumscribed 
to  the  quadrangle.*  [vi.  88. 

898.  If  F  be  any  point  on  a  circle,  A  and  B  fixed  points 
on  a  diameter  and  equidistant  from  the  centre,  the  envelope 
of    a    transversal    which   is  cut   harmonically   by   the   circles 


*  If  ABC  be  the  commoii  self -polar  triangle  of  all  the  circumscribed  conies; 
Ox  and  Ooo '  the  axes  of  any  one  of  them,  so  that  0<x>  to'  is  a  stff  polar  triangle  with 
respect  to  it ;  the  points  ABCOoo  00 '  lie  on  a  conic,  "which  in  this  case  is  the  rect- 
angular hy{)erbola  ABCO, 
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described  with  A  and  B  as  centres  and  AP  and  BP  respectiTely 
as  radii  is  the  conic  which  has  A  and  B  for  foci  and  touches 
the  circle.  [yii.  34. 

899.  Draw  the  minimum  chord  of  a  given  angle  which 
can  be  cut  in  a  given  ratio  hj  a  given  line.  [vii.  41. 

900.  If  Q  and  B  be  the  foci  of  any  ellipse  inscribed  in  a 
triangle  ABGj  deduce  from  Ex.  322  that, 

AQ.AB.BG+BQ.BB.CA+CQ.CB.AB^BC.GA.AB. 

[VII.  43. 

901.  If  Q  be  the  intersection  of  the  polars  of  anj  point  P 
with  respect  to  two  given  parallel  conies  (Ex.  792,  note), 
the  locus  of  the  middle  point  of  FQ  is  their  radical  axis. 
Hence  shew  that,  if  DEF  be  the  feet  of  the  perpendiculars 
of  anj  triangle  ABG^  and  AL^  BM^  GN  be  parallels  to  EF^ 
FDy  DE^  meeting  50,  (Z4,  AB  in  the  points  LMN  respectively, 
then  the  axis  of  perspective  of  the  triangles  ABG  and  DEF 
bisects  each  of  the  segments  AL^  BM^  GN,  [vii.  78. 

902.  Construct  geometrically  the  four  chords  of  contact 
with  a  g^ven  conic  of  the  four  inscribed  conies  which  pass 
through  three  given  points.  [Vil.  92. 

903.  Triads  of  parallels  being  drawn  through  the  Tertices 
ABG  of  a  given  triangle  to  meet  the  opposite  sides  in  abc^ 
shew  that  the  envelope  of  the  axis  of  perspective  of  the  triangles 
ABG  and  (J>o  is  the  maximum  ellipse  that  can  be  inscribed 
in  ABG.  [VII.  94. 

904.  If  from  any  point  on  a  conic  parallels  be  drawn  to 
the  diameters  bisecting  the  sides  of  any  inscribed  triangle,  the 
lines  so  drawn  meet  the  corresponding  sides  of  the  triangle 
in  three  coUinear  points.  Extend  this  theorem  by  projection, 
and  also  reciprocate  it.  [vili.  44. 

905.  Prove  by  inversion,  that  the  circles  having  for 
diameters  three  chords  AB^  AG^  AD  of  a  circle  intersect  again 
by  pairs  in  three  coUinear  points.  [vill.  48. 
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906.  K  through  a  pair  of  opposite  intersections  AA  of 
four  fixed  tangents  to  a  given  conic  there  be  drawn  a  pair 
of  lines  conjugate  to  the  conic,  the  locus  of  their  point  of 
concourse  is  a  conic  passing  through  AA'  and  through  the 
points  of  contact  of  the  four  tangents.  [viil.  62. 

907.  If  A  be  any  point  within  or  without  a  conic,  B  any 
point  on  its  polar,  CD  a  fixed  straight  line,  BG  and  BD 
tangents  cutting  GD  in  G  and  J9  respectively;  shew  that  the 
intersections  of  ADy  BG  and  AG^  BD  lie  on  a  fixed  straight 
line,  which  meets  GD  on  the  polar  of  A.  [vill.  63. 

908.  It  DP  and  2>Q  be  a  pair  of  tangents  to  a  conic  and 
ABG  a  self-polar  triangle,  any  conic  through  ABGD  cuts  FQ 
harmonically.  Hence  shew  that  the  perpendicular  DM  to  either 
axis  bisects  the  angle  PMQ.  [vill.  110. 

909.  Deux  droites  qui  divisent  harmoniquement  les  trois 
diagonales  d'un  quadrilat&re  rencontrent  en  quatres  points  haiv 
moniques  toute  conique  inscrite  dans  le  quadrilat&re. 

[ix.  62,  XII.  50. 

910.  La  condition  qu'une  conique  divise  harmoniquement 
les  trois  diagonales  d'un  quadrilatfere  circonscrit  &  une  autre 
conique,  coincide  avec  la  condition  que  la  premiere  conique  soit 
circonscrite  k  un  triangle  conjugu6  &  F  autre.  [ix.  74. 

911.  The  degree  of  the  locus  of  the  foci  of  a  system  of 
conies  subject  to  four  conditions  is  three  times  as  great  as  that 
of  the  locus  of  their  centres.  [x.  63. 

912.  If  ^  and  B  are  fixed  points  with  regard  to  a  conic 
of  which  AGD  is  a  variable  chord,  shew  that  the  polar  of  A 
meets  BG  and  BD  in  points  jE;  and  ^  such  that  AB^  DEj  CF 
cointersect.  [x.  81. 

913.  Given  three  points  ABG  and  a  straight  line  through 
each,  shew  how  to  cut  the  three  lines  by  a  fourth  in  points  PQR 
such  that  the  lengths  AP^  BQy  GR  may  be  equal.  [xi.  19. 

914.  If  three  equidistant  lines  parallel  to  an  asymptote  of 
a  hyperbola  meet  the  curve  in  ABG^  prove  by  involution  (or 
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Otherwise)  that  any  parallel  to  the  other  asymptote  is  divided 
harmoDically  by  the  sides  of  the  triangle  ABC  and  the  curve. 

[xi.  20. 

915.  The  six  points  which,  in  conjunction  with  any  common 
transversal,  divide  harmonically  the  six  sides  of  a  tetrastigm, 
lie  on  a  conic  passing  also  through  the  three  intersections  of 
the  opposite  sides  of  the  tetrastigm  ;  and  the  three  straight  lines 
which  join  the  six  points  in  opposite  pairs  cointersect  at  the  pole 
of  the  transversal  with  respect  to  the  conic  [XL  21. 

916.  Reciprocate  the  theorem,  that  if  the  orthocentre  of  a 
triangle  inscribed  in  a  parabola  lies  on  the  directrix,  the  circle 
to  which  the  triangle  is  self-polar  passes  through  the  focus. 

[XI.  32. 

917.  Extend  by  projection  and  also  reciprocate  the  following 
theorem.  Given  two  parallel  conies  (Ex.  792,  note)  A  and  J9, 
.two  circles  can  be  drawn  having  double  contact  with  A  and  B 
respectively  and  meeting  their  common  chord  in  the  same  two 
points.  [xi.  43. 

.  918.  If  0  and  0*  be  the  limiting  points  of  a  system  of 
coaxal  circles,  an^  if  with  0  and  O  respectively  as  one  focus 
two  conies  be  described  osculating  any  circle  of  the  system 
at  one  and  the  same  point,  their  corresponding  directrices  will 
coincide.  [xi.  74. 

919.  Given  three  points  ABG  and  a  conic,  the  envelope 
of  a  chord  PQ  such  that  A  [BPQC]  is  harmonic  is  a  conic 
touching  AB  and  AC  at  points  lying  on  the  polar  of  A.   [xi.  83. 

920.  Find  the  envelope  of  a  transversal  on  which  two 
given  conies  intercept  segments  having  a  common  middle 
point  il/,  and  find  the  locus  of  M,  [xi.  84. 

921.  Any  tangent  to  a  conic  is  divided  in  involution  by 
three  other  tangents  and  the  radiants  to  their  intersections 
from  either  focus  8.  Prove  that  the  double  points  of  this 
involution,  as  the  tangents  vary,  subtend  a  pencil  in  involution 
at  5.  [xi.  105. 
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922.  PQ  being  a  chord  of  a  conic  equally  inclined  to  the 
axis  with  the  tangent  at  P,  a  circle  is  drawn  through  PQ 
cutting  the  conic  again  in  BS.  Shew  that  the  point  on  the 
circle  harmonically  conjugate  to  P  with  respect  to  B  and  8 
lies  upon  the  chord  of  the  conic  supplemental  to  QP.  What 
does  this  become  by  inversion  ?  [xil.  90. 

923.  Any  two  parallel  tangents  to  a  conic  meet  the  tangents 
from  a  given  point  0  in  points  T  and  T'  respectively  such 
that  OT.OT  is  constant.  [xiii.  44. 

924.  Prove  by  inversion,  that  if  three  circles  meet  two  and 
two  in  AA\  BB\  C0\  and  0  be  any  point  in  their  plane, 
the  circles  OAA\  OBB\  OGC  are  coaxal.  [xiv.  102. 

925.  Given  in  a  conic  two  tetrastigms  PQB8  and  pqra 
whose  corresponding  chords  pass  by  fours  through  the  same 
three  points,  shew  that  a  conic  may  be  drawn  touching  i^, 
Qqj  Pr^  83  Sit  pqra  respectively.  [xiv.  104. 

926.  Find  the  constant  ratios  which  five  fixed  radiants  in 
space  determine  on  a  variable  transversal  plane;*  and  deduce 
the  anharmonic  property  of  four  radiants  in  one  plane,    [xv.  26. 

927.  Prove,  generalise  and  reciprocate  the  theorem,  that 
the  bisectors  of  the  angles  between  the  two  pairs  of  opposite 
sides  of  a  trapezium  inscribed  in  a  circle  ^re  at  right  angles. 

[xv.  36. 

928.  The  envelope  of  a  transversal  cut  harmonically  by 
two  given  similarly  situated  parabolas  is  a  third  parabola 
(Ex.  800).  [XV.  86. 

929.  The  tangents  to  a  conic  from  a  variable  point  on  a 
fixed  straight  line  L  meet  the  tangent  at  a  given  point  A  in 
B  and  B^.  Shew  that  the  relation  between  AB  and  AR  is 
of  the  form  a.AB.AB'+b.AB  +  c.AR -\-d==0  (Ex.  777);  and 
determine  the  positions  of  L  in  order  that  (1)  the  sum  of  the 
intercepts  AB  and  ARj  or  (2)  the  sum  of  their  reciprocals  may 
be  constant.  [xvi.  59. 


*  Seo  the  Muunger  of  MaihemcUict  vol.  v.  94  (1876). 

BB 
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930.  Two  sides  of  a  triangle  circomscribed  to  a  giren  ciide 
being  fixed,  the  three  lines  joining  its  angles  severally  to  the 
points  of  contact  of  the  escribed  circles  with  the  opposite  sides 
meet  in  a  point,  whose  locus  is  a  hyperboU  having  the  fixed 
sides  for  asymptotes.  [xri.  62. 

931.  Given  three  fixed  straight  lines  Imn  and  three  fixed 
points  LMN  in  a  straight  line,  the  lines  from  a  corrent  point  <m 
I  to  ilf  and  ^meet  m  and  n  in  four  points,  the  conic  thro^ 
which  and  L  envelopes  a  conic  touching  m  and  n  at  their 
intersections  with  L  [xvi.  98. 

932.  The  first  positive  and  negative  pedals  of  an  equilateral 
hyperbola  are  reciprocal  polars  with  respect  to  it.         [XVL  106. 

933.  Given  a  point  on  one  arm  of  a  constant  angle  in- 
scribed in  a  circle,  find  the  envelope  of  the  other  arm. 

[XYL  110. 

934.  Circles  being  described  on  the  two  halves  of  a  diameter 
of  a  given  circle  as  diameters,  shew  that  the  perpendicular 
radius  of  the  given  circle  is  trisected  by  the  centre  and  or- 
cumference  of  a  fourth  circle  touching  the  three;  and  deduce 
a  new  theorem  by  reciprocation.  [xvii.  23. 

935.  Deduce  from  Ex.  785,  that  if  BO  be  a  chord  of  a  circle 
and  A  its  pole,  the  conic  through  ABC  which  touches  the 
circle  at  a  point  D  has  its  curvature  at  D  twice  as  great  as 
that  of  the  circle.  [xvii.  109. 

936.  An  ellipse  having  double  contact  with  a  fixed  ellipse  E 
has  one  focus  F  fixed:  shew  that  the  other  focus  describes 
an  ellipse  confocal  with  E  and  passing  through  F.       [xviii.  70. 

937.  The  area  of  the  triangle  formed  by  the  polars  of  the 
middle  points  of  the  sides  of  a  triangle  with  respect  to  any 
inscribed  conic  is  equal  to  the  area  of  the  given  triangle. 

[xvili.  107. 

938.  From  two  fixed  points  on  one  of  a  series  of  confocal 
conies  tangents  are  drawn  to  a  variable  conic  of  the  series :  if 
they  meet  the  fixed  conic  again  in  QB  and  ^jB',  shew  that 
the  locus  of  the  point  {QB^  QR)  is  a  conic.  [xix.  51. 
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939.  The  ratio  of  the  prodact  of  the  diameters  of  two 
circles  to  the  square  of  one  of  their  common  tangents  inverts 
into  an  equal  ratio  when  the  circles  are  inverted  from  any  point 
as  pole.  Hence  deduce  Feuerbach's  property*  of  the  nine- 
point  circle.  [xix.  54. 

940.  In  a  quadrilateral  whose  diagonals  intersect  at  right 
angles  shew  how  to  inscribe  a  conic  having  their  intersection 
for  a  focus.  [xix.  69. 

941.  A  point  C  being  taken  on  the  diameter  AB  of  a 
semicircle,  semicircles  are  described  on  AG  and  BG  as  dia- 
meters. Also  a  series  of  circles  are  described,  the  first  touching 
the  three  semicircles,  and  every  n*^  circle  touching  the  « —  1^ 
and  the  semicircles  on  AB  and  A  G.  Prove  that,  as  G  varies, 
the  loci  of  the  centres  of  the  several  circles  are  ellipses  having 
a  common  focus.  \j^^*  83. 

942.  A  line  being  drawn  from  the  focus  of  a  conic  to 
meet  the  tangent  at  a  constant  angle,  find  where  the  locus 
of  the  point  of  concourse  touches  the  conic.  [xix.  111. 

943.  The  tangent  at  any  point  of  a  cardioid  meets  the 
curve  again  in  two  points  PQ  the  tangents  at  which  divide 
the  double  tangent  AB  harmonically ;  and  the  locus  of  the 
point  of  concourse  of  the  tangents  at  PQ  is  a  conic  passing 
through  AB  and  touching  the  cardioid  at  one  real  and  two 
imaginary  points.  [xx.  34. 

944*  If  a  lamina  moves  in  its  own  plane  so  that  two  given 
points  of  it  describe  each  a  fixed  straight  line,  any  other  point 
of  the  lamina  describes  an  ellipse.  [xx.  89. 

945.  If  ABG  be  three  points  on  a  parabola,  A'B'G'  the 
intersections  of  the  tangents  thereat,  and  abc  the  centres  of  the 
circles  BGA\  GAB\  ABG']  prove  that  the  circle  abc  passes 
through  the  focus.  [xxi.  72. 


*  On  this  Bee  Schioter  in  Neumann's  Mathematische  Annalen  toI.  yii.  517—530 
(Leipzig  1874),  where  the  property  is  cited  from  Fenerbach's  EiyentchaJUn  einiger 
merhourdigen  Punkte  des  geradlinigen  Drtiecks  (Numberg  1822).  The  nine-point 
ciide  itself  has  been  improperly  called  Feoerbach's  by  Baltzer  and  others. 

BB2 
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946.  The  tangent  to  the  evolute  of  a  parabola  where  it  cots 
the  parabola  Is  also  a  normal  to  the  evolute.  [xxi.  79. 

947.  Find  at  what  points  on  a  conic  the  angle  between  the 
tangent  and  the  chord  drawn  to  a  fixed  point  on  the  curve 
is  greatest  or  least.  [xxii.  29. 

948.  If  OP  and  OQ  be  tangents  to  a  conic,  R  the  middle 
point  of  PQ^  and  0*  the  point  harmonically  conjugate  to  0  with 
respect  to  the  foci  on  the  circle  through  0  and  the  foci,  shew 
that  OP.OQ  =  OR.Oa]  and  deduce  that  if  0  and  the  foci  be 
fixed  the  circles  OPQ  are  coaxal.*  [xxiiL  17. 

949.  If  DD'  be  a  fixed  diameter  of  a  conic  and  AB  any 
two  conjugate  points  in  an  involution  on  the  tangent  at  17, 
then  DA  and  DB  meet  the  conic  again  upon  a  chord  which 
passes  through  a  fixed  point.  [xxiii.  55. 

950.  If  AB  be  the  base  of  a  segment  of  a  parabola  and  P 
any  point  on  the  curve,  the  locus  of  the  orthocentre  of  APB 
is  a  line  parallel  to  AB.  Hence  shew  how  to  describe  a  para- 
bolic segment  of  given  base  and  height  by  points.       [xxilL  61. 

951.  A  plane  figure  moves  so  that  two  fixed  straight  lines 
in  it  always  pass  through  two  fixed  points:  find  the  envelope 
of  any  straight  line  in  the  figure.  [xxiiL  €7. 

952.  One  focal  chord  of  a  conic  meets  the  tangents  at  the 
extremities  of  another  in  A  and  B,  If  straight  lines  ACD 
and  BEF  be  drawn  perpendicular  to  AB  and  meeting  the  curve 
in  CBEF^  prove  that  CE  and  DF  meet  AB  at  a  point  P  on  the 
directrix ;  that  CF  and  DEy  AF  and  DB^  AE  and  BC  meet 
on  the  polar  of  P;  that  the  intercepts  CD  and  JEF  subtend 
equal  angles  at  the  focus  S;  that  8A:8C:SD=SB:  aSE:  8F; 
that  CF  and  DE  meet  AB  in  two  points  G  and  jET,  having 
properties  like  those  of  A  and  /?;  and  that  of  the  four  inter- 
sections of  the  tangents  from  A  and  B  two  lie  on  the  polar 
of  P  and  two  on  the  directrix.  [xxiv.  2L 


♦  Compare  Exx.  322,  387,  340,  380. 
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953.  Given  a  conic  inscribed  in  a  parallelogram,  if  any 
tangent  to  the  conic  meets  the  sides  opposite  to  an  angle  A 
in  B  and  C^  prove  that  the  triangle  ABC  is  of  constant  area. 

[xxiv.  51. 

954.  Six  circles  pass  through  twelve  points  on  a  conic  in 
the  order, 

(a)  A,A^,A,,        {b)  B,B,B,B,,        (c)  O.C.C.O,, 
(d)  A,AJB,G,,        [e)  B,B,G,A,,       {/)  C,C,A,B,i 

prove  that  the  circles  ahc  meet  the  circles  def  in  six  new  points 
which  lie  on  the  circumference  of  another  circle.  [xxiT.  75. 

955.  Prove  that  there  are  eight  chords  of  an  ellipse  nonnal 
to  the  curve  at  one  extremity  and  to  the  central  radius  vector 
at  the  other.  [xxiv.  83.  xxv.  73. 

956.  If  ABCD  be  a  quadrilateral  inscribed  in  a  conic,  F 
and  O  the  intersections  of  its  opposite  sides ;  prove  that  every 
conic  through  ACFO  has  with  the  given  conic  a  chord  of 
intersection  which  passes  through  a  fixed  point,  viz.  the  pole 
oiBD.  [xxiv.  93. 

957.  If  PP'  be  points  on  equal  circles  whose  centres  are 
O  and  (y  respectively,  and  if  the  lines  OP',  (XP  be  parallel, 
find  the  envelope  of  the  line  bisecting  both.  [xxv.  53. 

958.  What  is  the  condition  that  the  conic  a/3  =  h/  may 
touch  the  conic  a/3  =  7*  externally  ?  [xxv.  88. 

959.  Given  five  points  ABODE  on  a  conic,  shew  that  there 
is  a  sixth  point  on  it  the  parallel  through  which  to  AB  passes 
through  the  fourth  point  of  concourse  of  the  circle  CDE  with 
the  conic.  [xxvi.  17,  103. 

960.  If  six  lines  taken  in  the  orders  1231Y3',  123'1'2'3, 
12'3r23',  12'3'1'23  respectively  form  hexagons  each  inscribed 
in  a  conic,  each  pair  of  the  conies  have  a  common  chord  in  the 
same  straight  line  with  a  common  chord  of  the  opposite  pair; 
and  nine  of  the  common  chords  are  the  sides  and  the  joins 
of  the  opposite  vertices  of  two  triangles  in  perspective,  one 
of  which  is  inscribed  in  the  other.  [xxvi.  21. 
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961.  If  two  points  be  such  that  the  tangents  to  a  parabola 
from  the  one  are  at  right  angles  to  the  tangents  from  the 
other,  the  loci  of  the  two  points  are  in  perspective.  What  does 
this  become  bj  projection  and  reciprocation  ?  [XXYI.  94. 

962.  The  joins  of  n  points  on  a  conic  intersect  again  in 
three  times  as  many  points  as  there  are  combinations  of  n  things 
taken  four  together,  and  of  these  intersections  one  third  lie 
within  and  two  thirds  without  the  curve.  [xxvi.  101. 

963.  If  the  three  pairs  of  opposite  summits  of  a  quad- 
rilateral be  severally  conjugate  with  respect  to  a  conic,  the 
joins  of  the  poles  of  its  diagonals  cut  the  conic  in  a  hexagon  to 
which  the  sides  of  the  quadrilateral  are  Pascal  lines. 

[xivil.  105. 

964.  Shew  that  there  are  in  general  eight  positions  of 
a  chord  of  an  ellipse  which  meets  the  curve  at  given  angles 
at  its  two  extremities.  [xxviii.  63. 

965.  Three  conies  8^8^S^  being  such  that  the  polar  reci- 
procal of  any  one  ^ith  respect  to  another  is  the  third,  a 
triangle  ABG  is  inscribed  in  8^  and  circumscribed  to  8^. 
Prove  that  the  triangle  determined  by  the  points  of  contact 
is  self-polar  to  8^  and  circumscribes  8^ ;  and  that  the  tangents 
to  8^  at  ABG  form  a  triangle  self-polar  to  8^  inscribed  in  8^. 

[xxviii.  97. 

966.  If  8  be  the  focus  of  a  conic  inscribed  in  a  triangle 
ABGy  and  any  tangent  meet  the  focal  chords  perpendicular 
to  5-4,  8B,  8G  in  PQR  respectively,  prove  that  APj  BQ,  CR 
meet  in  a  point.  [xxtiii.  99. 

967.  A  variable  circle  being  drawn  through  two  given 
points,  through  one  of  which  pass  two  given  lines;  find  the 
envelope  of  the  chord  joining  the  other  points  in  which  the 
circle  meets  them.  [xxix.  24. 

968.  If  four  conies  8ABG  have  one  focus  and  a  tangent  D 
in  common,  and  if  a  common  tangent  to  each  of  the  padrs 
{8A)^  {8B)j  {8G)  meet  a  directrix  of  ABG  respectively  upon 
the  tangent  D ;  the  common  tangents  of  BG^  CA^  AB  meet 
at  three  points  in  a  straight  line,  [xxiX.  43. 
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969.  If  three  conies  touch  one  another  and  have  a  common 
focus,  the  common  tangent  of  any  two  cuts  the  directrix  of  the 
third  in  three  points  on  one  straight  line.  [xxix.  69. 

970.  Prove  the  following  pairs  of  reciprocal  properties  of  a 
system  of  two  conies : 

a.  When  two  conies  are  such  that  two  of  their  four  common 
points  subtend  harmonically  the  angle  determined  by  the  tan- 
gents at  either  of  the  remaining  two,  they  subtend  harmonically 
that  determined  by  those  at  the  other  also. 

h.  When  two  conies  are  such  that  two  of  their  four  common 
tangents  divide  harmonically  the  segment  determined  by  the 
points  of  contact  of  either  of  the  remaining  two,  they  divide 
harmonically  that  determined  by  those  of  the  other  also. 

c.  The  associated  conic,  envelope  of  the  system  of  lines 
divided  harmonically  by  the  two  original  conies,  breaks  up  in 
the  former  case  into  the  point-pair  determined  by  the  eight 
tangents  to  them  at  their  four  common  points. 

d.  The  associated  conic,  locus  of  the  system  of  points  sub- 
tended harmonically  by  the  two  original  conies,  breaks  up  in 
the  latter  case  into  the  line-pair  determined  by  their  eight 
points  of  contact  with  their  four  common  tangents,     [xxix.  88. 

97 1.  If  the  sides  of  a  variable  triangle  pass  severally  through 
three  fixed  points  in  a  straight  line,  whilst  one  vertex  moves 
on  a  straight  line  and  a  second  describes  a  given  curve ;  prove 
that  the  locus  of  the  third  vertex  is  homographic  with  the 
given  curve.  [xxix.  96. 

972.  The  triangles  whose  vertices  are  two  triads  of  points 
on  a  conic  intersect  in  nine  points,  such  that  the  join  of  any 
two  not  on  the  same  side  is  a  Pascal  line  of  the  six  vertices. 

[xxx.  25. 

973.  If  a  system  of  conies  having  a  common  focus  envelop 
a  given  curve,  and  have  their  eccentricities  proportional  to  the 
focal  distances  of  the  poles  of  their  directrices  with  respect  to  a 
circle  about  the  common  focus  as  centre,  the  locus  of  the  poles 
is  a  parallel  of  the  reciprocal  of  the  given  curve  with  respect  to 
the  circle.  [xxx.  93. 
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974.  Prove  and  also  reciprocate  the  following  theorem. 
If  a  circle  A  touches  a  circle  B  internally  at  P,  and  if  the 
tangent  to  A  at  anj  point  Q  meets  B  in  B^  and  B^j  then 
L  B^PQ  =  I  B^PQ.  [XXXI.  65. 

975.  Two  Ibes  being  drawn  through  any  point  P  on  an 
ellipse  to  meet  the  major  axis  in  A^  B  and  the  minor  axis 
in  a,  h  respectively ;  shew  that  if  PA  =  PB  »  ^  minor  axis,  the 
intersection  of  Ab  and  Ba  is  the  Fr^gier-point  of  P.   [xxxii.  48. 

976.  K  a  circle  and  a  rectangular  hyperbola  intersect 
in  four  points,  the  line  joining  their  centres  is  bisected  by 
the  centroid  of  the  four  points.  [xxxii.  48« 

977.  1£  PQ  is  a  chord  normal  at  P  to  an  ellipse,  and  ^the 
intersection  of  the  normal  at  Q  with  the  tangent  at  P,  then 
PN  is  to  the  projection  of  the  semi-diameter  CP  upon  it  as 
the  square  of  PQ  to  the  square  of  the  conjugate  semi-diameter. 

[xxxii.  58. 

978.  The  focal  radii  to  the  points  in  which  a  fixed  tangent 
to  an  ellipse  meets  a  variable  pair  of  conjugate  diameters  in- 
tersect on  a  fixed  circle.  [xiii.  33.  xxxiL  81. 

979.  If  four  parallel  chords  of  an  ellipse  a/5y8  he  met  by  a 
straight  line  in  <ibcd  respectively,  shew  that 

a*.bc.cd.db  -\-  ^.da.ab.bd  =  l3*.cd,da.aC'\'S^.ab.bc,ca. 

[xxxrii.  27. 

980.  If  P  be  a  current  point  on  a  given  segment  AB^  the 
ellipses  of  given  eccentricities  described  with  AP  and  BP  respec- 
tively as  foci  intersect  upon  a  fixed  ellipse  whose  foci  are  A 
and  B.  [xxxiii.  52. 

981.  If  i^  and  Qq  be  chords  of  a  parabola  parallel  to  the 
tangents  at  q  and  p  respectively,  and  Oo  the  poles  of  PQ  and 
pq ;  shew  that  A  OPQ  =  27  Aopj,  and  that,  if  pq  be  parallel  to  a 
fixed  line,  the  locus  of  the  intersection  of  PQ  with  the  tangents 
at^  and  ;  is  a  similarly  situated  parabola.  [xxxiii.  58. 

982.  The  locus  of  the  foot  of  the  perpendicular  from  any 
point  on  a  given  diameter  of  a  conic  to  its  polar  is  a  rectangular 
hyperbola.  [XXXIII.  76. 


MISCELLANEOUS  EXAMPLES.  377 

983.  Any  focal  chord  being  drawn  to  a  hyperbola,  the  circle 
on  the  portion  of  it  intercepted  by  the  tangents  at  the  vertices 
as  diameter  touches  the  hyperbola.  [xxxiii.  110. 

984.  The  envelope  of  the  axes  of  a  conic  which  touches 
four  fixed  tangents  to  a  circle  is  a  parabola.* 

985.  Shew  how  to  solve  the  problems  of  the  two  mean 
proportionals  and  of  the  trisection  of  an  angle  by  the  intersec- 
tions of  a  circle  and  a  parabola.t 

986.  The  axes  of  a  conic,  any  chord  and  the  normals  at  its 
extremities  touch  one  parabola.  Deduce  a  construction  for 
the  centre  of  curvature  at  any  point.| 

987.  If  the  tangent  and  normal  at  any  point  of  a  conio 
meet  the  major  and  minor  axes  in  TQ  and  ig  respectively,  the 
radius  of  curvature  at  the  point  subtends  a  right  angle  at 
{Qt^  gT).  To  what  does  this  reduce  in  the  case  of  the  para- 
bola? 

988.  If  from  any  point  of  a  conic  a  line  equal  to  the  radius 
of  curvature  be  drawn  normally  outwards,  the  circle  upon  it 
as  diameter  is  orthogonal  to  the  orthocycle.  What  does  this 
become  in  the  case  of  the  parabola?  and  what  in  the  case  of 
the  rectangular  hyperbola  ?|| 


*  One  triangle  ABC  is  self-polar  to  every  conic  inscribed  in  the  given  quadrila- 
teral ;  and  the  axes  of  any  one  of  them  produced  to  infinity  determine  a  second  snch 
triangle  0  00  00 '  with  respect  to  it.  The  conic  inscribed  in  ABC  and  (7  00  ao '  is  a 
fixed  parabola,  whose  directrix  is  easily  seen  to  be  the  diameter  of  the  quadrilaterali 
since  the  orthocentre  of  ABC  is  the  centre  of  the  circle. 

t  See  Descartes  Geometria  lib.  iii  p.  91  (ed.  Schooten,  1659). 

X  Exx.  862,  986—992,  Ac.  are  to  be  found,  with  or  without  solutions,  in  Steiner*8 
posthumous  work  Vorlesungen  uber  synthUUche  Geometriej  Theil.  U^p.  80,  206—212, 
222-d,  242  (ed.  2,  1876).  On  his  theorem  Ex.  998  see  Nouvelles  Annates  xxy.  108 
(1855) ;  Housel  Introd.  a  la  Geometria  8uperieur§  p.  231  (Paris  1865). 

II  In  the  rectangular  hyperbola  the  diameter  of  cnrratnre  at  any  point  is  equal  to 
the  normal  chord,  as  Mr.  Wolstenholme  thus  proves.  Take  on  the  curve  three  points 
ABC  and  their  orthocentre  0 ;  then  OA  produced  to  meet  the  circle  through  ABC 
again  is  bisected  by  BCf  and  its  halves,  when  ABC  coalesce,  become  the  normal  chord 
and  the  diameter  of  curvature  at  A, 
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989.  If  aoj  b/3j  cy  be  three  conples  in  an  involation,  shew 

that 

[aabc] .  [ffbca] .  {ycal}  =  {aaj3y} .  {bjSya] .  {cyafi]  =  - 1, 

where  {(xabc)  denotes  the  croes  ratio  -7  :  —  .    Also  if  abode  be 
any  five  lines  in  a  plane,  shew  that 

{e.dbcd\ .  {c.aMe\ .  [d.abe(^  a  i. 

990.  If  OA^  OB  J  OGj  OD  are  concurrent  normals  to  a 
conic,  the  parabola  which  touches  the  tangents  at  ABGD  touches 
the  axes  and  the  polar  of  0,  has  the  diameter  through  0  for  its 
directrix,*  and  is  the  polar  reciprocal  of  the  rectangular  hyper- 
bola through  ABGD  (Art.  114  Cor.  1)  with  respect  to  the 
orig^al  conic    Determine  the  focus  of  the  parabola.t  [£x.  379. 

991.  The  tangents  from  any  point  of  an  ellipse  to  its 
auxiliary  circles  are  equal  to  the  real  and  imaginary  semi-axes 
of  the  confocal  hyperbola  through  the  point. 

992.  If  ahcd  and  a^'^i  be  two  tetrads  of  points  on  a  conic, 
the  joins  of  (oi,  a^)  and  {cd^  yS) ;  {ac^  a7)  and  {bd^  fiS) ;  (cuf,  aS) 
and  (dc,  fiy)  meet  in  a  point.  And  if  aa,  i/8,  cy  be  concurrent 
chords  of  a  conic,  then 

{aaby}  +  [fibca]  +  [ycafi]  =  1. 

993.  If  aa,  i)9,  cy  are  the  foci  of  three  conies  inscribed  in 
the  same  quadrilateral,  then 

ac,ac  :  ay.ay^bcfic  :  by.fiy, 

994.  If  a  conic  A  circumscribes  a  conic  B  harmonically, 
then  B  is  harmonically  inscribed  to  A ;  the  reciprocals  of  A  are 


*  As  a  second  proof  that  0  lies  on  the  directrix,  Mr.  Pendle^nrj  remarks  that  the 
normals  are  also  normals  at  points  abed  to  the  reciprocal  of  the  conic  with  respect 
to  C?,  BO  that  the  parabola  has  for  its  reciprocal  the  rectangular  hyperbola  Oabcdj  and 
therefore  subtends  a  right  angle  at  0  (Art.  155  Cot.  2).  Thus  also  we  see  that  the 
normals  meet  the  original  conic  again  in  points  A'B'C'D'  which  lie  on  a  rectangular, 
hyperbola  through  0 ;  since  the  reciprocals  of  ABCD  touch  a  parabola  baring  for 
dkoctrix  the  diameter  through  0  to  the  reciprocal  of  the  original  conic,  and  (by 
symmetry)  the  reciprocals  of  A'B'CJy  touch  a  parabola  having  the  same  directrix. 

t  The  parabola  is  the  same  for  all  confocal  conies. 
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harmonicallj  inscribed  to  the  reciprocals  of  B]  and  the  centre 
of  perspective  of  any  triangle  inscribed  in  A  and  its  reciprocal 
^with  respect  to  B  lies  on  A.* 

'995.  A  conic  is  harmonically  inscribed  to  every  circle  ortho- 
gonal to  its  orthocycle ;  and  a  rectangular  hyperbola  harmoni- 
cally circumscribed  to  a  circle  passes  through  its  centre. 

996.  The  asymptotes  of  a  conic  are  conjugate  lines  with 
respect  to  any  parabola  harmonically  inscribed  to  it. 

997.  Given  that  a  focus  of  one  conic  is  a  point  0  on  the 
orthocycle  of  another,  if  one  of  the  conies  be  harmonically  in- 
scribed to  the  other,  it  touches  the  polar  of  0  with  respect 
to  the  latter. 

998.  Describe  the  conic  with  respect  to  which  five  given 
pairs  of  lines  are  conjugate ;  and  the  conies  which  pass  through 
4,  3,  2,  1  or  0  given  points  and  are  harmonically  circumscribed 
to  1,  2,  3,  4  or  5  given  conies. 

999.  The  orthocycles  of  the  conies  which  touch  two  given 
lines  SA  and  SB  at  given  points  A  and  B^  including  the  circle 
on  AB  as  diameter  and  the  point-circle  at  8j  are  coaxaLf 

1000.  The  number  of  conies  touching  five  given  conies  is 
32644 


*  On  Bzz.  994r-8  see  Pioqnet's  Etude  gicmitrique  Ac  pp.  58,  91,  108,  181--8 ; 
Prof.  H.  J.  S.  Smith  On  some  Geometrical  Conttructiom  (Frooeedingi  of  the  London 
Mathematical  Society  vol.  11.  85—100).  One  conic  is  aaid  to  be  harmonically  in- 
Bcribed  or  circnmacribed  to  another  when  it  ia  inacribed  or  circumscribed  to  a  triangle 
aelf -polar  with  respect  to  the  latter. 

f  Gaskin  Geometrical  Construction  ^e,  p.  81.  Hence  (Ex.  577  note)  the  theorem, 
lately  pointed  ont  by  Mr.  B.  W.  Genese  and  Mr.  Tony,  that  the  directrix  of  a  conic 
it  a  common  chord  of  the  conic^  its  orthocycle  and  a  point-circle  at  the  focus.  Notice 
that  eveiy  straight  line  through  a  foooid,  as  being  an  asymptote  or  self -con j  agate 
diameter  of  a  circle  (pp.  142,  309),  is  at  right  armies  to  ittelf, 

X  See  Salmon's  Conie  Sections  (end) ;  Halphen  Proc,  London  Math,  8oe,  toL  IX. 
149  and  X.  87 ;  and  the  original  memoir  by  Chaales,  Determination  du  nombre  des 
sections  coniques  qui  doivent  toucher  cinque  courbes  donnees  cPordre  quelconquCf  ou 
satisfaire  d  divertes  autres  conditions  (Comptes  Rendus  LViii.  225, 1864). 
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on  the  scalene,  211—8,  334.  See 
Sections. 

Confocal  conies,  intersect  at  right  angles, 
84,  351 ;  locus  of  vertex  of  right  angle 
which  touches  two,  89;  problems  on, 
132—140,  163 ;  conies  touching  fonr 
lines  project  into,  317  ;  reciprocate  into 
coaxal  circles,  344,  361;  tnmsformed 
into  other  oonfocals,  Uxxvi,  332. 
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Oonic,  the  general,  14—85;  Newton's 
organic  deecription  of  a,  Ixvi,  Ixxziii, 
136,  264,  825,  858;  Maclaurin's  de- 
Bcription  of  a,  264;  determined  from 
five  data,  Ixv,  Ixxx,  136, 164,  176,  279— 
283,  288—290,  879;  subject  to  four 
conditionsj  Ixviii,  275 — 285;  conic  and 
point  projected  into  a  circle  and  its 
centre,  318;  or  into  any  other  conic 
and  point,  329. 

Gonjn^te  diameters,  zlix,  95 — 102,  233, 
827;  of  hjrperbola,  149,  161,  169;  con- 
struction of  a  conic  from  given  pair  of, 
125,  152 ;  determine  a  pencil  in  mvola- 
tion,  269.  265. 

Conjugate  nyperbola,  Ixxv,  101,  158. 

Conjugate  lines  and  points  with  respect  to 
a  conic,  Ixiii,  270,  278,  281  ;  every  two 
conjugate  lines  through  a  focus  are  at 
ri^ht  angles,  270,  310,  312.     See  Hesse. 

Conjugate  triads  with  respect  to  a  conic, 
273;  lie  on  circles  orthogonal  to  the 
orthocycle,  274 ;  or  which  pass  through 
the  centre,  171,  273.    See  Self-polar. 

Conoids,  xl,  213. 

Continuity,  history  of,  Iviii,  Iz,  Izziii, 
Ixxzi,  311. 

Coordinates,  used  by  ApoUoniua,  zliii; 
in  space,  1. 

Correlative  figures,  846. 

Cotes,  edits  Newton's  Principia,  Ixv :  his 
theorem  of  harmonic  means,  Ixxi,  276. 

Cremona,  Ixxxiii,  266,  292—4^  821. 

Cross  ratio,  249 — 290;  projectivity  of, 
251,  812.  328;  history  of,  lii,  bdv, 
iTTxiii — ixxxv.    See  Anharmonic. 

Cube,  its  duplication  reduced  to  the 
problem  of  the  two  mean  proportionals, 
xxviii,  189. 

Cubics,  Newton  on,  301,  821. 

Cunynghame,  177. 

Curvature,  214—222,  279,  877;  coordi- 
nates of  the  centre  of,  xlii,  xlviii; 
Steiner's  property  of  concurrent  circles 
of,  228,  236,  357;  circles  of  curvature 
invert  into  circles  of,  367. 

Curves,  generated  b^  compounded  motions, 
xl ;  regarded  as  limits  of  polygons,  xxx, 
Ix ;  organic  description  of,  Ixx,  Ixxxvii, 
178. 

Dandelin,  discovers  the  focal  spheres,  204 ; 
his  proofs  of  Pascal's  and  Brianchon's 
theorems,  287. 

Bavies,  Ixxxvi,  213,  257. 

De  Beaune,  on  envelopes,  345. 

Degeneration,  of  conic  into  line  or  line- 
pair,  77,  144,  171,  278,  285.    See  Circle. 

De  la  Hire,  Ixiv,  Ixxi,  112,  161,  311 ;  the 
orthocyde  discovered  by,  90,  117;  on 
transformation,  329. 

Delambre,  li. 

Delian  problem,  xxviii,  189.    See  Cube. 

Desargues,  Ix — Ixiv,  Ixxx ;  on  involution, 
261,277;  polars.  291;  transformation,329. 

Descartes,  Ixi,  189,  2(J6,  346,  377. 

Determining  ratio,  Ixxi,  1.    See  Directrix. 


Diameter,  of  a  conic,  28 ;  of  a  quadri- 
lateral, 138,  256.    See  Centre-locus. 

Director  circle,  two  uses  of  the  term,  90, 
165.    See  Orthocycle. 

Directrix,  history  of  the,  liv,  Ixv,  Itti  ;  the 
polar  of  the  focus,  Ixxi,  15 ;  a  conic,  its 
orthocycle  and  a  point-circle  at  either 
focus  intersect  on  the  corresponding, 
379 ;  of  parabola  inscribed  in  a  triangle, 
67.    See  Steiner. 

Double  contact,  conies  having,  279.  See 
Concentric  circles. 

Double  reciprocation,  348. 

Dual  figures,  346. 

Duality,  discovery  of  the  principle  of, 
Ixxviii,  290,  346. 

Eccentric  circle,  8,  9,  28,  821,  Ixxvi; 
works  founded  upon  the,  Ixxii. 

Eccentricity,  use  of  the  term,  211 ;  of 
conies  in  the  cone,  197. 

Educational  Times,  problems  from,  141, 
886,  362—377. 

Egyptian  geometry,  xvii,  xxii,  xxvi. 

Eiaenlohr,  xxii,  xxvi. 

Eleven-point  conic,  284,  366 ;  degenentea 
into  nme-point  circle,  171,  285. 

Ellipse,  names  of  the,  xliii,  195 ;  area  of 
the,  xli,  234.    See  Central  conies. 

EUiptic  compasses,  Iviii,  114, 178. 

Envelopes,  345. 

Equicroas,  the  term,  250. 

Equilateral  hyperbola,  167-177, 342, 852; 
conjugate  to  the  focoids,  278,  809. 

Euclid,  xix,  XXXV ;  onconii^  xlvi ;  Euc.l.47 
proved  by  dissection,  xxiu.  See  Forisms. 

Eudemus,  xviii,  xxiv,  xxix. 

Eudoxus,  xix,  xxxU  ;  his  cubatuie  of  the 
cone,  xxxviii. 

Euler,  211,  242,  247. 

Eutocius,  xxxiii,  xxxvi,  xxxix,  xlii,  46, 194» 

Evolutes,  xlviii,  221 ;  homographic  paizs 
of,  Ixxxvi,  868. 

Exhaustions,  xxxiv,  xxxvii,  xli,  lix. 

Fagnani's  theorem,  140. 

Faure,  186. 

Feuerbach's  property  of  the  nine-point 
circle,  855,  371. 

Figure  on  the  axis,  82. 

Fluxions,  Ix,  IxxL 

Focal  spheres,  196—205. 

Foci,  Apollonius  on,  xlv.  111 ;  named  by 
Kepler,  liv,  Ivii ;  Desargues  on,  Ixiii ; 
regarded  as  point-circles,  210;  Ponoelet 
on,  Ixxxi,  311 ;  of  the  projection  of  a 
conic,  Ixiii;  Pliicker's  definition  of, 
811 ;  foci  of  an  involution,  269,  261, 309. 
See  Conjugate  lines.  Confocal  conies. 
Directrix. 

Foooid,  the  term,  281,  308. 

Focoids,  Poncelet's  discovery  of  the,  Ixxzi, 
311 ;  their  relation  to  the  fod  of  conies, 
281, 299, 310 ;  and  other  curves,  811;  pro- 
jection of  any  two  points  into,  315 ;  all 
circles  pass  through  and  concentric  circles 
touch  at  the,  309 ;  constant  relation  of  a 
figure  moving  in  its  own  plane  to  the,  310, 
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FoenB  of  panbols,  Ht,  Ixxi ;  not  cUBOOTered 
bj  ApoUonins,  xIt.  81.    See  Kepler. 

Fr6gier,  theorem  that  a  chord  which 
subtendii  a  right  angle  at  a  given  point 
on  a  oonic  passea  through  a  fixed  point 
on  the  nonoal,  122,  176,  276,  824,  S51 ; 
its  analogue  in  space,  849. 

Fr6gier-point,  849,  861,  876. 

Fnsch,  ItI. 

Gardiner,  805. 

Oaakin,  165,  280,  298,  295,  885,  879; 
theorem  that  the  circle  through  any  con- 
jugate triad  with  respect  to  a  oonic  is 
orthogonal  to  the  orthocjde,  186,  274. 

Oeminns,  zziv,  xliii,  194. 

Genese,  168,  879. 

Geometry,  no  royal  road  to,  zz. 

Graves'  theorem,  188. 

Gregory  St  Vincent,  bud,  Izziz,  166, 189. 

Haliey,  on  the  parabola,  zUz,  Itttjvj 
editions  by,  zlii,  Luziv. 

Halphen,  8/9. 

Hamilton,  206 ;  his  determination  of  the 
focus  and  directiiz  in  the  cone,  Izzii, 
204. 

Hammond,  178. 

Harmonic,  the  term,  zzvi,  zlv,  liv :  ranges 
and  pencils,  liv,  Iv.  Izziz,  254,  818; 
property  of  a  qnaarilateral,  264 — 6; 
points  on  or  tangents  to  a  conic,  276. 

Harmonically  inscribed  and  drcomscribed 
conies,  879. 

Heilberg,  zzzv. 

Henrici,  252. 

Hesse,  theorem  that  if  two  pairs  of  sum- 
mits of  a  quadrilateral  are  conjugate  to 
a  conic  the  third  are  conjuj^ate,  383. 

Hexagon,  inscribed  in  a  line-pair,  liii, 
297;  Pascal's,  286—8;  Brianchon's, 
289—291. 

Hezastigm,  297. 

Hippocrates,  ziz,  xzvii— zzz,  189. 

Hirst,  358. 

nomographic,  the  term,  Izzzv,  250. 

nomographic,  figures  may  be  placed  in 
perspective,  312,  828;  correspondence 
of  points  and  lines  in  reciprocal  figures, 
269,  838.    See  Cross  ratio. 

Homology,  Iziv,  Izzzv,  292,  307,  821. 

Homotheuc  conies,  805.    See  ParalleL 

Home,  proof  of  the  anharmonic  proper- 
ties of  conies,  267. 

Hultsch,  li. 

Huyghens,  221,  845. 

Hyperbola,  why  so  called,  82,  195;  a 
continuous  curve,  10,  310;  a  quasi- 
ellipse,  Ixzv.  101, 158,  235 ;  degenerate 
forms  of,  Ivii,  285.    See  Central  conies. 

Ideal  chords,  311. 

Imaginary,  transition  from  the  real  to  the, 
Izzv;  diameters  of  a  hyperbola,  101, 
153,  180;  circular  points  at  infinity, 
808;  foci,  810,  812. 

Infinite  chords  of  a  conic,  ratios  of  the, 
Ixzvii,  149, 163. 

Infinitesimals,  method  of,  Iz. 


Infinity,  the  line  at,  82, 808, 822;  para!k|8 

meet  at,  Uz,  Izii;  change  of  sign  on 

passing  through,  Izziv.    See  Opposite 

mfinities. 
Ingram,  857. 

Inversion,  854—8,  864,  871. 
Involution,  lii,  Izii,  257 — 281. 
Joachimstal,  228. 
Join  of  points  or  lines,  252. 
Kempe,  on  linkages,  Izzzvii. 
Kepler,  vi,  Ivi — ^Iz ;  on  the  further  focos 

and  the  centre  of  the  parabola,  Iviii,  Iz ; 

his  doctrine  of  the  infinite,  lix ;  of  the 

infinitesimal,  Iz;   of  continuity,  Iviii, 

IxTJii. 
Lagrange,  vi. 
Limibeit,  on  the  ^Murabola,  Izzzv,  57,  296  ; 

theorem  in  elliptic  motion,  237,   248; 

in  parabolic  motion,  vi,  247. 
Lame,  278. 
Laquidre,  848. 
Latus  rectum,  according  to  ApoUomiiB, 

82 ;  in  the  scalene  cone,  211. 
Leibnits,  Iz,  Ixxi,  222. 
Lemniacate,  857,  864. 
Le  Poivre,  330. 
LesHe,  Izzii,  125, 185, 164. 
Levett,  57. 
Limiting  forms  of  conies.    See  Begoiera- 

tion. 
line  at  infinity,  82:   parallel  to  every 

straight  line  in  its  plane,  308,   822; 

a  factor  of  every  line-circle,  Izzv,  844  ; 

its  relation  to  the  conies,  144,  310,  341. 
Linkages,  Izzzvii. 
Lod,  the  earhest  writer  on,  zzviL 
Locus  ad  quatuor  tineas,  zlv ;   Newton's 

proof  of  the,  Izvi,  266 ;  proof  by  ortho- 

g>nal  projection,  235;  theorems  of 
esargues  and  Pascal  deduced  from 
the,  277,  287 ;  property  of  focus  and 
dii^ectriz  deduced  from  the,  362 ;  reci- 
procal of  the,  Izxziv,  293,  340, 846. 

Logarithms,  geometrical  representatioo, 
of,  166. 

Lunes  of  Hippocrates,  zziz. 

Maocullagh,  246,  248. 

MacdoweOl,  260, 292,  350— «. 

Maclaurin,  Ixxi,  Izzz,  128,  276 ;  his  con- 
struction of  a  conic,  264;  theory  of 
pedal  curves,  345;  on  attractum^ 
tzzzii. 

Main,  219,  222. 

Maxima  and  minima,  Apollonios  on, 
zlvii. 

Mean  proportionals,  problem  of  thetwo^ 
zzviii,  xxxi,  XXXI X,  zlviii,  45,  189, 
877. 

Mechanical  proofs  of  geometrical  theorems, 
zzzvii,  283-4. 

MensQchmus,  zziz,  zzzi,  45, 194. 

MenelauSj  theorem  of  the  siz  segmentB,  L 

Minor  axis  of  hyperbola,  76,  847. 

Minor  directrices,  346—8,  352. 

Mbbius,  Izzziii,  257,  302,  380. 

Monge,  Ixxiii,  Izzviii,  256. 
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If  ontndflt  ItI. 

lioore.  290. 

liulcahy,  Ixxxvi,  293. 

Keil,  hia  rectification  of  the  Bemi-cubical 

paxabola,  221. 
Newton,  Ixiv — Ixxi;  hia  property  of  the 
tangents  to  conies,  Ixviii,  Ixxix,  Izzzit, 
846  ;  organic  description  of  curvw,  \m, 
Ixxxiii,  186,  801 ;  propertj  of  the  dia- 
meter of  a  qoadnlateral,  Ixviii,  282, 
883 ;  on  the  Locus  ad  quatuor  lineas, 
Izri,  266 ;  rational  tianaf  ormation,  IxyI, 
830;  the  equilateral  hyperbola,  172; 
the  projection  of  cubics.  821. 

^ine-point  drole,  191 ;  Feuerbach's  pro- 
perty of  the,  302,  857,  371 ;  Casey  on 
the,  298:  of  a  right-angled  triangle, 
856.    See  Eleyen-point  conic. 

l^ormala,  concurrent,  zlii,  zlvii,  zlix,  128, 
224,  228,  265,  878. 

Ombilic,  299. 

Opposite  infinities  adjacent,  lix,  hdi,  Ixzv, 
310. 

Organic  description,  earliest  use  of  the 
method  of,  zxxi;  of  curves,  xxxiii, 
IxJT.  Izzxyii,  801;  of  surfaces,  Izz; 
of  tne  rectangular  hyperbola,  177 ;  of 
Cartesian  ovaJa,  178.    See  Conic. 

Orthocyde,  the  term,  280 ;  characteristic 
property  of  the,  88—90.  851 ;  Gaskin's 
theorem  that  the  drole  through  any 
conjugate  triad  with  respect  to  a  conic 
is  orthogonal  to  the,  186, 274 ;  Plucker's 
theorem  that  the  orthocycles  of  all  conica 
touching  the  same  four  linea  are  coaxal, 
280,  335,  342.    See  Directrix. 

Orthogonal  projection,  229 — 242 ;  applied 
to  curvature,  221,  235. 

Orthoptic  aummits  of  a  quadrilateral, 
335. 

Orthosphere,  280. 

Osculating  circle,  the  term,  222.  Bee  Cur- 
vature. 

Pappua,  li— liv. 

Parabola,  44 — 61 ;  why  so  called,  xliii, 
82,  195 ;  touches  the  line  at  izifinity, 
144,  341 ;  properties  of  triads  of  tan- 
gents to  the,  xlv,  55—7,  72, 272, 360—1 ; 
conjugate  triads  with  respect  to  the, 
274,  281,  294,  358;  point-reciprocal  of 
the,  343,  351—2.    See  Focus. 

Parallel  conies,  305. 

Parallel  projection,  236. 

Parallels  meet  at  infinity,  lix,  Ixii. 

Pascal.  Ixiv,  Ixxix,  286 — 8;  applications 
of  his  hexagram,  58,  175,  290,  352. 

Peaucellier,  Ixxxvii,  358. 

Pedal  curves,  870.    See  Maclaurin. 

Pendlebuiy,  861,  378. 

Perspective,  307,  820,  836 ;  homographic 
plane  figures  may  be  placed  in,  328  ; 
Serenus  on,  Iv;  Desarguea  on,  Ixi; 
Bosse  on,  Ixiv. 

Peyrard,  xxzv. 

Pioquet,  280,  385,  360,  379. 

Pierce  Morton,  196,  205. 


Plato,  zix,  zzz,  xl. 

Pliicker,  on  tangential  coordinates,  156 ; 
his  definition  of  foci,  Ixzxi,  311.    See 
Ortho<7^cle. 
Pole  and  polar,  the  terms,  IxzviiL 
Polar  equations,  84. 

Polars,  30,  90 ;  with  lemect  to  the  circle, 
Itt  ;  Apollonius  on,  xlv,  Uv ;  Desorguea' 
theory  of.  Mi,  829 ;  reciprocal,  268 — 
271,  316:  metric  relation  of  any  point 
and  its  polar  to  two  fixed  pointa  and 
their,  339.    See  Reciprocation. 

Polygon,  inscribed  or  circumscribed  to  a 
conic  so  that  its  sides  pass  through 
•given  pointa,  295,  302,  349,  359;  cir- 
cuminacribed  to  confocal  conica,  139, 
140.    See  Curvea. 

Polyhedra.    See  Solida. 

Poncelet,  Ixxiii,  Ixxxi,  Ixxxiv,  277,  295, 
844,  346 ;  on  homology,  Ixxxv ;  on  the 
four  foci  of  a  conic,  Ixxxi,  311.  See 
Brianchon. 

Porisms,  Euclid's  three  books  of,  li,  liv. 

Potts,  Ivi. 

Poudra,  xl,  Iv,  IxL 

Produs  Biadochus,  his  list  of  early  geo- 
meters, xviii. 

Projection,  orthogonal,  229 — 242 ;  parallel, 
236;  central  or  conical,  807—320:  of 
cubics,  321;  of  solids,  Ixzxv ;  Briancnon 
on,  Ixxix;  Mobiua  on,  830.  See  Per- 
spective. 

Ptolemy,  857 ;  theorem  of  the  six  segments 
ascribed  to,  li.    See  Almagest. 

Pythagoras,  xviii,  xxii— xxvii. 

Quadrature,  of  the  circle,  xxvi,  xxix,  xxx, 
xxxix;  of  the  parabola,  xxvi,  xxxvii, 
59 ;  of  the  hyperbola,  160,  190,  221. 

Quadrics,  Ixxxi,  280,  305,  333;  ruled, 
Ixxxiv,  288 ;  of  revolution,  xl,  213 ; 
polar  properties  of,  Ixii,  291,  329;  in 
homology,  Ixxxv ;  reversrion  of,  349. 

Quadrilateral,  properties  of  the  complete, 
111,  254 — 6 ;  in  relation  to  conies,  Ixii, 
Ixvii,  274—285, 304, 333, 338 ;  projected 
into  a  parallelogram,  Ixxix;  or  other 
quadrilateral,  316. 

Quetelet,  Ixxxiii,  204,  295,  346,  357. 

Kange,  the  term,  Ixii,  249. 

Reciprocation,  337—354.  See  Duality. 
Polars. 

Rectangular  hyperbola,  xxxii,  xlviii.  See 
Eq^uilateral. 

R«;tification,  of  the  circle,  xxxix,  xl ;  of 
the  semi-cubical  parabola  and  the 
cycloid,  221 ;  quadraturc  of  the  h3rper- 
bola  reduced  to  the  rectification  of  the 
parabola,  190.  221. 

Renouf,  xx. 

Renshaw,  Ixxii,  212. 

Reversion,  Ixxxvi,  821—8;  properties  of 
minor  foci  and  directrices  proved  by, 
346—8,  363  ;  of  guadrics,  349. 

Rhind  papyrus,  xxii,  xxvi. 

Robertson,  Ixxi,  2u6. 

Roberval,  xl. 
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Boach6  and  de  Comberoosse,  294 — 6, 
819,  321. 

Bouth,  tI. 

Salmon,  Ixzxri,  133,  140,  164,  210,  277, 
286->7,  290,  295,  302,  312,  319,  333, 
843. 

Sections,  the  conic,  how  disoovered,  xzzi ; 
whj  named  parabola,  ellipse,  hyperbola, 
xliii,  82,  195 ;  of  any  cone  by  an  arbi- 
trary plane.  It,  Ixiii.    See  Gone. 

fielf-conjugate.    See  Self- polar. 

Self-polar  triangle,  conies  having  fonr 
common  points  or  tangents  have  a 
common,  Ixii,  274—6,  332 ;.  inscribed  or 
circumscribed  to  a  second  conic,  272 — 4, 
831,  379 ;  the  axes  of  a  conic  and  the 
line  at  infinity  determine  a,  365,  377. 
See  Orthocycle. 

Serenus,  liv. 

Serret,  proof  of  Gkiskin'a  theorem,  274* 

Simplicius,  xxix,  xxx. 

Simson,  lii,  256. 

Smith,  H.  J.  &,  Ixxxvi,  379. 

Solid  lod  and  problenys,  zxTiii,  xxriii, 
189. 

Solids,  the  five  regnlar,  xz,  xxir,  zxxiii ; 
semi-regular,  xxxvi. 

Steiner,  Ixxxii,  377;  theorem  that  the 
directrix  of  a  parabola  inscribed  in  a 
triangle  passes  through  the  orthocentre, 
57,  281,  290,  326,  352 ;  on  cross  ratio, 
Ixxxy,  257,  262 ;  on  triads  of  concorr^t 
osculating  circles,  228,  236,  357. 

Stubbs,  357. 

Sturm,  277. 

Suboontraiy  sections,  210  >  2. 


Supplemental  chofrda,  xlir,  xUx,  95. 

Sylvester  on  linkages,  IxxxvilL 

Talbot,  194,  264,  321. 

Tangential  coordinates  Ixviii,  156,  346. 

Taylor,   J.    P.,    proof     of    Feaerbacli's 

tneorem,  191,  355. 
Thales,  xviii,  xx,-  xxxv. 
Thesetetus,  xix,  xxxi. 
Torry,  224,  379. 
Townaend,  Ixxxriii,   216,  249,  280,  287, 

295—7,  330.  844,  351,  358—9. 
Transformation,  homographic,  Ixvi,  829. 

See  Homographic. 
Triangle,  through  the  axis.  It,  Ixiii,  206  ; 

inscribed  or  circumscribed  to  a  coniCy 

271 — 4;  orthogonal  projection  of  any 

triangle  into  an  equuatenU,  237.    See 

Self-polar. 
Trisection  of  an  angle,  xxvii,  hoar,  141, 

189,  299,  377. 
Ubaldi,  178. 

XJmbilicna,  6.    See  Ombilic. 
Yiyiani,  xxxiii. 
Walker,  G.,  Ixxu;  J.,  212. 
Wallis,  221—2,  296. 
Walton,  geometrical  problems,  161,  189, 

195. 
Webb,  346. 
Whitworth,  308. 
Wolstenholme,  problems  by,    121,    163, 

184 ;  proof  that  the  diameter  of  curra- 

ture  at  any  point    of   a  rectangnlar 

hyperbola  is  equal  to  the  normal  chord, 

377. 
Wren,  property  of  the  parabola,  Ixxzr, 

296 ;  rectification  of  the  cycloid,  221. 
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